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HYDRODYNAMICS FOR AN IDEAL FLUID:
HAMILTONIAN FORMALISM AND LIOUVILLE-EQUATION
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A Hamiltonian formalism for hydrodynamics of ideal fluids is developed with the help of
Seliger and Whitham's variational principle. It is shown that a density distribution function in the
phase space of the mass-density, momentum-density and energy-density fields obeys a Liouville-
equation.

1. Introduction

Clebsch'?) was the first to derive, in 1859, the hydrodynamic equations for
an ideal fluid from a variational principle for Euler coordinates. His derivation
was, however, restricted to the case of an incompressible fluid. Later Bate-
man®) showed that the analysis of Clebsch also applies to compressible fluids
if the pressure is a function of density alone. Finally, in 1968, Seliger and
Whitham*) formulated a Lagrangian density for the most general case, i.c.
taking also into account the dependence on entropy. From a Lagrangian
formalism it is of course in general possible to go over to a Hamiltonian
description. For hydrodynamics, this was done by Kronig and Thellung®) in
order to quantize the fluid equations. As they based their work on Bateman’s
analysis, their results only apply to the case of isentropic (or, alternatively,
isothermal) flow.

Recently, there has been renewed interest in a Hamiltonian formulation of
hydrodynamics. In an interesting paper Enz and Turski’) considered hydro-
dynamic fluctuations on the basis, and with the limitations, of the formalism
developed by Thellung®).

In this paper we will develop a Hamiltonian formalism for the general case
of Seliger and Whitham and discuss a number of statistical properties of an
ideal fluid. This discussion will enable us to study in a subsequent paper
nonlinear fluctuations in a real fluid.

In section 2 we discuss the Clebsch representation of the fluid velocity field.
Seliger and Whitham’s*) variational principle, which is based on this
representation, is reviewed in section 3. We then introduce a Hamiltonian
description of hydrodynamics and define Poisson-brackets in terms of the

0378-4371/81/0000—-0000/$2.50 © North-Holland Publishing Company

109
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canonical (nonphysical) fields in a standard way. From these one may derive
Poisson-bracket expressions for the physical (hydrodynamic) fields. These
turn out to be identical to those introduced on the basis of symmetry con-
siderations and without the use of canonical fields by Dzyaloshinskii and
Volovick®).

In section 4 we consider an ensemble of ideal fluids and study the evolution
in time of the density distribution function in the “phase space” of physical
fields. We conclude that if the physical fields are the mass-density, momen-
tum-density and energy-density, the flow in the corresponding phase space is
incompressible, so that the density distribution function obeys a Liouville-
equation. The standard equilibrium distributions of fluctuation theory are of
course stationary solutions of this equation. This is discussed in section 5.

2. The Clebsch representation for an ideal fluid

The behaviour of an ideal fluid is described by the five hydrodynamic
equations (conservation laws)

P__yp.

i V- pv, 2.1
9% _ _y. pov — Wp, (2.2)
at

s _ _p.

rral V. pos, (2.3)

where p(r, t) is the mass density, o(r, t) the velocity, p(r, t) the hydrostatic
pressure and s(r,t) the entropy per unit of mass. These equations can
equivalently be written as

p a; =V. v, (24)
d

pgr=""p, (2.5)
d

p g =0 (2.6)

where v = p! is the specific volume, and where

d_o.,
a=atv @7

is the total time derivative.
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In order to formulate a variational principle, as will be done in the next
section, it is convenient to introduce the Clebsch representation'?)

v=—V¢,—AVe, — sV, (2.8)

where the three components of the velocity field are given in terms of four
scalar fields as well as the entropy*. Clearly one of the fields is redundant. In
fact, one could, in principle, always represent an arbitrary velocity field with
the choice ¢, = 0. As will become apparent below, however, it is convenient
to choose ¢, unequal to zero if the flow is not isentropic (i.e. Vs 0). In this
case it will be necessary that an additional equation specifies this field.

In the Clebsch representation, the vorticity of the fluid is given by

w=Varav=—VAAVd, —Vsa Vo, 2.9)
The total time derivative of the velocity field may then be written as

do _dv, vy 1y

dt_at+v Vo at+2Vv V@

-5 (hs o) (8- () ()5 a0

where partial time derivatives are denoted by a dot. In obtaining this equation,
use has been made of eq. (2.6). On the other hand, eq. (2.5) may be written in
the form

do

= —Vh+TVs, @.11)
where h is the enthalpy per unit of mass and T the temperature, and where
we have used the thermodynamic relation

%dp —dh—T ds. 2.12)

The four scalar fields ¢,, A, ¢, and ¢, must therefore be chosen in such a way
that the right-hand side of eq. (2.10) reduces to the right-hand side of eq.
(2.11). This requirement is not sufficient to determine uniquely the equations
satisfied by these fields. An appropriate and customary choice?) is

d'>p+)uiu+sd'>s—%v2=h, (2.13)
‘é—’:= 0, (2.14)

* For the special case of isentropic flow, the last term in eq. (2.8) may be absorbed into the first,
so that v = — V¢ — AV, where ¢ = ¢, + 5¢..
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d¢)‘__ 21
0 ( . 5)

d¢5_ 2 6
l ( ~1 )

The last equation may be viewed as the equation necessary to specify the
redundant field.

The equations of motion for the six fields (p, s, A, ¢,, ¢, and ¢,) describing
the system in the Clebsch representation, are then the eqs. (2.1), (2.2) and
(2.13)-(2.16).

It should be noted that for stationary states (for which the physical fields p,
v and s are independent of time) the fields ¢,, ¢, and ¢, are not necessarily
independent of time*). This is obvious for the case of a homogeneous fluid at
rest for which it follows from eq. (2.16), that ¢, = Tt. Alternatively, for steady
flow Bernoulli’s theorem states that jv>+ h is constant along a streamline, so
that, according to eq. (2.13),

&, + A, + s, = constant

along a streamline. As this constant is in general different along different
streamlines, it can not be set equal to zero.

In the next section we will review the derivation of the hydrodynamic
equations from a variational principle using the Clebsch representation. We
shall then also discuss the Hamiltonian formulation of the hydrodynamic
equations.

3. Variational principle for ideal fluids and Hamiltonian formulation

Following Seliger and Whitham®), the six eqgs. (2.1), (2.3) and (2.13)-(2.16)
can be found as Euler-Lagrange equations from the variational principle

t
) fdt fdr$=0, (3.1)
1

where the Lagrangian density & is defined as
£ = p{d, + Ay + 5 —1(Vb, + AV, + sV,)* — u(p, s)}. (3.2)

Here u is the internal energy per unit of mass, taken as a function of p and s,
for which one has the thermodynamic relations

()-8 (),
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Eq. (3.1) must hold for arbitrary variations of the fields which vanish at t, and
t; and at the boundary of the volume V occupied by the fluid. Thus one finds
for arbitrary variations of the density p

£=p. 3.4

This equation expresses the fact that the Lagrangian density reduces to the
pressure on the extremal path and is equivalent to eq. (2.13) since h = u + p/p.
For arbitrary variations with respect to ¢,, ¢, $», A and s one finds in the
same way eqs. (2.1), (2.3) and (2.14)-(2.16) respectively as Euler-Lagrange
equations. As discussed in the previous section, these equations are, together
with eq. (3.4), the hydrodynamic equations in the Clebsch representation*.

Clebsch, in his masterful 1859 paper'), showed already that a variational
principle could be formulated for the case that the equation of motion for the
velocity field of the fluid can be written in the form

dvo _
qa - Vy (3.5)

if one uses the representation
v=—V¢,— AV, 3.6)

Eq. (3.5) holds for a number of cases in which the hydrodynamic equations are
constrained. Examples are: 1. the case of incompressible flow which was
considered by Clebsch himself and for which ¢ = p/p (cf. eq. (2.5)); 2. the case of
isentropic flow, for which ¢ = h (cf. eq. (2.12)); and 3. isothermal flow, for which
¢ = h — Ts. The work of Bateman®) comprises both case 2 and 3. If the equations
are not constrained however, the equation of motion is not of the form (3.5). Itis
then convenient to use the more general Clebsch representation, eq. (2.8).

From the Lagrangian formulation of the hydrodynamic equations one may
go over to a Hamiltonian formalism. Contrary to the usual case however, we
will obtain the same number of Hamiltonian equations, since the Lagrangian
equations are already differential equations of first order in time. As the time
derivatives of p, A and s do not appear in the Lagrangian, one can only define
the three momenta conjugate to the fields ¢,, ¢, and ¢,

N4

= _ 3.
L= 5=r (3.7)

* The derivation of the energy and momentum conservation laws on the basis of Noether’s
theorem is straightforward and in fact completely parallels the corresponding analysis by
Thellung®) for isentropic flow, to which the reader is referred.



114 W. VAN SAARLOOS et al.

4
* 6¢A P ( )
HS = ——::4)5 = ps = sv. (3.9)

It is seen that these momenta are the fields p, pA and s,, the entropy per unit
of volume. The Hamiltonian density, given by

¥® = ¢,I1, + oI1, + .11, — £, (3.10)
becomes
% =3(I1,Ve, + LV, + I,V /I, + [Lu(IL, I1,). (3.11)

The hydrodynamic equations may now be found as Hamiltonian equations of
motion:

ax

b, = iR -+, (3.12)
b =%= —v - Vo, (3.13)
¢S=%=*U‘V¢S+T, (3.14)
mn=v. aavg;p = -V I, (3.15)
HA—V-B—G%=—V-HW, (3.16)
HS=V-3—B%—S=—V-HW, (3.17)

where the chemical potential u per unit of mass is given by
mw=u-—Ts+plp=0a(Ilu(ll, I1,))/sIl,. (3.18)

Eqgs. (3.13)-(3.17) are identical with eqs. (2.1), (2.3) and (2.14)-(2.16). Eq.
(3.12) can be shown to be identical to eq. (2.13) by using once more eqs. (3.13)

and (3.14).
As one would expect, the Hamiltonian density eq. (3.11) represents the total

energy density e,:
% =e,=1j"lp + pu, (3.19)
with j the momentum density given by, cf. egs. (2.8) and (3.7)-(3.9),
j=pv=—-1M,V¢,— [I,Vo, — II,Vo, (3.20)
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By introducing the total Hamiltonian
H EI dr(r), (3.21)

the Hamiltonian equations of motion (3.12)-(3.17) can also be written as

L JOH . BH L
= 1L I, = S with k = p, A, s, (3.22)
where the functional derivatives /8¢, and 8/8II; are defined in the standard
way’).
We now define Poisson-brackets

[ 5A 8B bA 6B ]
S (r) 8IL(r) OIL(r) 8¢i(r))

where A and B are arbitrary functionals of the canonical fields. The cor-
responding Poisson-bracket for either isothermal or isentropic flow was
introduced recently by Enz and Turski’). If we then consider the five physical
fields p, j and e, as components «; of a five-dimensional vector field a such
that

{A,B}=]|dr X (3.23)

k=p,A,s

ao = p,
o Ej,', fori= 1, 2, 3, (324)
a4 = €y,

we can define the following basic Poisson-brackets:
Li(r, rY={ai(r), a;(r)} = —L(r',r), fori,j=0,...,4. (3.25)

These matrix elements can be evaluated in a straightforward way (see ap-
pendix); one finds

LOO(r’ r') = 09
La(r, r) = ~Lu(r', 1) = == [p(r)8(r = )], fori=1,2,3,

Lofr,r')=—La(r',r) ==V - [j(r)s(r — ],
Ly(r, ¥) = ~Ly(r, ©) = = 3 li(1)3(r = )]
+% Li(r)8(r—r)], fori,j=1,2,3,
Lifr,r') = —La(r', r) ==V - [o(r)ji(r)8(r — r")] "5% [p(r)é(r—r7]
+§;;i[e.,(r')8(r —r)), fori=1,2,3,

Lu(r,r)=—V-[o(r)e,(r)+p(r)d(r—r)]
+ V' - [o(r')e(r)+ p(r)8(r — r)]. (3.26)
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It is important to note that L depends on the six canonical fields only via the
five physical fields. It is therefore possible, now that these basic Poisson-
brackets have been evaluated within the canonical formalism, to define
Poisson-brackets for functionals A({a}) and B({a}) of the physical fields
entirely in terms of the matrix L without reference to the canonical fields:

;]
8, (r')

With the help of these Poisson-brackets the hydrodynamic equations for the
physical fields can be written in the compact form

4
(Aed, Bad}= 3 [ drdr' 5205 Lyt ) 627

dai(r, t) _ ~{a

or i(r, 1), H}

, _8H
> [arLin s
= f dr'Lig(r,r"), fori=90,...,4. (3.28)
Here we have used the fact that the Hamiltonian is a functional of a4 only so

that

6H
dai(r’)

With relations (3.26) and the identification (3.24), eqs. (3.28) reduce to

= 6,‘4. (329)

__p.;

L=-7-j, (3.30)
DR, 331
de,

—8"7 =—V - [v(e +p)l (3.32)

This set of equations is equivalent to the set (2.1)-(2.3). The use of the
conserved quantities p, j and e, will turn out to have certain advantages.
As a final remark, we note that for the total momentum

P EI dr j(r), (3.33)

one finds with the aid of eqs. (3.26)
{P, ai(r)} = Va;(r), fori=0,...,4. (3.34)

Thus the total momentum is, as expected, the generator of spatial translations.
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Recently Dzyaloshinskii and Volovick®) used this property as a starting point
to arrive at expressions (3.28) for “hydrodynamic” Poisson-brackets without
the use of the Hamiltonian formulation based on the Clebsch representation.

4. The Liouville equation

In a statistical description one considers an ensemble of fluid systems and
introduces a density distribution P({a(r)}, t) in the “phase space” of physical
fields. Since the hydrodynamic equations are first order in time, this density
obeys a continuity or conservation equation which one would be tempted to
write in the form

Pah_ s j dr Ws(r) &(r)P ()} 1). 4.

However, strictly speaking this equation is a meaningless string of symbols,
since it is not clear how the functional derivative 8d;(r)/8a;(r) occurring in eq.
(4.1) should be interpreted*.

A way to avoid this difficulty is to discretize the system in coordinate space,
so that the phase space becomes of finite dimensionality**. To this end we
divide the fluid into small cubic cells of size A®. The position of a cell is
denoted by r = nA where n is a vector of which the components are integer
numbers. The state of the fluid in each cell is characterized by the five
hydrodynamic variables

Ay = (Pm Jns ev,n), (42)

the specific quantities in each cell. In the limit of vanishing cell-size these
variables correspond to the previously defined hydrodynamic fields. The
discrete hydrodynamic variables are postulated to obey equations of motion
which are discrete analogues of the conservation laws (3.30)-(3.32), viz.

o __y .
SRR A 4.3)

8e — 9, - [ouja + pal, (“.4)

€y

ot = - Vn ° [(eu,n + pn)vn]: (45)

*In the previous sections a similar difficulty did not occur since the functional derivatives
occurring there had always a well-defined meaning.
** Discretization is in fact also necessary in order to normalize the distribution function.
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where v, = j/p, is the discrete velocity and p, the pressure in the cell labeled by
n. The discrete operator V, is defined as

A

3 :
3 og [Ara = Auil (4.6)

V.An

with the é&’s unit vectors along the Cartesian axes. The continuity-equation
for the distribution function P({a,},t) in the phase space spanned by the
discrete set of variables (4.2) is

PUah) _ g w0
o E 2 Join @inP ({an}, t). 4.7

It is now straightforward to show with the aid of egs. (4.3)-(4.5) and the
definition (4.6) that the following property holds:

5 9in _ g, 4.8)

T 0

This implies that the flow in this particular phase space is incompressible.
Consequently eq. (4.7) reduces to

PHanht) _ 5 5 . oP(an} )
ot = 2 20 e (4.9)
In the limit of continuous fields this equation becomes
PHaM}Lt) _ < . yOP({a(r)} 1)
m = 2‘6 drai(r) =5~ (4.10)

provided that the limiting distribution function is a proper functional of « r)).
Using also eqs. (3.27) and (3.28) this equation may also be written in the form

%={H,P}. (4.11)

This equation, in which functional derivatives have a well-defined meaning, is
a Liouville-equation for the density distribution in the space of physical fields
p, j and e, It can be used as the basis for the discussion of the statistical
properties of an ideal fluid.

Clearly one could in principle also have derived a Liouville-equation for a
distribution in the phase space of the six canonical fields. It is however the
reduced density distribution in the space of five physical fields which is
directly relevant for the evaluation of averages of physical quantities.

It should be stressed that while an equation of the form (4.7) is also valid
for a transformed set of hydrodynamic variables 8,(a,), the property (4.8) in
this transformed set does not necessarily hold, nor is there then a Liouville-
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equation. Using eq. (4.8), one can indeed show in a straightforward way that

aB'" 1 a_ab_"_ azﬂi,n
z 2 aBln ; % i aB.‘_n aa,-,,,aak_,,' (412)
Using also the identity'’)
d Indet G _L 0G;
=2 0 Gk 4.13)

which holds for any matrix G which depends on a parameter x, eq. (4.12) can
be re-written as

S35 s ]

n lll

. dlnl,
; 2 Bin B (4.14)

where J, is the Jacobian of the transformation B, > a,. Thus the flow in
B-space will only be incompressible if the Jacobian of the transformation to
new hydrodynamic variables is a constant. Let us in particular consider three
different sets of variables 8:

a. By = (pn, ju» Uvn).

Here u,, = e,, —1j2/p. is the discrete internal energy per unit of volume. The
Jacobian for this case is 1, so that the flow in the corresponding phase space is
also incompressible.

b. én(pm Uy, ev,n)'

Here v, = ju/p, is the discrete velocity. The Jacobian of the transformation
Bn —> a. becomes in this case

Jo=pa, (4.15)

and one has according to equation (4.14) the result

S 3 5e=-33 pon (4.16)

C. gn = (pm jm sv,n)'

Here s,, is the discrete entropy per unit of volume, which is related to the
energy density variable via the Gibbs-relation

T, dsyn = dtyn — iy dp,. 4.17)

T, and p, are the temperature and the chemical potential in cell » respec-
tively. The Jacobian becomes in this case

L,=T," (4.18)
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Hence one obtains here

Bin _ Som (01w pn (3Tx
S-S G 1G] (4.19)
Both in case 2 and 3 the flow in “phase space” is not incompressible and a
Liouville-equation does not hold. Moreover, it is clear from the general form
of eq. (4.14) and the results in the special cases considered above, that the
“rate of compression” is either zero (e.g. case 1) or infinite (e.g. cases 2 and 3)
in the continuum-limit. In the latter cases the continuum-limit of eq. (4.7) does
not exist and we can not give a well-defined meaning to the functional
derivative occurring in eq. (4.1)*.

A final remark must be made in connection with case c. The validity of eq.
(4.8) for the original set of variables (4.2) is an immediate consequence of the
fact that these variables obey the conservation laws (4.3)—(4.5). On the basis
of these equations, using also eq. (4.17), the discrete entropy s.. then satisfies
an evolution-equation**

0Sun

1 .
It = TF_ [_Vn{(%anr2u+ Uyt pn)vn}_%vﬁ(vn : ]n)

+{Vu * (Oaju + Pa)}* 0 + (Vs - ). (4.20)

Thus the discrete entropy is not conserved (even though eq. (4.20) reduces to
eq. (2.3) in the continuum-limit). In this connection it should be remembered
that discontinuities such as shock waves in an ideal fluid give rise to an
increase of entropy''). On the other hand, if one had started by postulating
that p,, j. and s,, obey the discrete analogues of eqs. (2.1)-(2.3), the discrete
energy e,, would not have been conserved. As only a description in which
mass, momentum and energy are conserved seems satisfying, we have based
our discussion on egs. (4.3)-(4.5).

5. The equilibrium distribution

According to the Liouville-equation (4.11), the distribution function
P({a(r)}, t) in the phase space of the basic physical fields (3.24) is stationary

* An alternative way to give meaning to eq. (4.1) would have been to consider the phase space
spanned by the Fourier-components of the particular set of hydrodynamic variables (3.24) and to
introduce an ad hoc cut-off wave-vector for these variables. If such a procedure is carried out
consistently, one obtains in a less transparent way results equivalent to those found above.

** One may easily verify that the result eq. (4.19) can also be obtained from eq. (4.20), together with
eqs. (4.3) and (4.4).
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if P is only a function of the constants of the motion of the system, such as
its total energy E, its total entropy S and its total mass M

E =I dre,(r), S =]drsu(r) and M =fdrp(r). G

For a system which is energetically and materially insulated, the equilibrium
distribution is given by the Einstein formula

P eq({g (r)}) ~e S({g(r)))/k, (5.2)

where k is Boltzmann’s constant. This distribution can also be written in the
form

P({a(r)h) = P=({a"(r)) e*54N, (5.3)

where

AS({a(nh=S{a(Mh - S'(a’(Nh = f dr(s.(a(r)) - s.(a°(r))). (54)

Here the superscript zero refers to the “equilibrium state” characterised by a
uniform density and energy-field and a vanishing momentum density field.

If the system is in thermal contact with a heat-bath with temperature T, the
equilibrium-distribution is'?)

P({a(r)}) = P*{({a’(r)}) e 4E TodSITo, (5.5

while for a system which can in addition exchange mass with a reservoir, this
distribution is

P({a(r)}) = P¥({a(r)}) e T4F TodSTHotMIKT,, (5.6)

where p, is the thermal chemical potential of the reservoir.
The distributions (5.5) and (5.6) follow immediately from eq. (5.3). One has
indeed according to this equation for the system including the bath

P ed o (AS+ASpunllk 5.7
For the bath we may write in good approximation

1

ASpan = To

ABuun — 5 AMian. (5.8)
0
Since the total energy and mass of the system together with the bath are
constant, AEy, = —AE and AM,.w = —AM, the distribution (5.7) reduces to
the distribution (5.6). In the same way eq. (5.5) is found if the system is
materially insulated, i.e. if AM =0.

It should be stressed that the distribution functions (5.3), (5.5) and (5.6) are
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equilibrium distribution functions in the phase space of the fields p, j and e,. If
one had considered a different phase space, e.g. the one spanned by the fields
p, v and e, the above distributions must be divided by the Jacobian of the
corresponding transformation*, which in general does not exist in the con-
tinuum-limit. For linearized hydrodynamics, this problem does not arise as the
transformations considered are then always linear so that the Jacobian is a
constant.

6. Discussion

In the preceding sections we have used the Hamiltonian formalism based
on the canonical fields of the extended Clebsch representation introduced by
Seliger and Whitham®) to obtain expressions for hydrodynamic Poisson-
brackets. With the help of these, we were able to formulate a Liouville-
equation in the phase space of the particular set of (non-canonical) physical
fields p, j and e,. The well-known equilibrium distribution functions for the
fluid fluctuations are stationary solutions of this Liouville-equation. This fact
plays an important role in an analysis of nonlinear hydrodynamic fluctuations
as we shall discuss in a subsequent paper.

Appendix

In this appendix we evaluate the Poisson-brackets defined by eq. (3.25) for
the physical fields p, j and e,, which are given in terms of the canonical fields
by (cf. eqgs. (3.7)-(3.9), (3.19) and (3.20))

p=11, (A.1)
i= —Hpv‘bp - H»\Vd),\ - Hsvd’s, (A2)
e, = 1(I1,Ve, + LV, + LV, )/, + u,(IT,, IL;). (A3)

Here u, = pu is the internal energy per unit of volume. We will first evaluate
the Poisson-brackets for p, j and u,.

* Einstein'’) in his original article on fluctuation theory includes in the distribution function in
addition to the exponential factor exp(AS/k) a function f which depends on the choice of the
fluctuating variables and which plays the same role as the Jacobian in the above discussion. He
then argues that if AS may be approximated by a quadratic function, the function f may be
replaced by a constant f. This corresponds to the linear theory.
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Since the Poisson-brackets of momenta vanish, we immediately obtain

Lo={p, p}=0,
{p, u,} =0,
{u,, u,}=0.
From the definition (A.2) we get

ﬁ%= VULG)S(r— ), (@=pA,s)

5?]58.) =—Vo,(r)8(r—r"), (a=p,A,5)

where V' = 4/dr’. One therefore obtains

S = » 81L(r) 8ji(r)
{Ha(r),]i(r )}_ J-dr ana(rl/) 5¢a(ru)

= - f dr'8(r — ") VIUIL(r")3(r — r")

==VL(r)é(r—r"), (i=1,2,3; a=p,A,s).
Thus we have
Lo(r, r') ={p(r), ji(r"} =~ Vi(p(r)é(r—r") (i =1,2,3).

Similarly we obtain

Latr,r) = e ) == [ @ S, (PG50 =)
X Vl:d’a(r')ﬁ(r’ _ r//)
= Vit (r)8(r = r")VIIL(r")3(r' = )]

== 3 [Viga(rViIL(r)é(r —r")

a=pA,s§

= Vi (r)Vi(IL,(r)8(r ~ r'))]
=- [ViL(rVid,(r)é(r — ")

a=p\,s
= Vi(L(r)Viga(r)d(r —r)]
= Vili(r)8(r —1")
= ViGi(r)é(r—r?) (,k=1,2,3).
From the thermodynamic relation

du, =T ds, + u dp,

(A4)
(A5)
(A.6)

(A7)

(A.8)

(A9

(A.10)

(A.11)

(A.12)

one finds that the derivatives of u, with respect to s,(= ps = I;) and p(=11,)
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are T and u respectively. With eq. (A.9) and the definition (3.13), one then
gets
{u,(r), ji(r)} = —p(r)Vilp(r)d(r — r")) — T(r)Vi(s,(r)8(r — r")
=—(U(r) +p(r)Vid(r—r’)
—(u()Vip(r)+ T()Vis,(r))é(r—r") (i=1,2,3). (A.13)
Using eq. (A.12) once more, we can rewrite eq. (A.13) as
{u,(r), jj(r"N=—-Vi(u,(r)6(r—rN—pr)Vid(r—r) ((=1,2,3). (A.14)
With the aid of the Poisson-brackets (A.4), (A.5), (A.11) and (A.14) we now
find
Loa(r, r') = {p(r), e,(r")} = {p(r), i*(r)2p(r") + u,(r")}
={p(r), j(r)} - o(r) ==V - (j(r)d(r —r"), (A.15)

and

Lis(r, r') = {ji(r), e,(r")} = {ii(r), i*(r")2p(r') + un(r)},
= {§i(r), j(r} - o(r) = {i(r), p(rBL2(r) + {i(r), u (r))},
=Vi(j(r)8(r—r)) - v(r) = V(i(r)d(r—r)) - v(r)
=3r)Vip(r)8(r — r) + Viu(r')8(r — r) + p(r)Vid(r — r"),
==V -([r)vi(r)é(r —r))— Vilp(r)é(r — r"))
+ Vile,(rN(r—r)) (i=1,2,3). (A.16)

The Poisson-bracket {e,, e,} can be written as

Lu(r, r') = {e,(r), e.(r)} = —207(r){p(r), e,(r)} + v(r) - {j(r), e, (r")}
Hu,(r), j(rH} - o(r"). (A.17)
Upon substitution of eqgs. (A.14), (A.15) and (A.16) into eq. (A.17) one finally
arrives at
Layr, r') ={e,(r), e,(r)} = =V - [v(r)(e,(r) + p(r)8(r — r’)]
+ V- [o(r')e(r) + p(r)8(r — r)]. (A.18)

This completes the derivation of the expressions (3.26).
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