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A scheme introduced recently for the description of non-linear hydrodynamic fluctuations of a
one-component fluid is extended to the case of a two-component charged fluid. The random
fluxes which are introduced are assumed to be Gaussian processes with white noise. It is found
that the usual expressions for the systematic parts of the dissipative fluxes are only consistent
with this assumption, if the Onsager coefficients are constant.

1. Introduction

In most approaches to hydrodynamic fluctuation theory, one writes the
dissipative fluxes as the sum of a systematic part and a random part, which is
usually assumed to be a random variable with Gaussian white noise’). The
consistency of such a procedure can easily be checked if one restricts oneself
to the case in which all equations are fully linearized. However, the above
approach has usually also been followed in mode-mode coupling calculations;
in this case, some non-linear terms (usually the convective ones) are retained
in the analysis. The limitations to the use of this kind of non-linear equations
for the fluctuations are less wellknown. This led Van Saarloos, Bedeaux and
Mazur**®) to investigate in two recent papers, to be referred to as papers I
and II, whether a hydrodynamic fluctuation theory, based on the splitting of
the dissipative fluxes into systematic and random parts, can be consistently
set up if one wants to retain all non-linearities. It was concluded that the
non-linearities due to the presence of reversible convective terms and also to
the non-linear functional dependence of the thermodynamic functions on the
state parameters, can all be taken into account. However, there is a severe
restriction to be imposed on the phenomenological laws for the dissipative
fluxes, in order to make such a fluctuation theory consistent. Thus, although
the expressions for the dissipative fluxes are of the usual form found in

* On leave of absence from Departamento de Termologia, Universidad Auténoma de Bar-
celona, Bellaterra (Barcelona), Spain.
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thermodynamics of irreversible processes®), they are more restricted in that
the Onsager coefficients (i.e. the viscosities divided by the temperature and
the heat conduction divided by the temperature squared) should be constants.

The analysis in papers I and II was based on the equivalence of the
stochastic differential equations with Gaussian white noise with a Fokker-
Planck equation. However, the derivation of a Fokker-Planck equation for
fields is beset with divergency problems inherent in a continuum description.
To circumvent these, the hydrodynamic equations were discretized first
according to certain rules, and the continuum limit was only taken in the final
stage of the calculation. These discretization rules were formulated for
conserved variables. In the present paper, we investigate a simple case in
which the state of the system cannot be characterized by conserved variables
alone: a fluid system consisting of two charged components, in which
polarization and magnetization effects can be neglected. It is indeed found
that similar restrictions on the phenomenological laws have to be imposed as
in the case of an uncharged one-component fluid.

In section 2, we recapitulate the macroscopic equations describing a charged
two-component fluid. In section 3 we introduce the stochastic differential
equations and give the correlations for the random fluxes. On the basis of the
assumption that these random fluxes are Gaussian, we obtain in section 4 the
Fokker-Planck equation equivalent with the discretized stochastic equations.
The form of the dissipative fluxes in the continuum limit, consistent with the
assumptions made for the random fluxes and the known equilibrium distribution
for the hydrodynamic variables, is obtained in section 5. Finally, in section 6, we
indicate how the linear response analysis of paper II can be extended to the
present case. The relevant fluctuation dissipation theorems for the response to
an external electric potential are listed.

2. Fundamental macroscopic laws

In this section we recapitulate the thermodynamics of irreversible pro-
cesses for a binary charged mixture in the presence of an electromagnetic
field. The mixture will be assumed to be unpolarizable and unmagnetizable.
The total charge of the system will be assumed to be zero.

For the case under consideration the following conservation laws of mass,
charge, momentum and energy, hold®)

% _ _y.
o V. pv, ' 2.1
e §.po-V-i 2.2

at



FLUCTUATIONS IN CHARGED FLUIDS 219

%V Go+p-T)-V-II (2.3)
%=—v-{(ev—%E2—§Bz+p)o+cE AB}-V-(J+-v). (2.4)

Here p is the mass density, p, the charge density, g the total momentum
density of matter and field, v the velocity, j( = pv) the momentum density of
matter, p the hydrostatic pressure, T Maxwell’s electromagnetic stress tensor,
¢, the total energy of matter and field, E and B are the electric and magnetic
field in Gaussian units, and c is the velocity of light, while i, IT and J are the
dissipative fluxes, the conduction current, the viscous pressure tensor and the
heat current, respectively. The total momentum density g and the momentum
density of matter are related by

g=j+zl;EAB, 2.5)

and Maxwell’s stress tensor is given by
T = EE + BB - X E*+ B)U, 2.6)

where U is the unit matrix.

For a complete description the above conservation laws have to be sup-
plemented with the phenomenological laws for the dissipative fluxes and the
Maxwell equations, which in the present case may be written as

dE _ o

T cVAB—-p—i, @7
B __

a3 ¢V AE, (2.8
V-E=p, (2.9)
V-B=0. (2.10)

In thermodynamics of irreversible processes the phenomenological laws are
established on the basis of the expression for the entropy production. Of
course, eqs. (2.2) and (2.7)~(2.10) are not fully independent. If we take the
divergence of eq. (2.7) and use eq. (2.2), we obtain 3V - E/dt = dp,./dt; similarly
eq. (2.8) implies that aV - B/at = 0. Hence, if eqs. (2.9) and (2.10) are obeyed
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initially, eqs. (2.2), (2.7) and (2.8) ensure that they are obeyed at all later times.
We will therefore in this paper consider eqs. (2.2), (2.7) and (2.8) as the basic
equations describing the time dependence of E, B and p,, while egs. (2.9) and
(2.10) will be viewed as equations prescribing initial conditions for these
fields. The balance equation for the entropy density s, may be derived from
the above equations and the Gibbs-equation, written in the form

T ds,=du, -1 =824, P22 " g, 2.11)
1™ 22 21— 2>

where T is the temperature, and where w,, w;, z; and z, are the chemical
potentials and the charges per unit mass of components 1 and 2, respec-
tively*, while the internal energy density u, is given by

u, = e,~ (3pv’+;E*+;B?). (.12
One obtains

(2.13)

aastv _v. (J = e~ I-“2Jd2) o,

- T
where J4, and J,, are the diffusion flows of component 1 and 2, and where the
entropy production o is given by**

——Lyer-1;. _M_—_uz_]_( 1 )} 1
o= TQJ VT T {TV[T(Z,—ZZ) E+chB ——,I:H:Vv.
2.14)

In thermodynamics of irreversible processes, the entropy production is writ-
ten as a bilinear expression in the fluxes and forces. In the present case, the
fluxes are

i, n and J; (2.15)

on the basis of eq. (2.14), one therefore associates the thermodynamic forces
with
1 1
—r1 VT, T Vo,
and
1 { — 1 1
-1 TV[—L—L‘ ]— (E+on B)}. 2.16
T T(z,—- z) c (2.16)
*One immediately obtains eq. (2.11) from the more familiar form, viz. T ds,=
du,— p,dp,— p,dp; (where p, and p, are the mass densities of components 1 and 2) by
transforming to the variables p = p; + p, and p, = 2,p, + 229

** We have eliminated the diffusion flows J, and J,, from the expression for o given in ref. 6
with the aid of the equations i = z;Jy, + z,J4, and Jy, + Jy,=0.
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From these identifications and using symmetry considerations (the Curie-
principle), the usual linear laws are obtained. We will not give these expres-
sions, as it is the purpose of this paper to derive the appropriate laws for a
fluctuating system. This will be discussed in the next sections.

3. Stochastic differential equations

As discussed by Landau and Lifshitz'), one may obtain fluctuating equa-
tions for the case under consideration by writing the dissipative fluxes II, J
and i as the sum of systematic and random parts,

mn=Ir+1mk, J=J+Jk i=i+ik, @3.1)

where the quantities with a superscript s obey phenomenological laws in
terms of the fluctuating variables and where the quantities with a superscript
R are random variables with zero mean,

H“(r, t)=0, Jﬁ(r, t)=0, iﬁ(r, t)=0. 3.2)

Here we have employed the notation of paper II to denote an average over an
ensemble of random forces of systems with the same initial conditions for the
hydrodynamical and electromagnetic fields by a bar.

In order to form a closed set of stochastic equations, the phenomenological
laws for the systematic parts in eq. (3.1) should be specified, as well as the
correlations of the random parts.* We will not specify the phenomenological
laws as yet, as it is the aim of this paper to investigate which form of the
phenomenological laws is compatible with the assumption that the random
fields II®, J? and i® are Gaussian variables with correlations which are
delta-correlated in space and time.

The above assumption, together with symmetry considerations, fully
determine the correlations of the ‘random forces’. Since quantities with a
different tensorial character cannot be correlated, one immediately finds that

I, O, 1) =0, ¥, NN, t)=0. 3.3)

In view of the isotropy of the system, the non-zero correlations must be of
the form (the factor 2k, where k is Boltzmann’s constant, is introduced for

* Moreover, because of the presence of the term V - (IT - v) in the energy equation, one must
also specify whether the stochastic equations are interpreted in the Itd or in the Stratonovich
sense’). One may show that either of the two interpretations lead to identical results. As the
analysis is completely analogous to the one in paper I, where this point is discussed in extenso, it
will not be given here. Throughout the rest of this paper, we shall adopt the Stratonovich
interpretation.
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convenience)
TR(r, DTN, 1) = 2KL o 88(r — F)8(t — 1), (34)
TXr, DI, 1) = 2kL88(r — 1)8(t — 1), (3.5)
F(r, DIN, 1) = 2kLaid(r — r)8(t — 1), (3.6)
H}}((r, I, t) = 2kLjumd(r — r’)8(t — t') 3.7
2 ! 4
= 2K L (548in + B — 5 84 ) + LidiBu [5(r =8t =) (38)

In these equations, the coefficients L, L,, L;, L,, and L, are phenomenologi-
cal constants; they do not depend on the fluctuating fields, but may depend on
the equilibrium quantities of the system.

In the next section we obtain the Fokker-Planck equation corresponding to
the above stochastic equations on the basis of which we derive the form of
the phenomenological laws compatible with the assumptions made in this
section and the known equilibrium statistical properties of the system.

4. The Fokker-Planck equation

It is well known that one may derive in general a Fokker-Planck equation
from a set of stochastic differential equations of the Langevin-type if the
noise is Gaussian and white. However, if one tries to derive a Fokker—Planck
equation from the stochastic differential equations introduced in the previous
section, one encounters difficulties in the interpretation of some terms in this
equation as a consequence of the fact that we are dealing with fields. The way
to avoid these difficulties, which was employed in papers I and II, is to start
with a derivation of a Fokker-Planck equation corresponding to an analogous
set of stochastic differential equations for a discrete set of variables, and to go
over to the continuum limit only in the final stage of the calculations. We will
now carry out this program explicitly along the lines set forth in papers I and
IL.

To arrive at a discrete set of variables, we discretize the system in
coordinate space by dividing the system into cubic cells of size A% The
position of a cell is denoted by r = nA, where n is a vector of which the
components are integer numbers. To every field-quantity considered before,
there now corresponds a variable defined on the cubic lattice. For instance,
p.(t) and g,(t) are the mass-density and the total momentum density in the
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cell with position r = nA, which converge in the continuum limit to the fields
p(r,t) and g(r, t). The other variables are defined in an analogous way.

The discretized variables are now postulated to obey equations of motion
which are of the same form as the equations of the field variables, and which
indeed reduce to these equations in the continuum limit. These equations are

n__yg .

at - vn pnvm (4'1)
Wen _ _y . —V i

at - vn Pe,nUn vn s (42)
%V, G+ pu- TV, - 00, | “3)
&1 =- vu * {(ev,n - %Elzl— %Blzl+ pn)vn + CEu A Bn}_ vu * (Jn + Hu * 0n)’

ot 4.4)
sV, A B~ pour, — i @“5)
B,

i ¢V, AE, (4.6)

In these equations, action of the discrete gradient operator on an arbitrary
quantity A, is given by

3 2. )
vnAn = 121 ;;A [An+éi - An—éi], (4.7)

where the &;’s are unit vectors along the Cartesian axes. These equations have
to be supplemented with the discrete analogues of egs. (2.9) and (2.10), viz.

V. E, =p, (4.8)

V. B, =0, : (4.9)
and the equations for the fluxes II,, J, and i,. The discrete analogue of eq.
@B.1)is

n=m+Mm;, J=J+J5 i =i+i (4.10)

The random parts are again Gaussian random variables with zero mean. In
analogy with eqs. (3.4)—(3.8), we may write the correlations of these variables
as ‘

TR i,z,,(t') = 2KL ,i83A 28, 8(t — 1), 4.11)

i

J f,,(t)i k,'i,,(t') = 2kL ,8,A7*8,,8(t — t"), (4.12)
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IE(DIN) = 2kL;8,A78,,8(t — t'), (4.13)
TR (OIT(t) = 2KL 3y 4 78,,:8(t — t). 4.14)

It should be emphasized that the above discretized equations are pos-
tulated; they cannot be derived from the field equations. In fact, one can
introduce different discretized equations which also reduce to the field equa-
tions in the continuum limit but which would lead to different results in the
analysis given below. For reasons discussed in papers I and II, the most
convincing scheme appears to discretize the conservation equations for the
conserved hydrodynamic variables. It is for this reason that we will take
below p, p., g and e, as our basic hydrodynamic variables. The fields E and B are
of course not conserved. However, eqgs. (4.5) and (4.6) appear to be the natural
discretized analogues of eqs. (2.7) and (2.8), and, as will turn out later, our
conclusions concerning the phenomenological laws would not be affected if eqs.
(2.7) and (2.8) would be discretized in a different way.

We will now derive the Fokker-Planck equation for the density distribution
function P of the variables p, p., g, e,, E and B. To do so, it is convenient to
write these variables as the components of a vector

@, = (Pp Pens €v,m 8w Eny By),

so that
Uin = P ®rn = Pe,ns O3, =€y 4.15)
34im = Bjms Qgsjn = Ej, ay.js = B;,, (forj=1,2,3).

With the aid of this notation, we may write eqs. (4.1)-(4.6) together with (4.10)
in the compact form*

aaﬂ,u rev irr
= Fent p,n+§§Mpys,...nfys,.~ 4.16)

Here F; and FY, denote the reversible and irreversible parts of the rates of
change of the quantities ag,, respectively. Comparison with eqs. (4.1)-(4.6)
and (4.10) shows that for eq. (4.16) to be equivalent with these equations, we
need to define

Fia=—V. pwn, F5i= -V, -p..0n

Fyy=-V, (e, —{E}+B)+p,)v, + cE, A B,],

Filia=—[Va  Guva + pu — TW];, 4.17)
F&ia=c(VyAB);—peatnpy Fiia=—c(V,AE),

* From here on, Greek indices run from 1 to 12, whereas Latin indices can vary from 1 to 3.
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and
Fi =0, Fi=-V,.i,
Fy=-V,-O}-v,+ ]3], mn=—(, - IO, (4.18)
F&in=—i}n Fir.,=0.

The quantities Mg, and the ‘random forces’ f,, give account of the
stochastic source terms in the conservation equations and the Maxwell
equations. There is some freedom in choosing these quantities such that these
terms in eq. (4.16) coincide with the stochastic terms in eqs. (4.1)-(4.6). We
will take

M24j,,..' =- vi,uamv’ MS]k,nn — Uk V] naun

M50 = = Vinbuw Mo piun = — 83V abun 4.19)

M(6+J')6k,nn' = 8jk8nn’
and

f]k,n = H}}(,m f4j,n = ifn’ ij,u = J}l,zn (4'20)

The other elements of Mg, and f,,, are all zero. In view of eq. (4.20) the
random forces f also have zero mean; if we write their variances as

fﬂy.n(t)f&,n’(t’) = 2Aﬂy§e,nn'8(t -t 4.21)
we may identify the nonzero elements of A from egs. (4.11)-(4.14) as
Ajklm,un' = kLiklmA _38nn’a

Asisiun = KLgqA 788 s
4.22)
Ao pn = kLA 788,

AAjSl,ml’ = ASMj,un = kL A—aslam

We now turn to the derivation of the Fokker-Planck equation for the
density distribution P({e,}, t) in the “phase space” of of discretized variables.
Since we viewed, as explained in section 2, eqgs. (2.9) and (2.10) as initial
conditions to be satisfied by the solutions of egs. (2.1)-(2.8), we will also
tacitly assume that the distribution functions we consider are consistent with
the initial conditions (4.8) and (4.9). As is well known’), the stochastic
differential equations (4.16), interpreted in the Stratonovich sense, are
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equivalent to the Fokker-Planck equation

BaB " "

+ 2 5278 MBy& nn' MB'y& n"n"'AByBy n'n" ]P({a } t) (4-23)

With the aid of the identity*

3
2 2 MB'y’&’,n”n”‘Ayby'&’,u’n’"(ar Mﬁyﬁ,un') =0, (424)
8 B

a'n"
A" v
B

which follows in a straightforward way from the explicit expressions for M
and A, the Fokker-Planck equation (4.26) can be rewritten in the form

aP({a,.} t) 2 2 aa [_ rev F

+ 2 2 DBB nn] P({an}, t) (425)
Here we have introduced the matrix Dg,. ,, defined by
DBB nn' = 2 2 MB-yS nn" MB"y’S' n'n"’A'yﬁy’E',n”n"" (4'26)
n'n yg )
Y

For the elements of this matrix, one finds with the help of the explicit
expressions (4.19) and (4.22)

Dy =kL; ATV, -V 8,0,
Dy3 pn = Dypy = kLG Y, Vb
Digripan = Digriyrnn = KLid 7V, 180y
Dy = kLA™Y, - V.8, + 2kLA™Y 0, : V05,
+kLA7V, YV, : 00,8, “4.27)

| n—
D3(3+j),m|’ = D(3+j)3,n’n = kA _3(2Lvn * vn’vu’ann' + Luvnvn’ ° vn’snn')p
Dyssipan = Digsipsan = KLgA 7V, 180,

* As egs. (4.19) show, only M,;,. depends on the variables; this is a consequence of the
appearance of the V - (IT* - ) term in the energy equation. Since this term is the same as in the
pure hydrodynamic case (no electromagnetic fields), we refer to appendix A of paper II for an
explicit verification of eq. (4.24). As is also discussed there, it is this equation which ensures the
equivalence of the Itd and Stratonovich interpretations in this case.
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D jssinmn = Dasioasian = KA (LUY,, + V8, + (L, +3L)V, 9,80
D:ixs+irne = Disrixsriam = kL;8;A7%8,,.

All the other elements of D are zero. In these expressions, the discrete
gradient-operators act on all factors at their right.

The Fokker-Planck equation can be rewritten once more, using the fact
that

AF™
L =
2 _—Laaﬂ,,, 0. (4.28)

To verify this equation, one should notice that for B =1-6, Fj, does not
depend on the variables «, in cell n, due to the definition of the gradient
operator (cf. eqs. (4.17) and (4.7)). In taking the derivative with réspect to E;, of
F§\j» the field B, is kept fixed. Hence the term arising from curl B in Fg};, does
not contribute in taking this derivative (of course this term also vanishes as a
consequence of the definition of the discrete gradient operator); for similar
reasons the term arising from curl E in taking the derivative of F!;, with
respect to B;, does not contribute. To evaluate the contribution from the term
= PenVin in Fgij 0, we have to write v, in terms of our basic variables a,, i.e.

—Peabin = — 2 2 (g, — ¢(E, 1 B,))

== %L [a,,, —-c 2 € (5+k), ,,a(9+,),,], 4.29)
Here ¢, is the Levi-Civita symbol. One easily sees that the derivative of the
right hand side of eq. (4.29) with respect to a,;, vanishes. This finally
establishes the result (4.28). Similarly, one may show from the explicit
expressions for D, that

3 3 Lo (4.30)
8 3(15 »

Using eqs. (4.28) and (4.29), we may rewrite the Fokker—Planck equation (4.25)
in the form

n B "

dag, dag,

X (— "+ ; ; Dgga #)]P({a.}, t). | 4.31)

In the next section, expressions for the systematic parts of the dissipative
fluxes will be obtained from this Fokker-Planck equation.
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S. The form of the dissipative currents

We will now obtain the form of the dissipative currents, compatible with
the assumption made in section 3 for the random fluxes. We will require that
the solutions of the Fokker-Planck equation satisfy detailed balance. This is
ensured for a Fokker-Planck equation of the form (4.31) if the following two
conditions are fulfilled®)

eq
SSFnP (5.1)
n B 8(15,,,
3np

-‘:’? $.2)

F‘éf.. = 2 2 DﬂB’,nn’

L -
Here P is the equilibrium distribution for the variables a,. The above
conditions will be analysed in the continuum-limit, in which the discretized
variables a, approach to the fields a(r). In this limit, the terms F, converge
to the reversible parts of the rate of change of the fields a(r), e.g.

lim, o F5y =—V - p(r)o(r). We will therefore write
lim F5. = F$(r), (5.3
A-0

rev

where Fg'(r) is the rate of change of a(r) in the ideal case (no dissipative
effects). With this notation, eq. (5.1) becomes in the continuum limit

reve OP “{a(r)p) _
s [arF; P gy =0 .4)

Here 8/8a,(r) denotes a functional derivative. According to eq. (5.4) P must
depend on the variables a via quantities that are conserved in the case of
ideal flow.* In particular, the Einstein equilibrium distribution for a materially
and energetically isolated system,

P({a(r)}) ~ eStatik, (5.5

wflere S is the total entropy of the system, defined by

SHa(r)h = f drsy(r), (5.6)

obeys eq. (5.4) since the total entropy is conserved in the case of ideal fluid

*In the pure hydrodynamic case®), where we had Poisson-bracket expressions for Fj", the
analogous statement was that P* should be a stationary solution of the Liouville-equation. In this
connection, it should be noted that the first condition is only valid in the form (5.1) if eq. (4.28) holds.
The latter equation expresses the incompressibility of the ideal flow in phase space. (cf. paper I,
section 4). :
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flow. We will base our subsequent discussion on the equilibrium distribution
(5.5).

The second condition, (5.2), determines the form of the dissipative fluxes. With
the definitions

i =li irr’ AT, N=li ',nn's 5.7
FB(I’) ldlﬂFp,,, ng(r r) lAl—IgDpB' ( )

we may write eq. (5.2) in the continuum limit as

Frw)=3 [ arDytr, > - e:g‘,’;(')}). 5.8)
From the definition (5.7) and (4.18), one obtains for Fi5(r)

F{(r)=0, Fy(r)=-V-ixr),

Fi(r)=—V - [II'(r) - o(r) + J¥(r)), 5.9

F(r) = —iy(r), F3i(r)=0,

while, according to eqs. (5.7) and (4.27), the non-zero elements of Dgg(r, r’) are
explicitly given by (as before, the gradient operators act on everything to the
right of them)

Du(r, r)=kL,V -V'8(r—r"),
Dy(r, r')=Dyp(r',r)=kLy; V - V'8(r — 1),
Dasri(rs ') = Digupalr’, 1) = KLV,8(r — '),
Du(r, ') = kL, V - V'8(r — ')+ 2kLVo(r) : Vo (o (r — r')
+ kL V'V : o(P)o(rH8(r — r),
Diygap(r, r') = Daj(r', 1)
= kLY -Vo(r)5(r — r)+ LYV - o(r)5(r — '), (5.10)
Dise+ip(r, r') = Disjps(r’, r) = kL Vi8(r — 1),
Dgpa+r(r, ') = Dorioa+ir's 1)

= k(LUV-V'5(- - r)+ (L. +% L)VV' 5(r - r’))”‘,

Dsix+k)T> 1) = Digriys+i(r', r) = kLS8 (r — r').

To determine the derivatives of the logarithm of the equilibrium distribution, we
write the entropy density as a function of our basic variables a(r) with the aid of
eq. (2.12):
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su(r) = s(uy, p, pe)
-1 2
= sv(ev— luﬂ_lEZ_%BZ, 0 pe)' . (511)

From eq. (5.11) and the Gibbs-equation (2.11), we now obtain for the deriva-
tives of the equilibrium distribution (5.5), which are used in the evaluation of

eq. (5.8),

SInP=_, 1 85 _ - i(r) — par)

Say(r) 8pe(r) (z2,—z) T(rY

dInP=_,_, 8S — k! 1

Sas(r) de (r) T(ry

dInP=_,_, 8S _ _,-1v(r)

8aisy,;(r) 8g;(r) T(ry

dInPs_ ., 8S - E(r)+ c'o(r) A B(r)

8a6+j(r) 8E,(r) k™ ( T(r) )] (512)

Upon substitution of egs. (5.9), (5.10) and (5.12) into eq. (5.8), one obtains the
following equations for the systematic parts of the dissipative fluxes (In
checking these formulae, it is important to realize that the gradient operators
in the elements of D act on everything at their right):

Fi(r)= -V -i%r)

- L[ (D)) g (B0 e o) 2 B0 |

1
-L va(r) (5.13)

Fi(r)= =V - (II(r) - o(r) + J¥(r))

=L vz[l‘q(') Pvz(")] L vz_l_

(z,— 2)T(r) T()
r——-———|
~2LV- ”(’)V(T( 5) 2] =LY [or)e - V(375)]
+2LV- V(T(('))) o(r )]+L v- [”(')v'(;((rr)))]
-1,V Bt 1 0]
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—2LV- Vo(r) - v(r)] +LY- [V . v(r)v(r)]

T(r) T(r)
N[o{pr) =0 _[E@) +c'o(r) A B(r)
+La¥ [v{él e il e o |
~-L,V- VT('_) (5.149

3+,(") -V Hs)j

=-2L[v :ﬂz( 5)], - Lo "(75)]
+2L[v v(v(r))] +Lv[v_v(r)]

T(r) T(r)
_ Vv(r) V-o(r)
= ZL[V . —’IT'T]J +L.V; [_TW]’ | (5.15)
F&r)=—1i;
1 pi(r) = py(r)\ _ E()+c 'o(r) A B(r)
- L+ W V(25 - T,
(5.16)
These equations lead to the following identification for IT®, J* and i*:
m(r) = — 2L 220 VT"((’)) Lu¥ ;’r()' ) 5.17)
s pi(r) = pAr)\ _E(@)+c'o(r) A B(r)
7= La¥ 05~ L[V (6 2575) T(r) } ®

s pi(r) = pao(r)\ _E(r)+c'o(r) A B(r)
') = La¥ 135 s~ Ll (E2575) T(r) ] o

The expressions for the dissipative fluxes are of the same form as the laws
that are derived in thermodynamics of irreversible processes on the basis of
eq. (2.149)%. However, the above laws are less general than those found in
thermodynamics of irreversible processes: in the present fluctuation theory
the Onsager coefficients L, L,, L., L; and L, (i.e. the quantities which couple
the fluxes and conjugate thermodynamic forces in the entropy production
(2.14)) are constants which do not depend on the fluctuating fields, whereas in
thermodynamics of irreversible processes these Onsager coefficients are al-
lowed to depend on the state variables.

It should also be noted that in thermodynamics of irreversible processes,
additional requirements (invariance of the terms in the entropy balance
equation under a Galilei-transformation, the requirement that the entropy
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production ¢ should vanish in equilibrium) are imposed in order to separate
the convection and production terms in the entropy balance equation (2.13) in
a unique way®). In the above fluctuation theory, these requirements are not
explicitly imposed in order to obtain the laws (5.17)—(5.19).

The above analysis was confined to a system which is materially and
energetically isolated, so that the equilibrium distribution (5.5) applies.
However, the same expressions for IT*, J* and i* are found upon substitution
into eq. (5.8) of the appropriate equilibrium distributions for systems which
can exchange energy and/or mass with a bath.

We finally remark that the discretization rules which were introduced in
papers I and II have led without modification to unambiguous results also in
the present case, in which it is impossible to characterize the state of the
system by conserved variables alone. The reason is that the analysis of the
terms in eq. (4.28) containing quantities which are not conserved, did not
depend on the discretization rules explicitly (cf. the discussion after eq.
(4.28)).

6. Linear response

In paper II, the fluctuation-dissipation theorems for the response of an
uncharged one-component fluid to an external potential were derived. For the
response of a charged binary fluid to an external electric field similar response
formulae hold, the derivation of which completely parallels the analysis of
paper II. Therefore, we only briefly indicate here the changes to be made in
the latter analysis in order to arrive at Green-Kubo relations for the linear
response to an external electric field.

In the presence of an external electric potential ¢(r, t), the field equations
(2.3) and (2.4) become (the other equations, egs. (2.1), (2.2), (2.5)-2.10) and
(3.1) remain unchanged)

%%=—V-(jv+p—T)—V'ﬂ"Pev¢, (6.1)

ae,
at

=—-V-{(e,~3E*~3B*+p)v+cE A B}-V-IT-o+J)—pov V.
(6.2)

It should be noted that the total energy density is from now on given by
e, + p.d; hence e, is the total energy density minus the potential energy of the
charge density. On the other hand, E now denotes the total electric field, i.e.
the sum of the external field and the field generated by the charges.

The presence of the external potential only adds two extra reversible terms
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to egs. (2.3) and (2.4). Accordingly, only the terms F™ are changed in the
Fokker-Planck equation. Therefore, we neglect for the moment the dis-
sipative terms in the Fokker~-Planck equation, and investigate the reversible
terms in it in the continuum limit. In this case the distribution function
P{a(r)}, t) obeys the evolution equation

S=-s J' dr (F'°V(r)—ﬁ+ Fi(r, t)——m) (6.3)

where F§'(r), defined in eq. (5.3), contains the terms also present in the
absence of the potential, while F },""’(r, t) is defined by

Fy™(r,t) = = p(r)o(r) - Vo(r, 1), (6.4)
F35'(r, ) = —pr)V;é(r, 1). (6.5)

The other components of F L1V are zero. One may now verify that

-3 ] dr (F'"(r)——(3+ Fle(r, t)——(r—))

x exp( - leo f dr'[ev(r') + o (r)b(r, )~ Tosv(r’)]) =0. 6.6)

, By expanding this result up to linear order in' ¢, one obtains

sovip. 1) OF e}
_gfdrF,‘, (r,t) e

— __1__ rev 8 ' ' r '
a2 [ arFr e ([ ar pursrnee. 0 Pdacp)

= klfrof dr ¢(r’ t)v . pe(r)o(r)Peq({a(r)}), i (6.7)

where P is the equilibrium distribution for a system in contact with a heat
bath in the absence of an external potential

P~ exp{—ic-lﬁ J' dr(edr) - Tosv(.r))}. 6.8)

Eq. (6.7) is the immediate analogue of eq. (6.12) of paper II. Comparison of
these equations shows that the formal linear response analysis of the Fokker—
Planck equation given in section 6 of paper II also applies to the response of
the system to an electric potential provided that we change in all the formulae
after eq. (I1.6.12) the momentum density j into the charge density current
je= pcv and the potential V into ¢. If ¢(r, t)—>0 for t > — « and if the system
initially was in equilibrium, the analysis of paper II consequently yields for
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the linear response of the variables a (cf. eq. (11.6.24))

Aag(r, 1)) = ﬁro dt’ ] dr' {ag(r, V' « je(r', t)eq (r', ')

= 7{—,1170 I dt’J’ dr' (ag(r, Djer’, 1D)eq - €(r', 1. 6.9)

Here (. .)., denotes an equilibrium average in the system without an external
potential and A{ag) = (ag) — (o), and €(r, t) = — V(r, t) is the applied elec-
tric field due to the external potential. Eq. (6.9) represents the fluctuation-
dissipation theorem for the response to an external field.
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