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STELLINGEN

I

Door in één apparaat zowel een even als een oneven viscositeits-coefficient
te meten, kan men reorientatie-cross-secties bepalen voor een aantal gassen,
waarvoor dit tot op heden niet mogelijk was.

Dit proefschrift.

II

Het is gewenst om de door Parson en Lee op grond van bundelexperimen-
ten voorgestelde potentiaal te testen door berekening van zowel evenwichts-
en transporteigenschappen als van kristaleigenschappen.

J. M. Parson  en Y. T. Lee, 3e symp. int. jets mole-
culaires, Cannes 1971.

I l l

De spin-rooster relaxatie van Mn2+ in ZnSiFg.ó^O beneden 5 K wordt
door Thompson en Nolle geïnterpreteerd als een direct proces. Deze inter­
pretatie vindt onvoldoende steun in hun experimenten.

B. C. T hom pson en A. W. N olle , Phys. Rev. 180 (1969)
396.

IV

De door Moraal en McCourt voorgestelde methode voor het bepalen van
moleculaire g-factoren is onbetrouwbaar.

H. M oraal en F. R. M cCourt, Phys. Rev. A4 (1971)
511.



V

Bij thermodiffusie-experimenten bepaalt men meestal de thermodiffusie-
verhouding Ut - In aanwezigheid van een magnetisch veld wordt dit een twee­
de rangs tensor, die drie verschillende elementen bevat: k^ ,  kj, en k ^ .  Voor
het aantonen van een veld-effect is k y te prefereren'; in een apparaat zoals
beschreven in hoofdstuk V van dit proefschrift kan voor ky een gevoelig­
heid bereikt worden die een factor 10 tot 100 groter is dan die bereikt is in
de tot op heden verrichte experimenten aan k

A. Tip, A. E. de V ries en J. Los, Physica 32 (1966)
1429.
M. A. H idalgo, J. M. S av irón  en D. Gonz&lez, Phy­
sica 46 (1970) 41.

VI

De overgangspunten van ErCls. 6H2O en DyCl3.6H2O kunnen op een re­
latieve temperatuurschaal eenvoudig bepaald worden met een nauwkeurig­
heid van 10-4 K. Zij kunnen gebruikt worden als vaste punten in een prac-
tische temperatuurschaal beneden 1 K.

E. Lagendijk , R. F. W ielinga en W. J. H uiskam p,
Phys. Letters 31A (1970) 375.

VII

Het valt te betreuren dat Foch en Ford bij hun wens naar nauwkeurige
acoustische metingen aan edelgassen, geen rekening gehouden hebben met de
ongevoeligheid van hun theoretische berekeningen voor de precieze vorm van
realistische moleculaire wisselwerkingspotentialen.

J. D. Foch en G. W. Ford, “The dispersion of sound in
monoatomic gases” in Studies in Statistical Mechanics,
edited by J . de Boer and G. E. Uhlenbeck (North-Holland
Publ. Comp., Amsterdam, 1970) Vol. V, p. 216.

VIII

Voor de interpretatie van experimenten met supersone bundels van meer-
atomige moleculen dient men te beschikken over gegevens betreffende de
bezetting van de inwendige toestanden van de moleculen in de bundel.



IX

Er zijn aanwijzingen dat bij vorming van moleculaire waterstof aan koude
oppervlakken (H -|- H -> H2) een belangrijk deel van de reactiewarmte
wordt afgevoerd door het gevormde molecuul in de vorm van inwendige
(vibratie) energie. In interstellaire wolken zullen aldus gevormde moleculen
door straling deëxciteren. Het is zeer wel mogelijk dat deze straling van vol­
doende intensiteit is om waargenomen te kunnen worden.

X

De gebruikelijke manier waarop voor meer-atomige gassen uit viscositeits-
metingen de parameters van het hoek-onafhankelijke deel van de potentiaal
bepaald worden, houdt ten onrechte geen rekening met de bijdrage van in-
elastische botsingen.
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P R E F A C E

In this thesis experiments are described which measure the influence of an
external magnetic field on the viscosity, 77, of polyatomic gases. In  the
general case of a viscous medium the momentum fluxes and the velocity
gradients are connected through a fourth rank viscosity tensor. For a gas in
a homogeneous magnetic field it can be shown by symm etry arguments th a t
this tensor contains only seven independent elements. Five of these elements
are shear viscosity coefficients and are called 771, . . . ,  775. The coefficients
r j i ,  7 ] 2  and 773 are even functions of the field and become in the absence of a
field equal to 770, the field free shear viscosity coefficient. The coefficients 774
and t ] 5  are odd functions of the field and are zero in the field free case.

In chapter I it is shown th a t the five coefficients m ay be seperately
determined by using two experimental arrangements. In  each apparatus the
flow of gas through a flat capillary is studied and the (changes of) pressure
differences, which occur under the influence of the field are measured. The
odd-in-field coefficients are determined by measuring transverse pressure
differences th a t occur under the influence of the field. I t  is possible to
determine r \4 and 775 separately under nearly the same experimental con­
ditions by performing measurements for different orientations of the field.
In  the second type of experiment one'measures the change of the pressure
difference over the length of the capillary. By measuring these changes for
different orientations of the field with respect to  the capillary it is possible
to determine 771, 772 and 773 separately.

Results of experiments on the odd-in-field coefficients are given in chap­
ters I I  and III . First the calculation of 774 and 775 from the observed transverse
pressure differences is treated in some detail. Experim ents on the depen­
dence of the pressure difference on the dimensions of the capillary are
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described, several corrections are determined and systematic errors are
estimated. Results are presented for the gases N2, CO, HD and CH4 at room
temperature. Comparing the results w ith theory it  is found that the domi­
nant contribution to the effect stems from the [J]<2> anisotropy of the
distribution of angular momentum J. In  chapter I I I  the results for r\\ and r/5
for O2 are given. These coefficients show a complicated dependence on field
and pressure.

Experiments on the even coefficients are described in chapter IV . The
coefficients rj 1, r/2 and r/s are determined for the gases N2, CO, HD, CH4 and
CF4; the results appear to be consistent w ith those for rj4 and 775. The [J]<2>
contribution is again found to be dominant and the values for the effective
cross sections, in  terms of which the results can be expressed, are in very
good agreement w ith the values derived from r\\ and r\5. The small deviations
from a pure [J]<2> behaviour that have been found in all cases are discussed.
In  an appendix some remarks are made on the use of effective cross sections.

In  chapter V some prelim inary results are reported of measurements of a
new phenomenon: thermomagnetic slip. I t  appears that in a rarefied gas the
combined action of a temperature gradient and a magnetic field can give rise
to a slip velocity along the wall.

2



Ch a p t e r  I

E X P E R IM E N T A L  METHODS

Synopsis
In the presence of a magnetic field the ordinary Navier-Stokes equations for a

polyatomic gas are replaced by more complicated expressions, in which five inde­
pendent shear-viscosity coefficients appear. It is shown that all five coefficients can
be determined separately by using two experimental arrangements.

1. Introduction. In the presence of a magnetic field the stress tensor for
a gas of rotating molecules loses its isotropic character1). As a consequence
the ordinary Navier-Stokes equations are replaced by more complicated
equations of motion, in which seven -  rather than two -  independent vis­
cosity coefficients appear2’3). Careful consideration of these equations al­
lows the determination of simple conditions under which the five shear-
viscosity coefficients can be obtained. The present paper describes experi­
mental arrangements which allow the determination of these coefficients.

A discussion (see section 2) of the generalized Navier-Stokes equations in
the presence of a magnetic field requires a knowledge of certain general
properties of the magnetic field viscosity effects in polyatomic gases. For
this purpose, the relevant experimental facts are summarized as follows.
a) The effects of the field on the viscosity coefficients are small, at most of

the order 10~2 of the field-free viscosity coefficient.
b) The effect is a unique function of H\p (H =  field strength, p =  pressure)

for a given gas at a fixed temperature.
c) For an experimental investigation values of H\p as high as 104 Oe/torr

are required for most gases. Due to this last-mentioned fact, high fields
and/or low pressures are required. These features restrict the choice of
possible experimental arrangements.

The methods for measuring viscosity of fluids fall into two groups:
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firstly the flow-through viscometers and secondly the viscometers with
rotating, oscillating or falling bodies in the fluid. For the measurement of
the magnetic field effects both methods have their drawbacks: low-pressure
measurements in flow-through viscometers are unreliable because of Knud-
sen effects, while the viscometers of the second group are easily disturbed
by high magnetic fields. Since the effects to be measured in a magnetic
field are small, a differential measuring arrangement is preferable. This is
done most easily with flow-through viscometers. Almost all measurements
have been performed using this type of experimental setup and therefore
what follows will also be limited to such arrangements.

2. The equations of motion. In its general form, the viscous pressure
tensor 77 is linked to the velocity gradient tensor Vv by a fourth-rank
viscosity tensor. For an isotropic fluid symmetry arguments require that
this tensor contains only two independent elements: the shear-viscosity
coefficient t] coupling the symmetric traceless pressure tensor if8 to the
symmetric traceless velocity gradient tensor (P°e)8 and the volume vis­
cosity coefficient t]v coupling the trace 77 to the divergence of the flow
velocity, viz.,

71s =  — 2i)(f°v)B, n = —rivV'V. (1)

The application of an external magnetic field lowers the spatial symmetry
so that a more complex behaviour may be expected. This problem has been
treated by De Groot and Mazur in their book on non-equilibrium thermo­
dynamics3). They show that when an external magnetic field influences an
originally isotropic fluid, seven independent coefficients are needed to de­
scribe the viscous behaviour. If the external field is chosen in the x di-

o

rection, the schemel connecting 77s and 77 to (V°v)B and F-t> was ob­
tained3) :

Sch em e  I

(F °v )L (F°v)Ja (F °» )k ( F 0v ) |y V  •v

ri8XX — 2 j7i 0 0 0 0 0 - 2 £
77®,w 0 — 2ri2 — 2(»?i — m) — 2»74 0 0 c
77®zz 0 1 to S

' 1 1 —2t)2 2lJ4 0 0 f
77®“ v* 0 Vi — Vi 2t)i —  4 jjs 0 0 0
77®.Z X 0 0 0 0 — 2rj3 — 217s 0
n8x y 0 0 0 0 2175 —2)78 0
n - 2 f c c 0 0 0 --Vv

In this scheme r/i, rjz, rjg, £ and rjv are even functions of the magnetic
field, while 174 and r\ g are odd. The coefficients rji, rj 2, . . . .  >75 are shear-viscosity

o
coefficients, because they connect the components of 77s to the components

4



of (F°W)S. The coefficient rjv connects the traces 77 and V'V and is therefore
the volume viscosity, while £ describes a cross effect between shear and
volume viscosities. This scheme can be utilized to write down the equations
of motion which, in the absence of external forces* and neglecting the
dependence of the coefficients on the space coordinates**, have the forms:

d v x

p d T  +

11

d*Vx
(2»7i— i j g + 3 £ )  —

OX*

d 2v x d ^ x

. d*vv
+  »75 r - r -

d x d z

d 2v z

d x d y
+  (’73— f«7i  +  c + » ? » )  —  ( F  • V)

d x

dV y

p d T  +

d p

d y

d^Vy
+  m  —

d z 2

d*vv
+  (2 j?2— j?s - 3 £ )  — —

dy*
+  (2 » ?2 -» 7 i)

d z 2

d ^ t

~  1 ,4  a * *

d*vz

+  V 4 d y 2

dh>t

+  y4  HO2

d*vx
-  V i z - r -

d x d z
+  f a i — J7 3 — 3 £ ) ~

d y d z

a
+  (»7s— f» 7 i-i-£ + j? ® ) —  (f  •» ) ,

d y

d v z

p d T  +

d p

d z

d h lz

+  V 3 W

,  d 2v z
+  (2i72— rn)  X T

d y 2

. d*vz
+  (2 »72— J7 3 — 3 £ ) —

dz*

d h ly

+  v s w

d 2Vy

’’‘ 'd y 2

d 2Vy

V* d z2

, d*vx

+  T,5d ^ y
+  (J?i t?s — 3 £ ) — ^

d x d z
+  i m — ^ m + C + v v )  - ( F - r ) .

d z

(2)

In the field-free case rji =  =  rja = rjo and 774 =  775 =  £ =  0, and these
equations reduce to the well-known Navier—Stokes equations:

dt> .
P -fo- +  Vp =  r)0VzV +  (£770 +  rjv) F(F*t>). (3)

In view of the complexity of the equations of motion [eqs. (2)], it is useful
to seek simple experimental situations, i.e., situations where in the absence
of the field only a few of the second derivatives d^Valdxpdxv are of importance.

3. The flow through a rectangular capillary. The most simple situation is
found in the case of a straight capillary with a rectangular cross section
(length I, width w and thickness t) as illustrated in fig. 1. When the di­
mensions are chosen such that l^> w t, only one velocity component

* e.g., gravitation and magnetic field gradients.
** For actual experiments this assumption is not trivial: the coefficients are

functions of Hip and so even in a homogeneous field a pressure gradient makes the
coefficients dependent on the space coordinates. Terms with Vfj(H/p) will, however,
be neglected.
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Fig. 1. Schematic diagram of a capillary with a rectangular cross section.

(along I) and one velocity-gradient component (along t) are of importance.
The influence of the magnetic field on the flow through this slit can be
studied as a function of the orientation of the field. Two essentially different
types of experiments can be carried out with such a capillary: a) “Longi­
tudinal experiments” in which the change of the flow resistance is followed,
e.g., by monitoring the change in the pressure gradient along the capillary when
the flow is kept constant. This is done most elegantly by placing the cap­
illary with three other capillaries in a “Wheatstone-bridge” arrangement
(see e.g. ref. 4). b) “Transverse experiments’ ’ in which transverse pressur egra-
dients caused by the field are observed, e.g., by connecting a differential
manometer across two tiny holes A and B in the narrow sides of the cap­
illary (see fig. 1) and thereby measuring the pressure difference over the
width of the capillary. In principle, yet a third type of experiment can be
imagined, viz., the measurement of pressure gradients arising in the di­
rection of the gradient of the velocity. This is, however, experimentally
unfeasible as the resulting pressure difference over the small dimension t
is too small. Furthermore, the holes in these walls needed for the pressure
measurement would disturb the flow pattern rather drastically.

It will be shown here that by measuring with the field in different orien­
tations with respect to the capillary it is possible to determine separately
all five shear viscosity coefficients with the above-mentioned two types of
experiments.

In the absence of a field all second derivatives of the velocity in the cap­
illary of fig. 1 can be neglected except 02fl*;/cSf2. Since all field effects are
small (at most 10-2 of r/o), this remains true even in the presence of a field.
Furthermore the changes in all coefficients are of the same order of magni-

6



tude. Thus the changes caused by the field will be connected with the
derivative 02w*/0f2 only.

In eqs. (2) the equations of motion are given in the (x , y, z) coordinate
system with the field in the x  direction. For the description of the experi­
ment, however, it is preferable to have these equations in the capillary-
fixed (i, j, k) system (see fig. 1). The desired forms can be obtained by
transforming eqs. (2) to the (t, ƒ, k) system. With this transformation and
retaining only 32w*/3i2, the results are

! = { " * [ (
»?1 +  J?2 sin2 26 -(- rj3 cos2 20

+  cos2 q> (2r)2 — rji) sin2 6 +  773 cos2 6

dp .
=  < sin (p sin 6

32v*
072

174 +  »75 — (774 +  2175) sin2 <p sin2 6

+  cos <p cos 6 sin 6 (2t?2 —  371)

771 +  772 \

2 J sin2 <p sin2 6 d2vk
042 ’ (4)

with <p and 6 as given in fig. 1. I t is seen from these equations that the
pressure gradient dpjdk (“longitudinal effect”) is coupled to a linear combi­
nation of £(771 +  772), 2772 — 771 and 773. The pressure gradient dpjdj in eq. (4)
( transverse effect ) $ can be split into two parts: a combination of the
odd-in-field coefficients 774 and 775 and a combination of differences of the
even-in-field coefficients. In this experimental setup the coupling coef­
ficient £ between shear and volume viscosity does not appear.

From eqs. (4) it can be seen that by proper choice of the field direction,
as determined by the angles 6 and <p, specific combinations of the coef­
ficients are measured. This has been summarized in scheme II for some
simple cases, where also a literature survey on the experiments has been
given. I t appears that the longitudinal effects can be used for the separate
determination of the even-in-field coefficients 771, 772 and 773, while the odd-
in-field coefficients 774 and 775 can be measured in transverse experiments.

Some of the combinations of coefficients mentioned in scheme II can also
be determined using capillaries with circular cross sections (see references
with * in scheme II). When the field is parallel to the flow direction in a circular
capillary, 773 can be determined10-12), while when the field is perpendicular to

t In eq. (4b) terms involving the velocity component vj would also be expected,
since transverse flow must occur at the beginning and end of the capillary in the
building-up of dpjdj: these terms, however, can be neglected in the central part of a
long capillary.
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Scheme II
The shear viscosity coefficients obtained for different orientations of the field*

References with * correspond to experiments done with circular capillaries.

field — slit arrangement

Longitudinal effect:

equation (5)
reduces.to. :

3P 1̂ + ̂ 2
ak vj 2

refs.

—

ai2

ap (stlj-H,) —
ar

5

* * #50 , 11 , 12

i)3 ♦ (2 i|2 -  i)n )  a 2'

9 = 0

Transverse effect:

i)3 - (zn2 - 1,) 9 2'

dp

aj - ’Is
»s
ai2

5, 6, 7, 8
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the flow direction, the combination %(rjg +  2r/2 — rji) is obtained4’13).
Measurements for the (difference) combination (̂173 — 2r)g +  rji) have been
carried out using both rectangular and circular capillaries: Kikoin 7) measured
this combination of even-in-field coefficients as a transverse pressure differ­
ence in a rectangular capillary (situation V in scheme II) and called it the
‘‘even planar effect” , while Korving11»12) obtained the same combination
by using a Wheatstone bridge arrangement of circular capillaries having
different orientations with respect to the field.

4. Applications. In a rectangular capillary several coefficients can be de­
termined in the course of one experiment by rotating the magnet around
the capillary, provided an appropriate orientation of the capillary is chosen
with respect to the plane of rotation of the magnetic field. In particular,
rji and r)2 can be extracted from the combinations ^(rji +  rjg) and 2rj2 — rji
which are found by measuring the change of the flow resistance for the two
field directions given in scheme II as situations I and II. In the plane de­
fined by these two field directions the dependence of the effect on the orien­
tation of the field is found to be

dp
dk

rji +  t]2
sin4 w -(- (2rj2 — rji) cos2 co

4- rjg sin2 co cos2 a>
02D*

Si2 (5)

where w is the angle between the field direction and the ƒ axis. Thus it is
seen that all three coefficients rji, rj2 and rjg can be determined by measuring
as a function of (o, i.e., by turning the magnet around the inclined capillary.
The advantage of this method lies in the fact that, since these coefficients
are measured under exactly the same conditions, the systematic measuring
errors will be the same. This allows data for the different coefficients to be
compared confidently. Results of such experiments are given in chapter IV.

Similarly, the odd-in-field coefficients 774 and rj$ can both be measured in
one experimental run by turning a magnet around the capillary. As can be
seen from scheme II (situations VI and VII) there are two planes suited for
a separate determination of these coefficients, viz. the ij plane and the
ik plane. In both cases the angular dependence of the transverse pressure
gradient is

dp
dj \rji sin 2% sin x ~ i j  5 cos 2% cos %

d*vk
0 I2 ’

where x 1S the angle between the field direction and the i axis. Results of
such experiments are discussed chapter I I 9).

9



REFERENCES

1) Beenakker, J. J. M. and McCourt, F. R., Ann. Rev. Phys. Chem. 21 (1970) 47.
2) Hooyman, G. J., Mazur, P. and De Groot, S. R., Physica 21 (1955) 355.
3) De Groot, S. R. and Mazur, P., Non-equilibrium Thermodynamics, (North-Holland

Publishing Comp., Amsterdam, 1962) p. 311.
4) Korving, J., Hulsman, H., Scoles, G., Knaap, H. F. P. and Beenakker, J. J. M.,

Physica 36 (1967) 177 (Commun. Kamerlingh Onnes Lab., Leiden No. 357V) .

5) Hulsman, H. and Burgmans, A. L. J., Phys. Letters 29A (1969) 629.
6) Korving, J., Hulsman, H., Knaap, H. F. P. and Beenakker, J. J. M., Phys.

Letters 21 (1966) 5.
7) Kikoin, I. K., Balashov, K. I., Lasarev, S. D. and Neushtadt, R. E., Phys. Letters

24A (1967) 165.
8) Kikoin, I. K., Balashov, K. I., Lasarev, S. D. and Neushtadt, P. E., Phys. Letters

26A (1968) 650.
9) Hulsman, H., Van Waasdijk, E. J., Burgmans, A. L. J., Knaap, H. F. P. and

Beenakker, J. J. M., Physica 50 (1970) 53 (Commun. Kamerlingh Onnes Lab.,
Leiden No. 381c); this thesis, chapter II.

10) Engelhardt, H. and Sack, H., Phys. Z. 33 (1932) 724.
11) Korving, J., Physica 46 (1970) 619 (Commun. Kamerlingh Onnes Lab., Leiden

No. 376rf).
12) Korving, J., Physica 50 (1970) 27 (Commun. Kamerlingh Onnes Lab., Leiden No.

3816).
13) Trautz, M. and Fröschel, E., Phys. Z. 33 (1932) 947.

10



Ch a p t e r  I I

TH E ODD-IN-FIELD C O EFFIC IEN T S AND

Synopsis
Measurements are reported of the two "odd in field" viscosity coefficients r\4 and

»J5 for the gases N2, CO, CH4 and HD. Comparing the experimental data with theory
it is found that for the gases studied, the [J]<2> anisotropy of the non-equilibrium
distribution function gives a dominant contribution. Cross-sections for the reorien­
tation of the angular momenta are determined.

1. Introduction. The transport properties of dilute gases of polyatomic
molecules are influenced by external fields. For paramagnetic gases in a
magnetic field this effect has been known for a long time. In 1930 Senft-
leben1) discovered that the heat conductivity of gaseous O2 decreases
slightly in a magnetic field. Further studies showed that the viscosity is
alsa affected2’3). Extensive investigations on these effects were made for
nearly a decade for the paramagnetic gases O2, NO and NO2. In 1962
Beenakker et a/.4) proved that diamagnetic polyatomic gases also show
these effects. Since then much work, both experimental and theoretical,
has been published on this subject. For a survey see refs. 5 and 6.

In this paper we present experiments on the influence of a magnetic field
on the shear viscosity. For the description of the shear viscosity in the
presence of a magnetic field five coefficients are needed7): rji, 5. In
this paper measurements are reported on the odd-in-field coefficients rji
and J75. In a previous article8) it has been shown how these coefficients can
be determined by studying the gas flow through a capillary with a rec­
tangular cross-section, where these coefficients give rise to a transverse
pressure difference analogous to the transverse voltage which is measured
in Hall experiments.

2. Experimental method and apparatuses. 2.1. G eneral. The measure­
ment of the viscosity coefficients r]4 and 775 is in principle very simple.
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gasflow

Fig. 1. Schematic diagram of the two capillaries used for the determination of r\\ and
tj5. The xy plane is the horizontal plane in which the magnet is rotated.

Through a capillary of rectangular cross-section a constant gas flow is
maintained (see fig. 1). Two small holes A and B opposite to each other in
the narrow sides of the capillary are connected with a differential mano­
meter. When a magnetic field is applied a pressure gradient in the A-B
direction arises. The resulting pressure difference ft a — Pb over the width
(w) of the capillary is measured with the differential manometer. For a
given orientation of the field with respect to the capillary this pressure
gradient is proportional to a particular (combination of) viscosity coef­
ficient (s). To measure at different field orientations the magnet is rotated
around the capillary. For experimental reasons this rotation is in a hori­
zontal plane.

In this research two apparatuses have been used, to be denoted by #1
and # 11, with different dimensions and a different orientation as shown
in fig. 1. According to ref. 8 the pressure difference ft a. — pB is in both
configurations given as a function of the angle % between field and appa­
ratus by :

ft a — i>B cos X  sin 2x +  77 5 cos 2% sin %
w{Vft) AB VO

where w is the width of the capillary, (P̂ >)ab the pressure gradient along
the length of the capillary in the plane of A and B, rjo the field-free vis­
cosity coefficient and 774 and 775 the coefficients to be determined.

2.2. A pparatuses. The dimensions of the shorter #1 capillary are:
length I =  35 mm, width w =  15 mm and thickness t =  0.50 mm, while
for the longer #11 capillary: I — 100 mm, w =  10 mm and t =  0.50 mm.
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section PQ

Fig. 2. Apparatus # II.
Schematic cross-sections through A and B parallel and perpendicular to I.

In the capillary I the positions of the measuring points A and B are fixed
halfway along the capillary. In the apparatus II the positions of A and B
can be chosen freely along the length of the capillary.

In fig. 2 the construction of the capillary #11 is schematically shown.
Two solid half-cylinders e are held together inside a long cylindrical vessel.
Between the half cylinders a slit d with a rectangular cross-section is left
open (the actual capillary). The short sides of the cross-section of this slit
are formed by long rectangular rods /. The rods, which are hollow, fit
closely in channels in the half cylinders and can be moved from outside.
At the centre of the rods in the sides facing the slit small holes are made
(A and B respectively) leading to the differential manometer via the bores g.

For the measurement of the transverse pressure differences one needs a
differential manometer with a high sensitivity. In these experiments an
Atlas Membran Micro Manometer (Fried. Krupp MAT) was used. The
output of this instrument was displayed on a chart recorder. Pressure
differences as small as 10-5 torr could be detected. The limitation of the
sensitivity was in most cases caused by noise in the gas flow rather than by
the instrument.

The gasflow through the capillary was adjusted by means of a needle
valve upstream. A flow controller (Moore 63 BDL) was used to keep the
flow constant, independent of the pressure in the gas storage vessel. Thus
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a stability of better than was attained over several hours. The pressure
in the capillary could be varied by means of a valve between the exit of
the capillary and the vacuum pump. The pressures at the entrance and
the exit of the capillary and at the measuring point A were measured with
oil manometers. The electromagnet (Oerlikon C 3) could reach a maximum
field of 27 kOe at the pole distance of 8 cm used for both apparatuses. The
homogeneity of the field was better than 1 % within a sphere of 5 cm di­
ameter around the centre.

3. Measuring procedure and calculation of theresults. 3.1. M easu rem e n ts
for  d i f f e r e n t  o r i e n t a t i o n s  of th e  m a g n e t i c  field. In fig. 3 the ob­
served transverse pressure difference has been plotted vs. the angle % for
two values of the field at a constant flow of N2 through the capillary (a
small even-in-77 part of the signal is eliminated by combining results for % and

Fig. 3. The ratio of the transverse to the longitudinal pressure gradients as a function
of the orientation of the field with respect to the capillary, for N2 at p =  6.75 torr.

O Hip =  0.46 X 10s Oe/torr, A H/p = 2.3 X 10s Oe/torr.
The solid lines correspond to the angular dependence according to eq. (1).
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X -f- tt). As can be seen from this figure the angular dependence of the
results can be described very well with eq. (1). The coefficients 774 and >75
can therefore be determined separately: for the direction of the magnetic
field given by % =  7̂t the transverse pressure difference is proportional to
—rj5 and at % =  Jtc it is proportional to -\-fjil2-j2. In the experiment, how­
ever, these values of x will not be met exactly, thus an error will be present
connected with the angular dependence of the signal. From the character­
istic examples as displayed in fig. 3 it is clear that for direct determination
of rji the angle % should be very accurately known, since for the high field
in this figure the slope in the neighbourhood of Jtc is 5% per degree. In
our experiments the direction of the magnet could be adjusted with an
accuracy of one tenth of a degree, but the orientation of the capillary with
respect to the frame of the magnet could not be determined to better than
one degree. Therefore measurements were always performed for the orien­
tations x =  i 71 +  +  <5 and |7t -(- d, where d is the error in the po­
sitioning of the capillary and thus a constant during an experimental run.
Taking the average of the measurements at % =  Jit +  d and frc +  d, i.e.
Ap(frz +  <5) and Ap(%n +  d) and assuming the angular dependence of eq.
(1), the resulting deviation for small d is found to be:

\[Ap(\v: +  S) +  Aplfrz +  (3)] =  A£(|tt)[1 — <52 (4775/774 +  3}],
AP(\"K +  ö) — A />(M 1 ~  ^{W »?5 +  3}].

Since in the present experiments —2 <  ^4/^5 <  — the resulting error can
be neglected. Also in each measurement the even part of the transverse
pressure difference was eliminated using opposite orientations of the magnet.
Therefore each value of r]4 and 775 corresponds to measurements in respective­
ly 4 and 2 orientations of the magnet. With this measuring procedure the
other possible errors in the orientation of the capillary can also only give
rise to small deviations that are negligible in view of the other sources of
inaccuracy.

3.2. D e te rm ina t ion  of the  pressure  g rad ien t  along the  capil lary.
To be able to calculate from the observed pressure differences the magni­
tude of the corresponding viscosity coefficients, let us first briefly treat the
gasflow in the absence of a field.

The streamline flow of an incompressible fluid through a pipe of rec­
tangular section has been treated by Cornish9). Assuming that the velocity
is zero at the walls (no slip) the following formula is derived for the velocity
pattern:

vx 1 ^  171V 2
2*70 dx |_\ 2 J

8*2
7t3

cosh(7tz/£)
cosh(Tzw/2t)

cos (7zy/t)

1
33

cosh (37zz/t)
cosh(37tz0/2£)

cos(37ty/t) (3)
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where the meaning of the symbols is the same as in fig. 1,1. By integration
the total volume flow per unit time V is found:

V
wfi dp
\2rjo dx

192
7t5

t f 7zw 1 3nw 1"
—  < tan h ------- (----— ta n h -------- I- . . . > .
w } 2t 35 2t ' J_

(4)

This is the equivalent of the well-known Poiseuille formula for a circular
tube. For capillaries with w >  4t this becomes to a good approximation

V
wt3 dp f  t

---------- —I 1 — 0.630 —
12jyo dx \  w (5)

Incorporating a number of corrections to be discussed below, the equiva­
lent of the Hagen-Poiseuille flow equation is found for a capillary with
rectangular cross-section:

{PC +  Kg)2 — (pj) +  Kg)2

2

l2rjol G [1 +  +  ln(pclpn)}(tll)
wt3 po [1 -  0.630t/w] ’ 1

where pc and pu are the pressures at the entrance and the exit of the
capillary; K a — pn^/t with na a number around 6 and I is the mean free
path of the gas molecules; I, w and t are respectively the length, width and
thickness of the capillary; G is the mass flow per unit time; po the density
at unit pressure; &e the Reynolds number defined as 2Gjwrj; and m a
number of the order unity depending on the shape of the entrance of the
capillary (Hagenbach).

Note that the pressure drop along the capillary is quadratic. This is a
consequence of the expansion of the gas; along the length of the capillary
the mass transport is constant and so p dp/dx is constant. The constant K a
describing the Knudsen effect on the gasflow will be considered in section
3.4. The factor

1 +  —  (m  +  In
20 V P-d )  I

arises from the pressure losses caused by the acceleration of the gas at the
orifice and in the capillary. For the #1  capillary the constant m has been
assumed 0.6. For the #11 capillary m has been determined experimentally;
studying the pressure drop at the entrance a value of 0.57 has been found.
In the present experiments the Reynolds number was always low {0te <  40)
and this correction is at most of the order of 2%.
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Analogous to the situation for capillaries with a circular cross-section10),
it can be assumed that the velocity profile is fully developed for distances
from the entrance >(f/10)^e. This distance being negligible as compared
to I, the pressure gradient at the position of the measuring point A can be
calculated with:

For the measurements with the #1 capillary the pressure gradient has been
calculated with this formula. As in this way a systematic error may be
introduced (see 3.3.5), another procedure has been used for the measure­
ments with the #11 capillary: as was described in 2.2, the position of the
measuring points A and B can be varied independently while a gasflow is
running. So the pressure drop in the capillary can easily be studied. The
flow resistance per unit length as a function of the distance to the entrance
£ab was determined the following way: for different values of /Ab A and B
are placed opposite each other. Then one of these points is displaced over
a small accurately known distance (0.5 or 1.0 mm). The resulting pressure
difference P\  — pB is measured with the differential manometer. This
change in static pressure can also be calculated using the pressures at
entrance, exit and measuring point. The ratio of the measured to the
calculated pressure difference at a certain position appeared to be — within
a few parts per thousand -  independent of pressure, pressure gradient and
gas. Using this ratio (which varies with position from 0.92 to 1.03) in the
calculation of r/4 and ^5, the error in the calibration of the differential
manometer (of the order 2%) is also eliminated, because the same instru­
ment is used for the determination of the longitudinal and the transverse
pressure gradient. This error is in fact replaced by the error in the dis­
placement of the measuring point. This error corresponding to inhomo­
geneity of the screwthread is less than 1%.

3.3. Sources of sy stem a tic  errors. For the calculation of J74 and rj5
we have used eq. (1). This equation has been derived from the equations of
motion using a number of simplifying assumptions: Compared to the leading
term dvx/dy (see fig. 1, 1) all terms in the equations of motion have been
discarded that involve the velocity components vy or vz or velocity gradients
in x or z direction. It can be shown that this is justified when the experi­
mental situation satisfies the following conditions:
10 The capillary should have dimensions such that I w t.
2° The position of the measuring points should be far from the ends of the

d(p +  pv2 )

dz A

Ap pc +  pD +  2Ka
I 2/> a +  2Ka

p c \  t1 +  i s  [m +  In

capillary.
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3° The pressure gradient along the capillary and the coefficients r]4 and rj5
should be constant over the capillary.

In the following we shall first discuss the errors caused by deviations
from this ideal situation in actual experiments.

3.3.1. Expansion of the gas. From the quadratic pressure drop along the
capillary [see eq. (6)] one can estimate d2vx/dx2 and show that under the
experimental conditions where I t this quantity is very small as com­
pared to d2vxloy2.

3.3.2. Presence of the short sides. In addition to the leading second de­
rivative d2vx/dy2 one has also d2vx/dz2 as a consequence of the presence of
the short sides. From eq. (3) these derivatives, averaged over the cross-
section of the capillary, are found to be for capillaries with w >  4t

lip
dy2
d2vx
dz2

Therefore under the experimental conditions d2vxldz2 is only 2% of d2vxldy2.
Both second derivatives now contribute to the transverse effect, giving for
the orientations of the field in which 174 and >]5 are determined, respectively

1 3p [ t
—  1 — 0.543 —
T]0 dx \ w
1 3p t

------0.543 — .
rjo ox w

X =
7t
4~‘

X =

0} dP d2vx2 * -----=  « 4 --------
dz 1 dy2 • p  2)74-

cPvx
dz2

dp d2vx S2vx
~dT =  ~ V5 dy2 +  m dz2 '

( 9)

Thus this would lead to corrections for the measurements of 174 and *75 of
the order of 2%. However, these corrections will not be applied for the
following reason: the velocity derivative d2vxl ẑ2 is present in the neighbour­
hood of the short sides. In these short sides holes are made for the measure­
ment of the transverse pressure difference. Thus exactly at the position
where the effects are measured, the flow pattern near the short sides is
disturbed in an unknown way. So it seems more correct to say that in
these measurements an uncertainty of 2% exists than to apply these cor­
rections.

3.3.3. Short-circuiting by the ends of the capillary. The measurement of
transverse pressure differences has a strong resemblance to the determi­
nation of the electrical Hall coefficient, where a transverse voltage is
measured. The experimental situation analogous to ours is a rectangular
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plate with the current electrodes extending along two opposite edges. In
that case11) a short-circuiting effect of the current electrodes diminishes
the observed transverse voltage; this effect becomes large for samples with
a ratio of length to width less than 2. For the gasflow through a cap illa ry
the same kind of boundary condition is imposed: at the entrance and the
exit of the capillary no transverse pressure difference can exist. From the
equations of motion8) it is clear that qualitatively the effect of this boundary
conditions will be the same as in the electrical case. However, because of
the complicated nature of the equations it is not feasible to solve this
problem mathematically as could be done in the electric case. Hence an
experimental approach was chosen.

In the capillary #11 (l/w =  10) the transverse pressure difference can be
measured at arbitrary positions along the capillary. To get information on
the end effects, measurements were performed at different distances from
the entrance (Iab) under experimental conditions that were otherwise the
same; the gasflow was adjusted in such a way that each time the same
values were obtained for the pressure and the pressure gradient at the
measuring point. The results of an experiment for N2 at Hjp =  2.1 x 103
Oe/torr are shown in fig. 4 for the two measuring situations from which rjn
and rj5 ate obtained.

It is seen that for the central part of this capillary (I =  100 mm, w =

Fig. 4. The ratio of the transverse to the longitudinal pressure gradients V irpjViongp
for N2 as a function of ?ab, the distance from the entrance of the capillary. The pressure

at the measuring position p AB is 10 torr and H /pAB =  2.1 X 103 Oe/torr.
X — i K corresponds to tj5 and % =  \-k corresponds to — j/4/2 *.

19



=  10 mm) the signal is constant, but that for distances from the ends
smaller than 0.151 the measured signal diminishes drastically. As should
be expected for such a short-circuiting effect, the decrease is almost equal
for the entrance and the exit of the capillary and the relative influence is
the same for the 774 and r?5 measurements. One may conclude that results
obtained with capillaries with a small ratio of length over width (l/w <  3)
are too small by a factor which only depends on Ijw. This factor can be
estimated by adding the decreases caused by the entrance and by the exit
of the capillary. E.g., for the capillary #1 of this work (l/w =  2.33) the
decrease will be of the order of 7% and the experimental results for this
capillary will therefore be corrected by this amount. For the capillary used
by Kikoin et al. described in ref. 12 (l/w =  1.33) the results may be affected
by a decrease of the order of 25%.

3.3.4. Variation of the pressure along the capillary. Another complication
arises from the fact that in many experiments one has to work with large
pressure gradients at low pressures. The consequences are firstly that the
pressure gradient and secondly the viscosity coefficients rji and rj5 (through
their dependence on H/p) will vary drastically along the capillary. In all
foregoing considerations it was tacitly assumed either that these quantities

0.40 -

.̂,o3
^longP

0.35 ■

l̂ong P

— tf
x -3 -

J_________ƒ
2 torr/cm

Fig. 5. The ratio of the transverse to the longitudinal pressure gradient Vtrp/V longp
for N 2 , as a function of the longitudinal pressure gradient at H/p =  2.25 X 103 Oe/torr,

p — 11.5 torr.
X — corresponds to rjs, x = in corresponds to — »?4/2b
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were constants over the whole capillary, or that the effects as measured
were only dependent on the local values of these quantities. However, in
the preceding section it was found that the boundary (where the transverse
pressure difference should be zero) influences the observed pressure differ­
ence even at considerable distances from this point. So it can be expected
that at any point in a capillary the situation in the neighbourhood of that
point will also be of importance for the observed effect. When in that
neighbourhood both, pressure gradient and Hjp value vary drastically,
this may cause deviations in the observed effect. As an exact mathematical
solution of this problem seems unfeasible, the possible error has been esti­
mated studying the influence of large pressure gradients. In the #1 cap­
illary the transverse pressure difference was measured as a function of in­
creasing longitudinal pressure difference, each time with the same field
and the same pressure at the measuring point. As is shown in fig. 5 the
ratio of the transverse to the longitudinal pressure gradients is found
constant within the measuring accuracy for both field orientations corre­
sponding to r] 4  and rj5 . Thus one estimates the error involved to be at most
of the order of one percent.

3.3.5. Inhomogeneity of the flow resistance. Besides the preceding sources
of error connected with the approximate nature of eq. (1), a systematic error
may be present in the values of the pressure gradient along the capillary as
calculated with eq. (7). In the derivation of this equation it was assumed
that the flow resistance is constant along the capillary. As this flow re­
sistance is proportional to l/t3 (t =  thickness) small variations in t are im­
portant. For both capillaries t =  0.50 mm, while local variations of 0.02 mm
can not be excluded. This corresponds to variations of the flow resistance of
12%- As was mentioned in 3.2 this uncertainty in the applied pressure
gradient has been eliminated in the case of the apparatus #11.

3.4. K nudsen  corrections. To be able to reach the high values of Hip
that are required, it was essential to work at pressures as low as a few torr.
The thickness of the capillaries of 0.5 mm was chosen to have an acceptable
flow resistance. So, in many cases, the mean free path of the gas molecules
£ was not negligible compared to this distance (for N2 at p =  5 torr
£ =  10 2 mm). Thus working near the Knudsen region, deviations from
the behaviour at higher pressures can be expected. For not too low pressures
such deviations should be proportional to the mean free path and thus pro­
portional to 1 Ip. This is indeed found experimentally if one measures the
transverse pressure difference as a function of the magnetic field H  at
constant pressure p. In fig. 6 the ratio of the transverse to the longitudinal
pressure gradient as a function of H/p is plotted for three pressures of HD.

On a double logarithmic scale it appears that all curves obtained at
different pressures for a given gas have the same shape and can be brought
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O e/torr 10

Fig. 6. The ratio of the transverse to  the longitudinal pressure gradient as a function
of Hip  for HD a t three different pressures.
▼ 51 torr, A A 16.3 torr, 5.5torr.

X =  \n  corresponds to  —t)S, X =  i *  corresponds to  j?4/2*.

to coincidence by shifts in both the vertical and the horizontal directions.
The shifts required to bring the low-pressure curves to coincidence with
the high-pressure curve can indeed be described with corrections of the
form 1 +  Kp/p and 1 + Kvjp. The values obtained for Kp and K v are given
in table I. With these values of Kp and K v the idealised r\\ and t?5 for a

T a b le  I

Knudsen correction parameters

{K») calc
(torr)

(-K«)exp
(torr)

Kp
(torr)

K y
(torr)

Wot np fly

Na 0.58 1.00 0.2 6 10 2
CO 0.58 0.60 1.04 0.2 6 10 2
c h 4 0.47 0.40 0.70 0.2 6 10 3
HD 1.09 0.96 1.61 1.9 6 10 12

situation without Knudsen effects is obtained from the observed ratio of
the transverse to the longitudinal pressure gradient Ftrp IF longp in  th e
following way:

ij 4
r)o

HI
f]a

V \xp
_  V longP  _

V tip
Flongp _

H (Hlp)exv
p 1 +  Kylp '

(H Ip) exp
p 1 +  KylP '

( 10)
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Under these circumstances the gasflow through the capillary also is affected
by Knudsen effects and one has [see eq. (6)] ,

Ap(l +  R xli>) =  VR, (U)

where V is the volume flow and R the resistance of the capillary. Measuring
gasflows at different pressures, K a has been experimentally determined. With
the conventional assumption for the slip at the wall the correction K^jp is
found to be equal to 6f/£, where £ is the mean free path of the gas mole­
cules. Thus K a can be calculated using £ =  (2imza2)~1 and taking for a the
rigid-sphere diameters derived from the ordinary viscosity coefficients (in
accordance with table 8.3-1 of ref. 13). The measured and the calculated
values of Ka. are given in table I. As the correspondence of K a to 6£p\t seems
to hold reasonably for these experiments, it is useful to express the other
correction factors Kp and K v as np£pjt and nv£pjt, since in this way quantities
are obtained that do not depend on the dimensions of the apparatus. These
numbers, obtained comparing Kp and K v with the measured values of K a, are
given in table I. It appears that for these four gases tip is equal within the
measuring accuracy. The explanation of this fact is not clear.

The interpretation of t i y ,  the correction for the Hjp scale, is more obvi­
ous. As is well known, the Hjp scale is in fact a scale of (opiecr where o)prec
is the precession frequency and x the order of time in which the angular
momenta of the molecules reorient. It is plausible to assume that the wall
is effective in reorienting the molecular axis. At low pressures the col­
lisions with the wall become more and more important, so the effective
reorientation time becomes shorter. Hence higher fields are needed, which
corresponds to the observed shift to the right in fig. 6. The fact that for
HD the mean-free-path effects on Hjp are so much larger than for the other
gases ( t iy  =  12 compared to 2) can easily be explained. It is well known
that in HD the time for reorientation of angular momenta is exceedingly
large: about 10 times the time between elastic collisions (vs. 2 for N2). So
it is obvious that the influence of the wall will be more pronounced in the
case of HD than for N2.

3.5. Com parison and com bination  of the resu lts  of the two cap­
illaries. Measurements were performed in the two capillaries #1  and #11
as described in section 2.2.

At lower pressures the measurements become less accurate; the pressure
gradient that can be applied is small, so the transverse pressure difference
will also be small. Knudsen effects will reduce this signal and moreover the
stability of the gasflow also appears to become worse at lower pressures.
Since at each pressure the measurements with the #1 capillary showed
much less scattering than those with the #11, the measurements with the
#1 could be extended to much higher Hjp using lower pressures.
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On the other hand the absolute magnitude of the effect can only be de­
termined accurately using the #11 capillary, for the following two reasons:
1° As discussed in section 3.3.3 the short-circuiting effect of the ends of the
capillary can be neglected for measurements in the central part of the #11
capillary, while the correction for the #1 measurements is rather uncertain
(7 -J- 3%). 2° As discussed in section 3.2 the longitudinal pressure gradient
at the position of the measuring points can be determined very accurately
for the capillary #11, while for the #1 systematic errors of the order of
10% cannot be excluded (section 3.3.5). Because of these two errors the
magnitude of the effects as measured may be different for the two capillaries
by a constant factor independent of gas or H/p.

Indeed it appears that after application of the 7% correction for the
short-circuiting effect a further correction of 6% to the #1 results gives a
complete agreement of the results for the two capillaries for both coefficients,
for all gases and for all H\p values. This correction -  not unreasonable in
view of the uncertainties mentioned above -  has been applied to all results
with the #1 capillary.

-  - = - 10 '

t o 2 H / p O e / t o r r  lO

Fig. 7. — and +»js/»?o as functions of H/p  for N2.
O# 3.5 torr, 5.8torr, <>♦ 7.0torr, aa  14.1 torr, VT 15.8 torr.
jj4  open symbols, rj5  solid symbols.
________  theory: Hjp  dependence for [J](2) term.
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4. Experimental results and discussion. The viscosity coefficients w4 and
15 have been measured at room temperature for the gases N2, CO, CH4 and
HD. The purity of the gases was better than 99.9% for N2 and CO and
98% for CH4. The HD gas has been prepared using the chemical reaction:

LiAlH4 +  4D 20  -* LiOD +  Al(OD)3 +  4 HD.

In this process small amounts H2 and D2 are also formed. Mass-spectro­
meter analysis showed that under our conditions a mixture was produced
that consisted> -  apart from traces of air that were frozen out at liquid-
hydrogen temperature -  of 94% HD and almost equal fractions H2 and D2.
All measurements on HD have been performed with such a mixture.

In figs. 7 and 8 the values of —rji/rjo and *75/770 are plotted as a function
of Hjp for N2 and CO. In figs. 9 and 10 +*74/770 and —*75/770 are plotted for
CH4 and HD. Note that the signs of the effects for N2 and CO are opposite
to those of CH4 and HD. As will be seen later this is related to the opposite
signs of the magnetic moments [see e.g. eq. (12)]. It appears that for these
gases the curves for 774 and *75 resemble two absorption curves that are
shifted by a factor two along the Hjp axis. The maxima for the two coef-

Oe/to r p
Fig. 8. —riiho and +rjs/rjo as functions of Hjp  for CO.

o m  3.7 torr, 6.0 torr, aa  13.3 torr.
*74 open symbols, 175 solid symbols.
---------— theory: Hjp dependence for [J](2) term.
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l O 2 H /p Oe ƒ t o  ff

Fig. 9. -f-774/770 and —775/770 as functions of Hfp  for CH4.
o #  3.5 torr, 4.6 torr, <>♦ 6.7 torr, AA 7.5torr, VT 13.8 torr.
774 open symbols, 775 solid symbols.
________  theory: H/p  dependence for [J ](2> term.

Note th a t the signs of 774 and 775 are opposite to  those for N 2  and CO in figs. 7 and 8 ,
since the g factors have opposite signs.

T a b le  II

The experimental results

m  X 103
\  770 / max

( — )  X lO*\  rjo /m a x \  p  )  max
(kOe/torr)

\  p  /m a x
(kOe/torr)

sign of g

N 2 -1 .3 9 1.36 2.2 3.8 — .
CO -1 .8 1 1.80 2.8 5.4 —
c h 4 0.40 -0 .4 0 3.6 6.6 +
HD 0.88 —0.88 0.27 0.50 +

ficients are almost equal (see also table II). At low values of H/p the
dependence on H\p is linear, the slope for 774 being twice that for 775. This
is shown for N2 in fig. 11.

Earlier measurements on 775 have been reported in letters by Korving
et al.14) and by Kikoin et al.12>15). The results of Korving being of quali-
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Oe/torr lO

Fig. 10. +rn/rjo and —rjs/rjo as functions of H/p  for HD (94% purity).
O# 4.0 torr, 5.5 torr, 0 4  10.9 torr, a A 16.3 torr, ▼ 51 torr.
rji open symbols, tjs solid symbols.
------------- theory: Hjp  dependence for [J]<2> term.

O e/torr 1O0O

Fig. 11. —rji/rio and +  as functions of H /p  for N2 on a lin^ r scale.
O#  3.5 torr, □ ■ 5.8 torr, 0 4  7.0torr, a a  14.1 torr, v y  15.9 torr.
j/4 open symbols, rj5 solid symbols.

tative nature, the only data with which a direct comparison can be made
are the measurements on rj5 for N2 by Kikoin15).

For the position of the maximum on the H/p axis the agreement is excel­
lent, but for the magnitude of the effect the difference is considerable. The
maximum of jys/t/o for N2 as found by Kikoin is 0.99 X 10~3 vs. 1.36 x 10~3
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in this research. However, assuming that the capillary used in ref. 15 had
the same ratio of length and width as the capillary described in ref. 12, the
major part of this discrepancy can be explained as a consequence of the
short-circuiting effect of the ends of the capillary (see section 3.3.3). No
results for 174 have been published except for a preliminary report on the
present work16).

In the last few years much theoretical work has been published on the
magnetic field effects (for a survey see ref. 6). In a Chapman-Enskog
treatment the distribution function is following Kagan and Maksimov17)
expanded in irreducible tensors made up from both the peculiar velocity W
and the angular momentum J. For the influence of a magnetic field on the
viscosity the contributions have been calculated that arise from the first
three J  depending expansion terms i.e. [J]<2), [FF]<2> J  and [IF](2> [J]<2)
(see refs. 18- 20). The expressions derived this way for j?4 and r)5 are, in
a notation analogous to the one employed in ref. 21 *:

— - -  </>02g(2£o2) — # 2 X g ( l 2 l )  +  ^ 2 2 [4g (2^22) +  6 g(^22)]
rjo

—  —  =  </>02g(fo2) —  | ' / '2 lg ( f 2 l )  +  A ^ 2 2 [ 6 g ( 2 |2 2 )  — 5 g(h z )], (1 2 )
r)o

where
t  r  S^ kT  H

if>m  and CPq are positive quantities (independent of H  and p) that are de­
termined by collision integrals [see e.g. eq. (15)], p  and q refer to the degree
of W  and J  in the corresponding expansion term, e.g. P02 and C02 corre­
spond to [J]<2>, g is the molecular g factor and /in the nuclear magneton.

Thus the effects as a function of H/p are expressed as a sum of absorption
curves with different amplitudes and at different positions on the Hjp axis.
So from the dependence on H\p of the coefficients the contributions of the
different terms can in principle be determined separately. As an illustration
in fig. 12 the H(p dependence of the different terms that can contribute to
?74 and. —rj5 are given separately (g is assumed positive): In I the contri­
bution of the [J]<2> anisotropy is given (only i/>02 ^ 0), in II that from
[IP](2) J  (only 2̂1 0) and in III that from [W]W [J]<2) (only i/r22 ^  0).
Comparing these graphs with the measured H\p dependence as given in
figs. 7-10 it is clear that for the gases studied the [J]<2) term is by far the
most important. To indicate that this term alone gives already a good
description of the measurements, in thejfigs. 7-10 the curves corresponding

* The 0ps’s employed here are related to those of ref. 20 by </-02 =  <!>', </<2i -  f f
and 022 =  240.
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12. The different contributions to 174 and —175 as functions of
Spg  =  C p q ( g f i n k T / h ) ( H  Ip ) .
I: [J]<2) contribution,

II: [W']*2* J  contribution,
III: [W'](2) [J]<2) contribution.

to [J](2) have been fitted to the measured points, giving more weight to
the points in the low Hjp region, using 0O2 and C02 as adaptable para­
meters. The values of 002 and C02 obtained this way can differ to some
extent from the values that would have been obtained from a fit including
all three terms. Such an evaluation of all three contributions appears to
be impossible, i.e. no meaningful values can be obtained for the four quanti­
ties 021, C21, 022 and C22 in view of the measuring accuracy for the following
reasons: the contributions of the [FT]<2> J  and the [IT](2) [J]<2) terms have
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opposite signs and will occur at roughly the same H/p value. Moreover, two
terms involving [J]<2> with the first Sonine polynomials could also contribute.
For the rough-sphere model such terms give corrections in the order of a few
percent21). And lastly, for all contributions discussed so far the 774 and 775
curves start as straight lines with the ratio of the slopes given by :

lim ( — — ^ =  2. (13)
H/p-M) \  Vs J

Therefore only at high Hjp values it is possible to distinguish between the
terms on the basis of their different H\p dependence.

The effects for the even-in-field viscosity coefficients 771, rj2 and 773 are
functions of the same quantities <pvq and Cpq. So a comparison can be made
between our results for 774 and 775 and literature data on the even coefficients.
Two sets of data are available, both by Korving: in ref. 22 measurements
for the combination £(2t]2 — 1)1 +  Vs) and in ref. 23 more recent results for
773 and for the difference |(2?72 — 771 — 773). As the results of both references
are mutually consistent, we shall only consider the later results. The para­
meters for the [J]<2> contribution as given in ref. 23, viz. the amplitude i/>02
and the value of Hjp for which f02 =  I, (Hlp)(ta_ lf are shown in table III
together with those parameters determined from the present measurements.
I t  is seen that for this contribution -  dominant in both cases -  the agree­
ment is excellent.

For each gas the signs of 774 and 775 were found opposite, in agreement
with eq. (12) *. Because 774 and 775 are odd functions of the sign of the
molecular g factor can be determined from the sign of the coefficients. Since

T a b le  I I I

Comparison of the  experim ental results w ith  literature : The param eters for the
[J](2) contribution from  th is research and from  ref. 23 (measurements on even-

in-field coefficients)

002 X 103
th is  research ref. 23

(HIP) f „ = i
(kOe/torr)

th is  research ref. 23

N a 2.71 ±  0.05 2.7 ±  0.05 3.7 ±  0.1 3.5 ±  0.05
CO 3.60 ±  0.07 3.7 ±  0.03 5.2s ±  0.1 5.3® ±  0.05
c h 4 0.81 ±  0.05 0.9 ±  0.03 6 . 1® ±  0 .2  6 . 2  ±  0 .1

HD 1.87 ±  0.05 0.48 ±  0.01

t  In  the  introduction  of these coefficients in  ref. 7 the  signs of 774 and 775 could be
chosen freely. The choice m ade there causes 774 and 775 to  have opposite signs in eq.
( 12).
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'O Hƒ P ^  lO Oe/ tor r  1C;

Fig. 13. The ratio — j?5/»)4 as functions of Hjp for Na, CO, CH4 and HD (symbols as
in figs. 7—11). For clarity of presentation for CO only a few experimental points have

been plotted.

for the gases studied the [J]W contribution is found to be dominant, the
sign of 774 should correspond to that of the g factor. The signs obtained this
way, shown in table II, are in agreement with literature (see e.g. ref. 24).

At each measurement 774 and 775 were determined under the same experi­
mental conditions. Most measuring errors will therefore affect the two coef­
ficients in the same way, leaving the ratio —775/774 unaffected. In fig. 13
this ratio is plotted vs. H/p for all four gases on a double logarithmic scale.
For comparison the theoretical curve corresponding to a pure [J]<2> be­
haviour has been drawn at an arbitrary position on the H/p axis. Com­
paring in this graph the results for the different gases, it is seen that the
(small) deviations from the [J](2> shape are definitely different for these
gases. This points to different contributions of the higher terms and can
also be considered as an argument that these deviations are not caused by
systematic measuring errors.

The effects for HD occur at much lower values of H/p than for the other
gases. As has been pointed out before25) this is a consequence of the fact
that the [J] anisotropy is sensitive only for collisions in which the angular
momentum J is changed. Thus the time scale involved is related to the
reorientation of J. For HD this time is appreciably longer than the time
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between elastic collisions (roughly a factor 10). Thus the [J]<2> contribution
is found at low values of Hjp. The other two terms in the expansion mention­
ed in eq. (12), however, contain W and are thus also sensitive to elastic col­
lisions. Therefore their contributions are expected at Hjp values that are
roughly a factor 10 higher. If the contributions of these terms were not
rather small, large deviations from the Hjp dependence of the [J]<2> contri­
bution would have been observed at high values of Hjp. As was mentioned
before, the measurements on HD were performed using a mixture con­
taining 94% HD and for the rest almost equal fractions of H2  and D 2 .
From a theoretical point of view the situation for such a mixture of diatomic
gases is very complicated26). From measurements on the even viscosity coef­
ficients, however, it is known22) that the effects for pure H2  and D2  are a
factor 100 smaller than those for HD (for that reason we have not measured
them as yet). Therefore as a crude approximation these can be considered
as inert and so for the magnitude of the effect an extrapolation to 100%
HD seems justified.

The theoretical calculations of the field effects are expressed in a formal
way in terms of collision (square-bracket) integrals. These integrals have
been calculated explicitly for the rough-sphere model21’27). For more real­
istic collision models no results have as yet been published. The integrals
connected with the [J]<2> anisotropy can be determined from this work.
For the presentation of experimental results in a numerical way the col­
lision integrals do not seem very well suited: These integrals contain trivial
factors arising from contraction of isotropic tensors and the integrations
over the velocities and the angular momenta. For the “spherical” diagonal
collision integrals these factors can be removed by defining generalized
cross-sections. In this case the general definition reduces to :

(va00. 1 <[W]W [7]<®> 0<p+<?> 9lo[7]<«> [W]«>
® U 001 <tv> <[fF](p) [J]<«) o<3>+«) [J]<«> [JF]<p)> ’ (14)

where < > denotes an average over the equilibrium distribution function,
<vrel> =  (8 * r M *  with fi the reduced mass and 9to =  — n is the
number density and is the (dissipative) collision operator as defined in
eq. (14) of ref. 28.

The cross-sections defined this way are directly related to the quantities
CPq of eq. (12) by

© W )  =  ' (15)

while ©(looo) 1S related to the field-free viscosity coefficient rjo by

«/*ooo\
'®V2000f

kT
»7o<*W> ’

( 16)
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T a b le  IV

002 X 10s ©(X) ©(X) ©(X)
©ess(A2) (A2)

n 2 2.71 35 22 0.65
CO 3.60 35 31 0.89
c h 4 0.81 42 32 0.75
HD 1.87 19 2.3 0.12

The values of «/r02 and S(oloo) determined from this experiment are given
in table IV together with the values ofS^oo)-

A value for @(oloo)> a cross-section for the reorientation of the angular
momenta, can also be obtained from depolarized Rayleigh light-scattering
experiments. A closely related reorientation cross-section can be obtained
from NMR measurements. For N2 data are available from both types of
experiment. From light-scattering experiments a reorientation cross-section
of 30A2 has been found29), while from nuclear spin relaxation measurements
a cross-section of 26 A2 has been determined30).

For HD ©(0200) has been calculated by Gordon31) by means of tra­
jectory calculations using a realistic intermolecular potential. A cross-
section of 1.6 A2 was found. This is, in view of the limitation of the model
used in these calculations, in reasonable agreement with the value of 2.3 A2
as determined from this experiment.
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C h a p t e r  I I I

TH E ODD-IN-FIELD C O EFFIC IE N T S 774 AND 775 FOR 0 2

Synopsis
Measurements are reported for O2  on the two odd-in-magnetic-field viscosity coeffi­

cients rj4  and rj5 . The dependence on field and pressure has been investigated for fields
from 2 Oe to 25 kOe and pressures between 4 torr and 770 torr. It is found that for
low pressures and low fields the coefficients can be described as functions oiH/p.  For
higher values of field strength and pressure large deviations from this behaviour are
observed. It is found that these deviations can approximately be described as a unique
function of H 2/p.

1. Introduction. As is well known the transport properties of polyatomic
gases are influenced by external fields. For a survey see ref. 1. To describe
the influence of a magnetic field on the shear viscosity five coefficients,
labelled r] 1 to 775, are needed2). As was shown in ref. 3, these coefficients can
be determined separately by studying the gas flow through a capillary
having a rectangular cross section. The field dependence of the coefficients
can, for diamagnetic gases such as N2, CO, etc., be described as a unique
function of Hjp,  the magnetic field strength divided by the gas pressure (see,
e.g., ref. 4). In this paper measurements will be presented for 0 2 on the
viscosity coefficients 774 and 775 which describe the transverse momentum
transport caused by the magnetic field. Large deviations from a H/p law
are observed in these experiments. Although small, but significant deviations
from a. H/p law had previously been observed by Senftleben 5) for the change
of the heat conductivity of 0 2 (see also ref. 6), the first observations of
large deviations from a H/p law were made by Kikoin et al.1) in measure­
ments on the viscosity coefficient 775. All measurements on the viscosity
coefficients prior to this had overlooked these deviations; e.g., in the first
Leiden experiments on 775 these deviations went undetected because of the
large scattering in the data8). For the even-in-field viscosity coefficients
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rji, rj2 and 773 small deviations from Hjp have been observed3 * * * 7 **9). In this
article a systematic study is presented of the deviations for the coefficients
774 and 775.

2. Experiment. The experiments were performed at room temperature on
O2 with a purity of 99%. The experimental setup and the measuring pro­
cedure were essentially the same as was used for diamagnetic gases in ref. 4.
There are, however, a few minor differences. Firstly, the Knudsen corrections
could not be determined experimentally, as was done in ref. 4, since the Hjp
law is essential in that procedure. Consequently, the Knudsen correction
on the magnitude of the effect has been assumed to be 1 +  10f/<, where |  is
the mean free path of the gas molecules and t the thickness of the (rectangu­
lar) capillary. This has been done since in ref. 4 this same factor was found
for all gases studied. This correction is unimportant for the high-pressure
measurements (1.5% at 60 torr) and is rather large for the lowest pressures
(25% at 4 torr). For diamagnetic gases another Knudsen correction was
found viz. for the H\p scale. However, as this correction was dependent on the
gas, it has not been applied for O2: the error thus made is expected to be at
most 5% for the lowest pressure series. Secondly, as a consequence of the
large magnetic moment of the O2 molecule -  of the order of a Bohr magneton
-  the effects occur at values of H\p that are very small compared to those
for diamagnetic gases. Thus a much larger range of fields and pressures
could be used. In the experiments at the lowest fields a coil magnet was used
instead of the usual iron core magnet in order to avoid problems with rema­
nent fields. The earth’s magnetic field could be neglected under the ex­
perimental conditions. For measurements at high fields magnetostriction
can be of importance. However, this effect is even in the magnetic field, while
the coefficients 774 and 775 are odd functions of H  so that this disturbance is
easily eliminated by combining the results for fields + H  and — H.

3. Experimental results and discussion. The experimental results for 774
are presented in fig. 1 where —774/770 is plotted as a function of Hjp for five
pressures from 4.1 to 61.3 torr. In fig. 2 +775/770 is plotted vs. Hjp for the
same set of pressures and, in addition, for 772 torr. It is seen from these
figures that neither 774 nor 775 can be described as an universal function of Hjp
(i.e., over the whole range of fields and pressures). However, under certain
conditions (low fields and low pressures) a Hjp law is found to be a good
approximation. Under such circumstances all measurements can be re­
presented by the solid lines in figs. 1 and 2 (to be referred to hereafter as
the low-pressure curves). It will be shown later that the deviations from these
lines can be described as a function of H2/p rather than as a function of H
or p alone.

Measurements on 775 have also been published by Kikoin et al.7). If it is
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Fig. 1. —rn/rjo vs Hjp  for O2.
O 6.1 torr, a 10.9 torr, o 31.5 torr,A 4.1 torr. □ 61.3 ton-.

taken into account that in their work no corrections have been applied for
Knudsen effects, their results are not inconsistent with the present ones.

The complicated dependence on field and pressure is basically due to
the electronic state of the O2 molecule, a 3Z ground state. For an ex­
planation of the observed characteristics a detailed theoretical treatment is
needed. Such a study is being undertaken10), but as yet few results are
available. Therefore the present discussion will be limited to some general
remarks and a phenomenological analysis of the experimental results.

3.1. The dependence on Hip. Using relatively crude models, the
dependence on Hfp, which is found to be valid for low pressures and low
fields, can qualitatively be understood (see also ref. 11). In the 3E state
the spin angular momentum S(S =  1) can have three orientations with
respect to the total angular momentum J with components a =  +1, — 1 or
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Fig. 2. -\-rjsltjo vs H ip  for O2 .
O 6.0 torr, A 10.9 torr, 0 31.6 torr, □ 61.3 torr,V 4.1 torr,

+  772 torr.

0  a lo n g  J .  A c c o r d in g ly , th e  m a g n e t ic  m o m e n ts  a lo n g  J  a r e :

H  &  — 2jubJ / J (<y =  + 1 ) . ( l a )

f i  t v  + 2 p B J I J ( » = - ! ) , ( lb )

f t  <v — 2 ^ b J I P ( a  =  0). ( l c )

In the absence of a magnetic field the a  states can be considered to be well
separated when the time of free flight of the molecules is so long that the
uncertainty relation does not make the corresponding energy levels over­
lap, i.e. at low pressures. This is still the case in low external fields when
the Zeeman levels of the different a  states do not yet overlap. Thus at low
fields and low pressures each molecule can be considered to have a magnetic
moment as given in eq. (1) and a H j p  law will be valid (see e.g. eq. (4.2) of
ref. 12 and subsequent discussion). Each set of molecules with a particular
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magnetic moment will give a separate contribution to the effects: the
molecules with a =  0 will contribute at high values of H/p because of the
small magnetic moments associated with this state [see eq. (lc)] while the
molecules with a =  +1 ander =  —1 will give contributions at approximately
the same (i.e., low) Hip values, corresponding to the larger magnetic
moments given by eqs. (la) and (lb). These contributions will have opposite
sign, since the coefficients rj4 and 775 are odd functions of fi (and H). A small
resultant contribution can be expected from these states due to the small
difference of the magnetic moments of the a =  ±1 states coupled with the
fact that the populations of the two states are unequal. Indeed, the <r-state
populations for a given rotational level characterized by the rotational
quantum number N  are proportional to their degeneracies (2J  +  1) so that
the a =  +1  state for which 2J  +-1 =  21V +  3 will have a larger number
of molecules than the a =  — 1 state for which 2J  +  1 = 2 N  +  1. Moreover,
it is clear that this will lead to a net contribution having the same sign as
that from the a =  0 state. However, in addition to the contribution to the
low H/p peak discussed above a second contribution can also occur.
This contribution arises from the fact that in a more complete treatment
of oxygen the set of equations for the three a states is replaced by a
formally simpler expression which involves a nondiagonal matrix of
collision brackets and it is the presence of these off-diagonal terms which
give a second contribution to the low-field transverse effect. For more
details, the reader should consult ref. 10. Indeed, the measured low-pressure
curves resemble a superposition of two contributions: a larger one at the
values of H/p where the contribution of the a =  0 molecules would be ex­
pected to occur and a smaller one at much lower values of H\p connected
with the resultant of the a =  -)-1 and the a =  — 1 contributions. Note that
the solid curves of figs. 1 and 2 have the same overall shape, displaced by a
factor two on the H\p axis, in accordance with the simple single-frequency-
double-frequency properties of the coefficients.

3.2. The d ev ia tio n s  from H/p. While for low values of field strength
and pressure the coefficients can be described as unique functions of H/p —
to be denoted by 774, um and 775, nm -  a complicated behaviour is found for
high fields and pressures. Still, it appears to be possible to describe the onset
of the deviations from *74, Um and 775, nm in a simple way, viz., as a function
of H 2/p:

Vi(H, p) =  t]4, um (H/p) — F(H2lp),

Vs (H, p) =  175. um (HIP) -  F (H*lp),

where p) is the value of 774 as measured for field H  and pressure p,
}?4,iim (Hip) the value of rj4 for the same H/p taken from a smoothed curve
through the low-pressure measurements and F(H2/p) an unknown function
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Fig. 3. The difference between the measured values of r\± at pressure p and the limiting
value of T)4 for low pressures j)4,iim at the same value of H/p (solid line in fig. 1)

plotted vs H2jp.
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Fig. 4. The difference between the measured values of rj5 at a pressure p and the limiting
value of *j5 for low pressures jjs, iim at the same value of Hjp (solid line in fig. 2)

plotted vs. Hzlp.
A 10.9 torr, 0 31.6 torr. □ 61.3 torr, +  772 torr.
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to be determined from the experiment. The occurrence of the H2\p term is
illustrated in figs. 3 and 4 where the differences 774,11m — >74 and *75, um — 775
are plotted vs. H2jp. Note that the same dependence on H2jp is found both
for 774 and 775 in contradistinction to the single-frequency-double-frequency
behaviour of the corresponding low-pressure curves. This is quite possibly
the source of the different behaviour of the various 774 and 775 curves in figs. 1
and 2. No statement can be made regarding the precise functional form of
the H2lp dependence due to the fact that the results of this analysis are very
sensitive to systematic measuring errors.

Note. Since the first publication of this paper Beenakker, Coope and
Snider13) have developed a theory that explicitly takes into account the
structure of the hamiltonian for 0 2 in high magnetic fields. They obtain
excellent agreement with the experimental results.
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C h a p t e r  IV

TH E EVEN-IN-FIELD C O EFFIC IEN T S rj l t  AND r?3

Synopsis
Measurements are reported on the influence of a magnetic field on the shear vis-

cosity of the gases N2, CO, CH4, CF4, HD and 0 2 at room temperature. The viscosity
coefficients tji, jj2 and t]z are determined separately by measuring for different orien­
tations of the field the flow resistance of a capillary with a rectangular cross section.
It is found that the change of rji is only a few percent of the changes of rj2 and rj3.
The contribution arising from the [J]<2) anisotropy of the distribution function is
found to be dominant. The generalized cross sections connected with this anisotropy
are determined.

1. Introduction. The viscous behaviour of a gas of polyatomic molecules
in a magnetic field can be described with five independent shear viscosity
coefficients. According to ref. 1 the symmetric traceless pressure tensor i78
is related to the symmetric traceless velocity gradient tensor (F°t>)8 through
the following matrix scheme (field in the x  direction):

^y°v)vv (F°»)L (V°»)U
o

n B —2r)i 0 0 0 0 0
17si/i/ 0 — 2 r)2 —2(j?i — r)z) —2jj4 0 0
n 8 0 1 to S' 1 H — 2t)2 2jh 0 0

o
n B 0 V* —v* 2»?i — 4i?2 0 0
ov*

n B 0 0 0 0 —2r)3 —2t/s

n 8xy 0 0 0 0 2r)z — 2t)3

Of the five independent coefficients, three {r)l, *12, Va) are even in the
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field and two (7 74 , 775) are odd functions of the field. It is found that the
effects of a magnetic field on these coefficients are unique functions of
H\p, the ratio of the magnetic field strength to the gas pressure. For a
thorough comparison between experiment and theory it appeared neces­
sary to know the behaviour of all five coefficients. In two previous papers 2<3)
we reported results for the coefficients 774 and 775 .  In this article experiments
will be discussed in which the coefficients 77 1 , 772 and 773 are determined for
the same gases.

Although several sets of data on the even coefficients are available,
these data are limited to measurements on 773 and on the combinations of
coefficients \(2rjz — j?i  +  773) and 2rjz — r)i — 773- (For a survey see ref. 4.)
It is obvious that 771 and 772 cannot be determined separately from these
measurements, as these coefficients occur only in the combination 2 7 7 2  — 771.
This is unfortunate, since 771, is especially interesting for a comparison be­
tween theory and experiment: theory predicts that the dominant contri­
bution to the field effect in 772, 773, 774 and 775 should not contribute to 771
[see eq. (15)]. Therefore the present experiment was devised to obtain accu­
rate results on 771 and 772 separately. Moreover, in the same experiment 773
can be determined, but only with moderate accuracy.

2. Experimental method. As has been discussed in an earlier paper5) the
viscosity coefficients 7 7 1 ,7 7 2  and 773 can be determined by measuring the flow
resistance of a capillary with a rectangular cross section for different orien­
tations of the magnetic field. In the present experiments these different
orientations can be realized by rotating an electromagnet around the cap­
illary held in a fixed position as shown in fig. 1. In this arrangement the
field lies in the bisector plane of the flow velocity and the velocity gradient
of the gas flowing through the capillary. As shown in eq. (5) of ref. 5, the
flow through the capillary is in this case determined by

Fig. 1. Schematic diagram of the capillary.
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~ ~  — [ ifo l +  »?a) sin4 f  +  (2*?2 — *?i) cos2 C
ok

d^v/c
+  1)3 sin2 C cos2 £] -g ^ -» ( 1)

where (t, j, k) is the capillary-fixed coordinate system and £ the angle be­
tween the field direction and the j  axis (see fig. 1). In  deriving eq. (1) the
effect of the short sides of the capillary on the velocity profile has been
neglected. This will be considered in section 3.1. In  a typical measurement
the same field is applied for three orientations of the magnet, viz. £ =  0,
Jtc and |7t. For these orientations one obtains from eq. (1)

By measuring the changes in the pressure drop over the capillary caused
by the field, while the flow is kept constant, one can determine the changes
of the three combinations of coefficients on the right-hand sides of eqs. (2).
From these one can calculate r?i, 172 and *73.

Because the changes in the pressure drop th a t are introduced by the
field are small, a t most of the order of 0.1%, a differential method has
been used. The measuring capillary (Ci) is part of a gas-flow W heatstone
bridge. The three other capillaries in the bridge (C2, C3, C4) are placed out­
side the field. A high-sensitivity differential manometer (M) serves as the
null detector (see fig. 2). When a field is applied on Ci the resulting vis­
cosity change causes an unbalance of the bridge th a t is measured by M.

(2*72 — *71)

(f»?2 —  bn +  \m)

(ini + hm)

b

90s f
magnet

a

vacuum pump

Fig. 2. Schematic diagram of the capillary bridge.
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The relative change of the viscosity is calculated from

by i  P* — pb .
y px — Pb (3)

The subscripts A, B, a and b refer to different points of the bridge (see
fig. 2), while /  is a correction factor to account for the deviations from the
ideal Poiseuille flow as will be discussed in section 3.2.

The measuring capillary Ci and the capillary C2 have rectangular cross
sections and have the same dimensions: length I — 104 mm, width w =  15 mm
and thickness t =  0.75 mm. Both C3 and C4 consist of two parallel capilla­
ries of circular cross section 1 mm in diameter and 62 mm in length. Com­
plete balance of the bridge can be attained by slightly heating either C3
or C4. This varies the effective flow resistance of the capillary by changing
the density and the viscosity of the gas.

The gas flow through the bridge is adjusted by means of a needle valve
upstream. A flow controller (Moore 63 BDL) is used to keep the flow con­
stant, independent of the pressure in the gas storage vessel. The pressure
in the measuring capillary is adjusted by means of a valve between the
exit of the bridge and the vacuum pump. Pressures at the points A, B
and a (see fig. 2) are measured with oil manometers. The pressure differ­
ence p a , — p b  is measured with a differential capacitance manometer with
a sensitivity of better than lO-5 torr (Atlas Membran Mikro Manometer).
The electromagnet is an Oerlikon C 3, used with pole pieces of 18 cm di­
ameter at a distance of 12 cm, giving a maximum field of 22.6 kOe. The
homogeneity of the field is sufficient for the present experiments.

A control run has been performed with argon. As should be expected, no
field effects could be detected. The long-term reproducibility of the measure­
ments was excellent.

3. Corrections. In order to calculate the viscosity coefficients r] 1, r\<i and
ya from the observed pressure differences, two types of corrections must be
applied. The first is connected with the fact that the capillary is not infi­
nitely wide. Thus terms of the form 02u*/0/2 must be included in the de­
scription of the flow pattern. This gives additional (small) terms in eq. (1).
The second (group of) corrections has to do with the non-ideal Poiseuille
flow in the bridge circuit, as expressed by the factor /  in eq. (3).

3.1. P resence of the  s h o rt sides. In the absence of a field the equa­
tions of motion for an incompressible fluid in the capillary of fig. 1 are

where rj0 is the field-free viscosity coefficient. Assuming that the velocity
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is zero at the walls, the resulting flow pattern is given6) by

812 f cosh(7tj/t)
2rjo

dp
Hk

[ W  -  *8

1 cosh(37t j/t)
33 cosh(3nw j2t)

7Ï3 ( cosh(7rz£>/2i)

cos (3izi jt) +  ...

cos (it i/t)

(5)

where w, t and I are the width, thickness and length of the capillary. By
integration one finds V the total volume flow per unit time. For capilla­
ries with w >  At it is given to a good approximation by

V =
A p
\2rjo

wt3
T — 0.630 (6)

In the presence of a rtiagnetic field the equations of motion are rather
complicated: the pressure gradients dp/di and dp/dj of eq. (4) become non­
zero. One can argue, however, that the influence of these gradients on the
total flow through the capillary is small. Therefore the only gradient of
importance is dpfdk, which for the field directions considered can be written
as

dp
~dk

with

d2V/c d2vk
Vi +  Vi

0»'2 dj3

Vi =  hivi +  V‘t) sin4 £ +  (2vz — vi ) cos2 £ +  v s sin2 £ cos2 £*
Vi =  Uvi  +  Vi) è sin2 2£ +  (2r,2 — VI) I sin2 £

+  JJ3( |  cos2 £ +  \  cos2 2£).

(7)

The resulting flow velocity pattern [corresponding to eq. (5)] is found with
a simple transformation. Then, integrating over the cross section, one finds
for the total volume flow:

V
A p wt3
12rji I

1 -  0.630 Vi_
Vi

(8)

Comparing eqs. (6) and (8) one finds the following relation for the (small)
changes that are introduced by the field when V is kept constant:

Ap (H) -  Ap(H =  0)
A p (H - 0)

— \  0 .630- —  wo t-----— +  4 0.630 —
Vo w

(9)

where r)t and r/j are the combinations of viscosity coefficients as defined in
eq. (7). Thus it appears that in the experiment where w =  201 the contri-

46



butions related to the presence of 32Vfc/0/2 are only 1.5%. Although this
correction is small, it is very important for the effects obtained for rji,
since for all gases studied, the effect for this coefficient is only a few per­
cent of those for t)2  or r]3 (see figs. 5-14). Including this correction, the
changes of rj\, rj2 and ^3 can be calculated from the measurements for £ — 0,

and \ t:, with

Ajji =  -0.3387Arj (f =  0) — 0.0215A>j (£ =
+  1.3602A»? (C =  £tc),

Atj2 =  +0.3554A»? (£ =  0) — 0.0441A77 (£ =  Jtt)
+  0.6887Arj (£ =  Jti), (10)

Ar/3 =  —2.0909A rj (£ =  0) +  4.1656A»; (£ =  £tc)
-  1.0747Ar) (£ =  Iti),

where Arj(£) are the viscosity changes as calculated from the unbalance of
the capillary bridge according to eq. (3).

3.2. D ev ia tions from  the  ideal Po iseu ille  flow. Incorporating a
number of corrections, to be discussed below, the equation (6) for the gas
flow through the capillary becomes (see also refs. 2 and 7)

(Pa + K«)* -  (pa + K «)2
2

12W G [1 + reft» + \n(pxlpa)}(tll) 3te\
wfi po [1 -  0.630t/w] ’ ( >

where K a is a cbnstant describing the Knudsen effect on the flow, G is the
mass flow per unit time, po the density at unit pressure, m a number of the
order unity and 0te the Reynolds number defined as 2G/wrio. For the cor­
rection factor ƒ in eq. (3) the following form has been used:

>~ wï+pi) + K.[1 + « “ + ‘"(WMX'ffl*0

X
K p

\(Pa +  pa) .
where Kp is a constant describing the Knudsen effect.

( 12)

3.2.1. R eynolds correction . The factor 1 +  ^{m  +  \n(p xjpa)}(tjl)
arises from the pressure losses caused by the acceleration of the gas. The
constant m, which depends on the shape of the entrance of the capillary, is
assumed to be 0.75. This correction is less than 1 % for all cases, except for
the high-pressure O2 measurements where it can be as large as 5%.
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3.2.2. E x p a n s i o n  c o r r e c t i o n .  According to eq. (11) the pressure drop
over the capillary is quadratic. This is caused by the expansion of the gas
in the capillary. Along the length of the capillary the mass transport is
constant and so p dp fik is constant. In  eq. (12) the quadratic dependence
gives rise to the factor (p& +  K a)l(?pA +  \p& +  K a).

3.2.3. K n u d s e n  c o r r e c t i o n s .  Most experiments have been performed
at low pressures, where the mean free path  of the gas molecules, f, is not
negligible as compared to the thickness of the capillary t. Thus deviations
from the high-pressure values can be expected. (A detailed theoretical
treatm ent is performed by Vestner8).) For not too low pressures such devi­
ations should be proportional to the mean free path and therefore pro­
portional to 1 Ip. Indeed, it appears th a t one has to apply corrections of the
form 1 +  Kip.  In  eqs. (11) and (12) the constant K a describes the cor­
rection of the field-free flow. For a simplified case K a can be calculated
under the assumption th a t the molecules leave the wall with randomly
oriented velocities: one finds

Ka  =  6 Spit. (13)
Calculated and measured values of K a agree within the (moderate) accu­
racy. Knudsen corrections also have to be applied to the magnetic-field
effect. Plotting the effects as functions of H/p,  it is found th a t the curves
obtained for different pressures do not coincide completely. As discussed
in ref. 2 this is caused by Knudsen effects which affect both the magnitude
of Arj and the position of the curve along the H/p  axis. The correction for
the magnitude 1 -f- Kp/p has been included in eq. (12). The generally small
correction for the H/p scale has the form

(H Ip) COTT —

( HI P)  exp
1 -f Kylp

(14)

The calculated values of K a and the experimental values of Kp and K v are
given in table I. Since eq. (13) appears to hold reasonably well, Kp and K v
can also be expressed as np £p/t and nv ip/t- The quantities np and nv, which
do not depend on the dimensions of the apparatus, have been included in
table I.

T a b le  I
Knudsen correction parameters

K tt
(torr)

K„
(torr)

Ky
(torr)

np nv

n 2 0.39 0.76 0.27 (6) 12 4
CO 0.39 0.64 0.14 (6) 10 2
c h 4 0.32 0.50 0.13 (6) 9 3
c f 4 0.22 0.49 — (6) 13 —
HD 0.73 0.77 1.72 (6) 6 14
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In the present experiments the Knudsen correction to the magnitude of
the effects (1 +  Kp/p) is, for the lowest pressures, as large as 35%, whereas
for the high-pressure measurements it is of the order of 5%. The correction
for the H/p values (1 +  K v/p) is always less than 10% with the exception
of the HD measurements, where for the lowest pressure it becomes as large
as 50%.

3.3. S tray  fields. A correction for the stray field at the positions of the
other capillaries is applied to the measurements of O2  and HD at the lowest
pressures^ At the highest fields a small correction has to be applied for a
disturbance of the membrane manometer by the stray field. For all measur­
ing series this correction is less than a few percent of the maximum signal.

4. Experimental results and discussion. First of all, measurements have
been performed for various magnetic-field directions as indicated by the
angle C in fig. 1. The observed viscosity changes Ar)(£), normalized to the
change for £ =  0, are plotted in fig. 3 for N2  at two values of H/p. One can
derive four main conclusions from this figure: a. The curve is symmetric
around f =  0, as should be expected from the Symmetry of the experi­
mental setup [cf. fig. 1 and eqs. (1) and (7)]. b. The curves for different
values of H/p do not coincide, thus reflecting the different field dependences

v a . :

Fig. 3. The viscosity change for N 2 as a function of the field direction f  normalized
to the effect for f  =  0.

O H/p =  2.0 kOe/torr; o H/p — 7.7 kOe/torr.
The lines correspond to the angular dependence given by eq. (7).
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o

Fig. 4. The viscosity changes for N 2 as functions of H/p for £ =  0, 7t/4 and n/2.
O 2.1 torr; 0  5.0torr; □ 3.3torr; a 11.2torr;
-------------theoretical Hjp dependence for [J]<2> term.

of rji, r)2 and rj3. c. Independent of Hjp, the values for £ =  ±7t/2 are ap­
proximately j  of the maximum value. From this, one concludes that A??i is
very small [cf. eq. (10)]. d. The dependence on £ is in accordance with eq.
(7). Therefore, to determine the effects for >71, rjz and >73 separately, it is
sufficient to perform measurements for the field directions £ =  0, 7t/4 and
7t/2.

In fig. 4 the viscosity changes A»?(£) that are found for these field di­
rections are given as functions of Hjp for Na. The effects for the coef­
ficients >71, >72 and >73 calculated from these data with eq. (10), are shown
in figs. 5a and 5b. In fig. 5b the results for >71 are shown on an expanded
scale. In this plot the usual H/p dependence is observed. As A?7i has been
calculated by subtracting two large numbers [see eq. (10a)] the validity
of the Hjp law can be considered as an indication of the reliability of these
very small values. In fig. 5a it may be noticed that the points for >73 show
a larger scatter than those for >71 and for >72. This is a consequence of the
fact that in this setup the effects as measured for the different orientations
depend only weakly on >73 [see eq. (7)]. In fig. 6 the results for >73 are com­
pared with the experimental results of ref. 7. In the latter experiment >73 is
obtained directly, using a capillary with a circular cross section and with
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310 ' ------^  lO 0«/torr to*
Fig. 5. a. A»ji, Ar/ 2  and \r\$ as functions of H ip  for N2 .

b. with an expanded vertical scale. Symbols as in fig. 4.

the field parallel to the axis. As is seen in fig. 6 the agreement is quite
satisfactory; the small differences are acceptable in view of the accuracies.

The figs. 7-14 show the results for CO, CH4, CF4 and HD. The HD gas
used had a purity of 92%. The data have been extrapolated to 100% HD in
accordance with the results on mixtures of Burgmans et al.9). In the figures one
sees that for all gases the changes in rji are much smaller than those in r)3
and rj3. While for N2  and CO the changes in rji, rj2 and j?3 are all negative,
positive changes in rji are found for CH4 and CF4. We shall come back to
this point below. The results for rji of HD as shown in fig. 14b cannot be
described as a unique function of Hjp. The most reliable high-pressure
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j  i

O e /to r rH/p IQ

Fig. 6. Ajja as a function of H/p for N2.
•  this research; ------------ experimental results of Korving7).

Fig. 7. The viscosity changes for CO as a function of Hjp for £ =  0, 7t/4 and ti/2.
O 1.8torr; O 5.5torr; □ 3.0torr; a 7.6torr;
------------ theoretical Hjp dependence for [J]<2> term.
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measurements show very small positive values, whereas negative values
are found for the low-pressure measurements. This deviant behaviour may
be the result of anomalously large Knudsen effects caused by the large
mean free path for reorientation of HD or the result of an incomplete
decoupling of the nuclear spin. For this reasons, only the highpressure results
are given in fig. 14a.

We will now compare the data with the results of theoretical calcu­
lations. The conventional treatment of the field effects is based on an ex­
pansion of the non-equilibrium distribution function in terms of irreducible

Oc/torr

Fig. 8. a. Arji, A t]2 and Ajjs as functions of H /p  for CO.
b. A»ji with an expanded vertical scale. Symbols as in fig. 7.
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6.102 H /p lO3

Fig. 9. The viscosity changes for CH4 as functions of Hip for f  =  0, 7t/4 and 7t/2.
O 2.2torr; O  6.6 torr; 0 3.6torr; a  13.7 torr;
------------  theoretical Hjp dependence for [J]<2> term.

/

t  » « • »  V

104 O e/to rr 2.1046.102 H /p 103
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Fig. 10. Ajyi, Arjz and Arja as functions of H/p for CH4.
Symbols as in fig. 9.



lO4 Oe/torr 2.10

Fig. 11. The viscosity changes for CF4 as functions of H /p  for £ =  0, tt/4  and n/2.
O l .ó to r r ;  0 2 ,4 to r r ;  □ 1 .9 to rr; a 4 .0 to rr ;
-------------  theoretical H jp  dependence for [J]<2) term .

Fig. 12. and Ar/2 as functions of H jp  for CF4. Symbols as in  fig. 11.
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O e/torr

Fig. 13. The viscosity changes for HD as functions of H/p for f =  0, rc/4 and tt/2.
O 3.4torr; <> 8.8torr; □ 5.1 torr; A 16.9 torr;
------------ theoretical H/p dependence for [J]<2) term.

tensors made up of reduced velocity W  and angular momentum J. In this
expansion at most three (vector) J-dependent terms are considered: [J]®,
[IP](2) j  and [IF](2) [J](2). The coefficients in the expansion are independent
of J 2 and W2; a description corresponding to the lowest-order “Sonine”
approximation for spherical molecules. Each term in the expansion contri­
butes to r;i, rjz and r\3 in its own characteristic way. It is therefore inter­
esting to see in how far our data allow a determination of the relative im­
portance of the anisotropies. At this point we want to draw attention to
two properties of the aforementioned expansion: a. because of its tensorial
structure [J]<2> does not contribute to rj\. b. tensors even in J  give rise to
negative values of Ar), while the tensors odd in J  give positive contributions.
The fact that A171 is always nearly zero, together with the Hjp values for
which the effects for HD occur, confirm the conclusion reached in our
earlier work2»7), that [T]^2) is by far the dominant term. The results for
772 and J73 can always be fitted in a reasonable way with the expressions
valid for the [J]<2) contribution (see figs. 4- 14). If one tries to improve the
fit by including the opposing contributions of [IF](2) J  and
one finds that these terms are comparatively large. With the present ex­
perimental uncertainty it is not possible to determine the values of these
terms unambiguously. Even the inclusion of the results obtained for J74 and
r/5 does not improve the situation. The fact, however, that Ajji is almost
zero is highly suggestive of another solution to the problem. If one replaces
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the [J]<2> term by [J]<2> P(W2, y 2), where P{W2, p )  is a polynomial in W2

and p  with coefficients that are to be determined, one can obtain a change
in the shape of the curves for rj2 and rj3, while A^i remains zero. Such an
approach is suggested by the recent work of Coope and Snider10). In the
framework of the conventional treatment this corresponds to the inclusion
of higher-order Sonine polynomials. At this point we want to stress that
the arguments invoked for the exclusion of the higher-order polynomials
are based on an extrapolation from the situation for elastic-collision models,
and on calcülations for hard-core inelastic models. It is debatable whether

- I 1-» 3

5.10 H/p 102

'0 .0 3

~o

I

_ £ 5 i 103
V

- 0 . 0 6
5.10  H/p  ̂ to2 1C? O e/torr 5.103

Fig. 14. a. Ar/i, At)% and Ar\z as functions of H ip for HD.
b. Arn with an expanded vertical scale. Symbols as in fig. 13.
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extrapolation of these last results to more realistic potentials is permissi­
ble, especially where the inelastic cross sections are strongly dependent on
the energy of the relative motion.

The fact, however, that is definitely nonzero shows that small contri­
butions of different tensorial character are also present. Both [ W ] W  J  and
[FF]<2> [J]<2> will be needed because Ajji can be both positive and negative.

Also in the framework of a slightly different theoretical approach one
expects the expressions for the [J]<2> contribution11) to remain valid in
first approximation. These expressions are:

r)2 — rio 4fo2
■ -----------  =  ÏV02 , ,72" ’V 0 1 +  4?02

where
® ( » 2

™  8 0  S O '
„ 1 gfnxkT H
02 "  <«rel> @($188) T ’

kT
"  <»«> ®(RSJ) '

g  is the molecular g  factor, the nuclear magneton, <̂ rex> =  (8kT /nn)*
with n  the reduced mass, the <3’s are the effective cross sections as de­
fined in ref. 12. These are discussed in some detail in an appendix to this article.

The results of a fit of the experimental curves for Arj(£) are given in
tables II and III. The quality of the fit which emphasizes the central part

T a b le  II

Values for y >02 and (H/̂ >)foa=x from the analysis for [J]<2*

y> 02 X 103 1
(kOe/torr)

This exp. Ref. 2 Ref. 7 This exp. Ref. 2 Ref. 7
n 2 2.78 2.71 2.7 3.65 3.7 3.5
CO 3.63 3.60 3.7 5.25 5.25 5.35
c h 4 0.79 0.81 0.9 5.9 6.15 6.2
c f 4 3.1 4.05 49 51
HD 1.90 1.87 0.46 0.48

58



T able I I I

6 0
(A2)

1 6 0 1
(A2)

© O
(A2)

n 2 35 1.46 22
CO 35 1.97 31
c h 4 42 1.01 30
c f 4 63 3.4 59
HD 19 0.28 2.2

100 Oe/torr 3 0 0

Fig. 15. The viscosity changes for O2 as functions of H ip  for f  =  0, 7t/4 and iz/2.
O 40.6 torr; 0  275torr; □ lOOtorr; + 817torr.
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of the curve can be seen in figs. 4-14 where the drawn curves correspond
to the theoretical expressions. For the fitting procedure one prefers the
results for the directly measured quantities Arj(£) to those for r)2 and ^3
which are calculated from these, since the accuracy of 3 is relatively low.
In table II the results for ^ 0 2  and for the value of Hjp for which I02  =  1,
i.e. (H!p)$ot=1, are compared with existing data. These have been obtained
from different experiments, viz. in ref. 2 measuring ^4 and 775 and in ref. 7
performing experiments on rj3 and 2 r)z — r/i — v\3. It is seen that the agree­
ment between data from different sources is excellent. In table III the re­
sults are given in terms of the generalized cross sections <5(o!oo) and
I ® (2000) I *- For comparison @ ( |qoo) which follows from the field-free vis­
cosity coefficient has been included.

Finally, some measurements have been performed on O2. The results are
shown in fig. 15. Small deviations from the Hfp law are found in agreement
with the theoretical prediction of Coope, Snider and Beenakker14). For
more extensive measurements on O2 the experimental situation was not
well suited, e.g. the corrections for the stray fields at the position of the
other capillaries become to large at high Hjp values.

APPENDIX

In a description of non-equilibrium phenomena in a dilute gas of rotating
molecules starting from the generalized Boltzmann equation or the Wald-
mann-Snider equation the final expressions are given in terms of collision
integrals. This description includes all non-equilibrium phenomena that can
be described by a density matrix diagonal in the rotational quantum
number J, e.g., transport coefficients, dielectric non-resonant absorption,
linewidths in depolarized Rayleigh scattering, N.M.R., etc., but does not
treat such phenomena as Raman linewidths. The collision integrals are
complicated averages over cross sections (or transition amplitudes) for the
different processes involved. They have the dimension of Z3/i; a factor I2

arises from the cross sections that are averaged and a factor lit stems from
the relative velocity of the collision partners. To obtain quantities that are
simpler to interpret it is convenient to introduce effective cross sections <3.
These are essentially collision integrals divided by the average relative ve­
locity. One can also define an effective frequency for the process by
cu =  «<»> 3 , where n is the number density, or an effective time scale by
t =  co-1. Although t and od are in general more closely related to the ex-

t This (non-diagonal) cross section may be positive as well as negative. From the
present experiment the sign cannot be determined. For linear molecules this can be
done from measurements of flow birefringence. Such experiments have been performed
by Baas18).
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perimental results, they have the disadvantage of being density dependent,
so that © is preferred. The collision integrals and hence ©, o> and r  are
different for the different transport processes. For a monatomic gas the
different collision integrals that occur in the transport properties are dis­
tinguished by the two indices that label the well-known Q(l< *) integrals. For
linear molecules the situation is more complicated because of the presence
of angular momentum. Here, too, the use of a systematic notation has be­
come necessary to be able to correlate the effective cross sections that occur
in widely different physical phenomena. To obtain a systematic notation one
observes that a non-equilibrium situation in a gas in the binary collision
region is characterized by the deformation of the distribution function /.
For rotating molecules f can depend on two vector quantities, the velocity
W  and the internal angular momentum J. Further it can depend on the
scalars made up from these quantities. The tensorial deformation is de­
scribed by expanding in irreducible tensors \W]v and [J]® while the scalar
dependence is expressed using a series expansion in polynomials Sr(PF2) and
RS(J2). To the tensorial deformations correspond macroscopic polarizations
in W  and/or J  space. In the framework of such a description the collision
integrals and hence ©, oj and r will be characterized by two sets of 4 indi­
ces: p, q, r and s and p', q', r', s'. The diagonal quantities, where p = p'
etc., describe the decay of the deformation of /  considered (e.g. ©(oloo) de­
scribes the direct decay of the [J]<2> polarization by the collisions in the gas).
These quantities are positive. The off-diagonal ones, where at least one
pair of indices is unequal, give the strength of the coupling between the
different polarizations (e.g. ©(2000) gives the effective cross section for pro­
duction of [J](2> polarization by the presence of a polarization in velocity
[IF]*2)).,Such quantities can be both positive and negative. In the example,
for instance, the sign depends on the sign of the polarization that is pro­
duced. For a general definition of the effective cross sections we refer to
ref. 12. The definition is relatively simple for the diagonal elements7’15)
and many of the more common off-diagonal elements

(x/02oow_ < J  J  : SftpJ Jy0

l<,20o) <l>rel><J°J : J°J>0 ’

(020o, =  <J°J : MoW°W>0
12000 <Vrei><J°J : J°J>t<W°W : W°W>\ '

Here < >0 denotes an average over the equilibrium distribution function
and 9to is the collision operator ([J]<2> is denoted as J°J.) The numerator is
the actual collision integral, while the denominator contains its normalization
and the average relative velocity. The notation discussed above can be
simplified when there is no risk of confusion: a) for the diagonal elements one
can write only one row of indices; e.g. ©(0200), b) if no problems with the scalar
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dependence can arise, one can omit the last two zeros in the rows, e.g.
Waldmann, Hess and collaborators use for the description of the viscosity
in a magnetic field the notation a„, a T  and avT for the cross sections <g(|“°®),
@(0200) and @(2000) respectively. Such a notation is only suitable for simple
cases and not for general use.
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C h a p t e r  V

THERMOMAGNETIC SLIP
IN R A R E F IE D  POLYATOMIC GASES

S y n o p sis
We have verified experimentally that in a rarefied polyatomic gas the combination
of a magnetic field and a temperature gradient can give rise to a slip velocity tangent­
ial to the wall. In a channel formed between two parallel plates at different tempera­
tures this slip velocity gives rise to a pressure difference Ap. For not too low pressures,
p, the quantity pAp/AT is approximately a function of Hip only. Preliminary results
are shown for Ng.

In the discussion of the thermomagnetic torque discovered by Scott and
coworkers1) the possibility of the existence of a “thermomagnetic slip” has
become apparent. This slip is caused by the action of a magnetic field on a
rarefied polyatomic gas when a temperature gradient perpendicular to the
wall is present. The slip manifests itself as a velocity of the gas tangential
to the wall. According to Waldmann2-3) such a boundary layer phenome­
non gives an important contribution to the Scott torque. In his explanation
the slip is created by the interaction of molecular angular momentum with
the wall. The magnitude and the sign of this slip are unknown, as very
little is known on the interaction of the internal angular momentum of a
rotating molecule with a surface. Levi and Beenakker4-5) have suggested
the presence of another slip contribution originating from transverse heat
flow. Their mechanism is the same as the one that causes the, so called,
thermal creep. This contribution to the torque can be calculated. It is
small and has the opposite sign. In the view of these authors the major
contribution to the torque stems from a bulk effect associated with the
influence of a magnetic field on the Maxwell stress4-6). In rarefied gases
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this stress is associated with the occurrence of VVT. Theoretically, it is
part of the second order Chapman-Enskog theory. In the torque experi­
ment it is very difficult to distinguish between these three contributions.
The experimental torque data available by now (e.g. refs. 7, 8) seem to
point to the presence of both a stress and a slip contribution of opposite
sign, the thermal stress being the larger3). As the Scott effect is one of the
few cases where one can test the second-order Chapman-Enskog theory in
a stationary situation, it is important to obtain the contributions sepa­
rately. Following a  suggestion by Waldmann2), we have made measure­
ments under experimental conditions where no VVT  is present. Hence our
results give direct information on the boundary layer effects.

The experimental setup is the following. The gas is contained in a channel
formed between two parallel plates that are held at different temperatures.
When a field is applied perpendicular to both the temperature gradient and
the length I of the channel it causes a slip velocity along the wall in the
direction of I. This gives rise to a pressure gradient along the channel. To
get a measurable pressure difference under circumstances where Knudsen
effects are not too important, it is necessary to work with a long channel.
This has been achieved by placing 20 “elementary cells” in series between
the poles of the magnet. In fig. 1 the actual arrangement is shown schemati­
cally: a hot plate is sandwiched between two cold plates, and the channel
runs like a spiral around the hot plate. In such an arrangement the slip
direction follows the spiral and the effects of upper and lower channels

HOT

COLD

COLD

COLD

differential manometer

Fig. 1. Schematic diagrams of the apparatus.
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add up, making a total length of 20 X 170 mm. The walls separating the
channels are made of low-thermal-conductivity polyester of a 0.3 mm thick­
ness; they are glued into slots cut into the plates. The distance of 1.8 mm
between the plates is fixed by means of glass spacers. To guaranty the
homogeneity of the temperature the hot plate is heated by means of 18
heaters distributed through the plate. The cold plates are water cooled.
Typical temperature differences are between 5 and 40°C. The apparatus is
surrounded by a vacuum jacket.

Measurements have been performed for Na, CO, HD and CH4. As an ex­
ample, the results for N2 are shown in fig. 2, where the quantity pAp/AT
has been plotted vs. H\p. Here p is the pressure, Ap the pressure difference
over the channel, H the magnetic field and AT the temperature difference
between hot and cold plates corrected for the temperature jump at the
walls. In the figure one sees that for these (relatively high) pressures
pApiAT is nearly a function of H/p only. This is to be expected, as for
a boundary-layer effect Ap should be proportional to 1 Ip, while the H/p
dependence indicates that this effect belongs to the Senftleben-Beenakker
class of phenomena (for a survey see e.g. ref. 9). The small deviations from
the H/p behaviour are essentially the same as the deviations observed in
the measurement of the ordinary (dilute gas) transport coefficients. All
curves for different pressures can be brought to coincidence by application
of Knudsen corrections (1 +  K/p) both on the magnitude of the effect and
on the position of the curves on the H/p axis (see e.g. ref. 10). The extra-

Fig. 2. pAp/AT vs. H/p for N2.
+ P = 9.27 torr; - □ p =  5.43 torr; a p =  2.26 torr; o  p =  3.21 torr;

O p = 1.63 torr; -------- extrapolated curve corresponding to p —  oo.

65



polated curve, corresponding to p  =  oo has been included in the figure.
The absolute value of the effect, as determined in this preliminary experi­
ment is still rather uncertain: a scale factor of at most 1.5 cannot be ex­
cluded. The direction of the pressure gradient is for N2 and CO as indicated
in fig. 1, while for HD and CH4, which have opposite g factors, the opposite
direction is found. In all cases this slip would produce a torque opposite
to the one measured in the Scott effect. This is in agreement with a picture
that two contributions of opposite sign are present in the Scott effect. The
magnitude of the slip effects encountered here is such that these should
contribute significantly to the Scott torque. The slip mechanisms discussed
above predict that the effect should occur at values of Hj p  associated with
the Kagan polarization in the heat flow. Experimentally, however, one ob­
serves that for N2, CO and CH4 the value of Hj p  for which the maximum is
reached in this experiment is approximately a factor two lower than the
values occurring in heat-conductivity measurements11). For HD the differ­
ence is smaller, but there the curve spreads over such a range of Hj p  values
that the presence of a contribution at lower H\ p  values is suggested. More
experimental and theoretical work will be needed to clarify the situation.
Further experiments are now in progress, detailed information will be
published in due course.
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SAMENVATTING

In dit proefschrift worden experimenten beschreven over de invloed van
een uitwendig magnetisch veld op de viscositeit, 97, van meeratomige gassen.
In het algemene geval van een visceus medium wordt het verband tussen im­
pulsstromen en snelheidsgradiënten bepaald door een vierde rangs viscosi-
teits tensor. Voor een gas in een homogeen magnetisch veld kan men met be­
hulp van symmetrie relaties aantonen dat deze tensor zeven onafhankelijke
elementen bevat. Vijf van deze elementen zijn schuif viscositeits coëfficiën­
ten en worden 971, . . . ,  975 genoemd. Van deze coëfficiënten zijn 971, 972 en >73
even functies van het magnetisch veld, H, zij worden voor H — 0 gelijk aan
970, de veldvrije viscositeits coëfficiënt. De coëfficiënten 174 en 975 zijn oneven
functies van het veld en zijn nul in het veldvrije geval.

In hoofdstuk I wordt nagegaan hoe de vijf coëfficiënten afzonderlijk be­
paald kunnen worden. Dit blijkt mogelijk te zijn met behulp van twee ex­
perimentele opstellingen. In beide apparaten worden (veranderingen van)
drukverschillen gemeten die ontstaan door de invloed van het veld op de
stroming van het gas door een plat capillair. De oneven coëfficiënten worden
bepaald door een transversaal drukverschil te meten dat onder invloed van
het veld blijkt op te treden. Door metingen bij verschillende oriëntaties van
het veld ten opzichte van het capillair is het mogelijk 974 en 975 afzonderlijk te
bepalen onder nagenoeg dezelfde omstandigheden. In het tweede type ex­
periment wordt de verandering gemeten van het drukverschil over de lengte
van het capillair. Door deze veranderingen te meten voor verschillende
oriëntaties van het veld ten opzichte van het capillair zijn 971, 972 en 973 af­
zonderlijk te bepalen.

In hoofdstuk II en III worden resultaten gegeven van experimenten ter
bepaling van de oneven coëfficiënten. Eerst wordt nader ingegaan op de be-
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rekening van 974 en 975 uit de waargenomen transversale drukverschillen.
Met name wordt de afhankelijkheid van het drukverschil van de dimensies
van het apparaat experimenteel nagegaan, verschillende correcties worden
bepaald en systematische fouten worden afgeschat. Vervolgens worden re­
sultaten gegeven voor de gassen N2, CO, HD en CH4 bij kamertemperatuur.
Bij een vergelijking met de theorie blijkt dat de dominante bijdrage tot het
effect afkomstig is van de [J ]  <2> anisotropie van de verdelingsfunctie van de
impulsmomenten J. In hoofdstuk III worden resultaten gegeven voor 974 en
975 van 02. Deze coëfficiënten vertonen een zeer ingewikkelde afhankelijkheid
van veldsterkte en druk.

In hoofdstuk IV worden experimenten aan de even coëfficiënten beschre­
ven. Hierbij worden 971,972 en 973 bepaald voor de gassen N2, CO, HD, CH4 en
CF4. De resultaten blijken consistent met die voor 974 en 975: ook hier blijkt de
[J]<2> bijdrage dominant te zijn en de waarden voor de effectieve botsings-
doorsneden, waarin de resultaten zijn uit te drukken, komen zeer goed over­
een met die bepaald uit 974 en 975. De kleine afwijkingen van een zuiver [J]<2>
gedrag, die in alle gevallen gevonden zijn, worden besproken. In een appen­
dix wordt nader ingegaan op het gebruik van effectieve botsingsdoorsneden.

In hoofdstuk V worden enkele voorlopige resultaten gemeld van metingen
aan een nieuw verschijnsel: de thermo-magnetische slip. Het blijkt dat in
een sterk verdund gas onder invloed van een magnetisch veld en een tem-
peratuurgradiënt een stroming van het gas langs de wand ontstaat.
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Op verzoek van de faculteit der Wiskunde en Natuurwetenschappen vol­
gen hier enkele gegevens over mijn studie.

Na mijn Gymnasium-(3 opleiding van 1952 tot 1959 aan het Huygens Ly­
ceum te Voorburg begon ik in september 1959 mijn studie aan de Rijksuni­
versiteit te Leiden, waar ik in 1963 het kandidaatsexamen Natuurkunde en
Wiskunde met als bijvak Sterrekunde aflegde. Sindsdien ben ik op het Ka-
merlingh Onnes Laboratorium werkzaam in de werkgroep voor Molecuul-
fysica onder leiding van Prof. Dr. J. J. M. Beenakker en Dr. H. F. P. Knaap.
Veel experimentele ervaring deed ik op onder leiding van Dr. J. Korving.
In 1965 werkte ik gedurende enkele maanden in het “Instituut voor Lage
Temperaturen en Technische Fysica” te Leuven. Vanaf 1964 ben ik werk­
zaam op het natuurkundig practicum en vanaf 1966 assisteer ik voorts bij
het college moleculaire natuurkunde. In 1966 legde ik het doctoraalexamen
experimentele natuurkunde af en begon aan het in dit proefschrift beschre­
ven onderzoek. Sinds mei 1966 ben ik als wetenschappelijk medewerker in
dienst van de Stichting voor Fundamenteel Onderzoek der Materie (F.O.M.).

Dë experinienten werden verricht in samenwerking met achtereenvolgens
de heren Drs. A. M. Vossepoel, Drs. E. J. van Waasdijk, Drs. A. L. J. Burg-
mans, K. W. Walstra en F. G. van Kuik. Het apparaat, beschreven in het
laatste hoofdstuk, werd ontworpen in samenwerking met Drs. A. Schutte.
De technische realisering van de verschillende apparaten was bij de heren
J. M. Verbeek en P. Zwanenburg in bekwame handen. De technische voor­
zieningen kwamen tot stand dankzij inspanning van velen, van wie ik hier de
heren J. Turenhout, J. Dunsbergen en T. A. van der Heijden met name wil
noemen. De tekeningen van dit proefschrift zijn verzorgd door de heren
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