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if one makes the substitution (W —W°)¢/h =xz. For large values of ¢ this
reduces to

AL

21a® Pt/h.|v (WO "5 WO RIT(WO )| (1—cosw)/2? . de
Y Y Y ~

=2 |a®Re/h. v (WO, v ; WO, 0)[2 T (WO, ).
The probability per unit time of a transition to a state for which each v;, lies
between v," and vy, -+ dy;’ is thus (apart from the normalising factor)
2| a® 2/ . [ (WO, v 5 WO O 2T (WO, y") dyy . dyy ... dyy_1's (24)
which is proportional to the square of the matrix element associated with that
transition of the perturbing energy.

To apply this result to a simple collision problem, we take the o’s to be the
components of momentum p,, p,, p, of the colliding electron and the y’s to
be 0 and ¢, the angles which determine its direction of motion. If, taking the
relativity change of mass with velocity into account, we let P denote the
resultant momentum, equal to (p,2 -+ p,2 -+ p2), and E the energy, equal to
(m2ct-P2%?2)}, of the electron, m being its rest-mass, we find for the Jacobian

7= eper) _ BPg,g
C

o (E, 6, ¢)
Thus the J (W, ') of the expression (24) has the value
J(W, v') =EP sin 0'/2, (20)
where K" and P’ refer to that value for the energy of the scattered electron which

makes the total energy equal the initial energy WP (i.e., to that value required
by the conservation of energy).

We must now interpret the initial value of @ («'), namely, a® 3 (0" — o),
which we did not normalise. According to § 2 the wave function in terms of the
variables a; is b (a)= a («’) eV, 50 that its initial value is

a® S (o — og‘]) e~ W __ 0 3(}%' __1910) ) (1%' _ py()) S(p, — on) iV
If we use the transformation function™®
(@' [p) = (2rch) ~3/2e! 2w IR,

and the transformation rule
V) = (@) o) apd ap, ap/,

we obtain for the initial wave function in the co-ordinates z, y, z the value

aO (2nh)~—3/2 eiE,y;px%’/h e i}V’t/lL.

* The symbol 2 is used for brevity to denote w, y, z.
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This corresponds to an initial distribution of |a®|2(2rh)™3 electrons per unit

volume. Since their velocity is P%?/E° the number per unit time striking a

unit surface at right-angles to their direction of motion is |a®|2 P%2/(2rh)3 K.

Dividing this into the expression (24) we obtain, with the help of (25),

E'E°
04

42 @b By (s )2 g sin 0 4O’ dep'. (26)

This is the effective area that must be hit by an electron in order that it shall
be scattered in the solid angle sin 6" d0’ d¢’ with the energy E’. This result
differs by the factor (2rh)?2/2mE’ . P'/P° from Born’s.* The necessity for the
factor P’/P° in (26) could have been predicted from the principle of detailed
balancing, as the factor | (p"; 9|2 is symmetrical between the direct and
Teverse processes.y

§6. Application to Light-Quanta.

We shall now apply the theory of §4 to the case when the systems of the
assembly are light-quanta, the theory being applicable to this case since light-
quanta obey the Einstein-Bose statistics and have no mutual interaction. A
light-quantum is in a stationary state when it is moving with constant momen-
tum in a straight line. Thus a stationary state r is fixed by the three com-
ponents of momentum of the light-quantum and a variable that specifies its
state of polarisation. We shall work on the assumption that there are a finite
number of these stationary states, lying very close to one another, as it would
be inconvenient to use continuous ranges. The interaction of the light-quanta
with an atomic system will be described by a Hamiltonian of the form (20),
in which Hp (J) is the Hamiltonian for the atomic system alone, and the
coefficients v,, are for the present unknown. We shall show that this form
for the Hamiltonian, with the v,, arbitrary, leads to Hinstein’s laws for the
emission and absorption of radiation.

The light-quantum has the peculiarity that it apparently ceases to exist
when it is in one of its stationary states, namely, the zero state, in which its
momentum, and therefore also its energy, are zero. When a light-quantum
is absorbed it can be considered to jump into this zero state, and when one is
emitted it can be considered to jump from the zero state to one in which it is

* In a more recent paper (‘ Nachr. Gesell. d. Wiss.,” Gotitingen, p. 146 (1926)) Born has
obtained a result in agreement with that of the present paper for non-relativity mechanies,
by using an interpretation of the analysis based on the conservation theorems. I am
indebted to Prof. N. Bohr for seeing an advance copy of this work.

1 See Klein and Rosseland, ¢ Z. f. Physik,” vol. 4, p. 46, equation (4) (1921).
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physically in evidence, so that it appears to have been created. Since there is.
no limit to the number of light-quanta that may be created in this way, we must
suppose that there are an infinite number of light-quanta in the zero state, so
that the N, of the Hamiltonian (20) is infinite. We must now have 04, the
variable canonically conjugate to N, a constant, since

0, = OF/ON, = W, - terms involving Ny=* or (N 4-1)~*

and W, is zero. In order that the Hamiltonian (20) may remain finite it is
necessary for the coefficients v,9, v, to be infinitely small. We shall suppose
that they are infinitely small in such a way as to make v,)N* and v, Ny}
finite, in order that the transition probability coefficients may be finite. Thus.
we put
Vyo (Ng+ 1) e7 0 — g, 9o, N e/t = p %

where v, and v,* are finite and conjugate imaginaries. We may consider the
v, and v,* to be functions only of the J’s and w’s of the atomic system, since
their factors (N + 1)} e7™™" and Nl are practically constants, the rate
of change of N, being very small compared with N,. The Hamiltonian (20)
now becomes

F=Hp() +Z,W,N, + 2, . o[v,N " -+ v,*(N, -+ 1)} ¢~ /"]
"I‘ Z‘r#OZs# 0 'vrsNr{i (Ns + 1— Srs)?‘r ei ((b—~9.«)/h‘ (27)

The probability of a transition in which a light-quantum in the state # is.
absorbed is proportional to the square of the modulus of that matrix element of
the Hamiltonian which refers to this transition. This matrix element must
come from the term o,N,%¢*” in the Hamiltonian, and must therefore be
proportional to N,’* where N,’ is the number of light-quanta in state # before
the process. The probability of the absorption process is thus proportional
to N,’. In the same way the probability of a light-quantum in state r being
emitted is proportional to (N,” +- 1), and the probability of a light-quantum in
state r being scattered into state s is proportional to N,/ (N, 4 1). Radiative
processes of the more general type considered by Einstein and Ehrenfest,T in
which more than one light-quantum take part simultaneously, are not allowed
on the present theory.

To establish a connection between the number of light-quanta per stationary
state and the intensity of the radiation, we consider an enclosure of finite
volume, A say, containing the radiation. The number of stationary states
for light-quanta of a given type of polarisation whose frequency lies in the

1 ¢ Z. . Physik,’ vol. 19, p. 301 (1923).
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range v, to v, + dv, and whose direction of motion lies in the solid angle dew,
about the direction of motion for state » will now be Av,2dv,dw,/c>. The energy
of the light-quanta in these stationary states is thus N," . 2rhv, . Av,2dv,dw,/c
This must equal Ac¢ 'Tdv,dw,, where I, is the intensity per unit frequency
range of the radiation about the state #. Hence

I, == N, 2mh)v,>/c?, (28)
so that N, is proportional to I, and (N,” -}- 1) is proportional to I, + (2rch)v.3/c2.
‘We thus obtain that the probability of an absorption process is proportional to
I,, the incident intensity per unit irequency range, and that of an emission
process is proportional to I, (2wh)v,3/c?, which are just Hinstein’s laws.*®
In the same way the probability of a process in which a light-quantum is scattered
from a state # to a state s is proportional to L [I, 4 (27h)v,2/c?], which is Pauli’s
law for the scattering of radiation by an electron.{

§7. The Probability Coefficients for Emission and Absorption.

‘We shall now consider the interaction of an atom and radiation from the wave
point of view. We resolve the radiation into its Fourier components, and
suppose that their number is very large but finite. Let each component be
labelled by a suffix #, and suppose there are o, components associated with the
radiation of a definite type of polarisation per unit solid angle per unit fre-
quency range about the component #. Hach component  can be described by
a vector potential «, chosen so as to make the scalar potential zero. The
perturbation term to be added to the Hamiltonian will now be, according to
the classical theory with neglect of relativity mechanics, ¢™* X, «, X,, where X,
is the component of the total polarisation of the atom in the direction of «,,
which is the direction of the electric vector of the component 7.

We can, as explained in § 1, suppose the field to be described by the canonical
variables N,, 0,, of which N, is the number of quanta of energy of the com-
ponent 7, and 0, is its canonically conjugate phase, equal to 2mhv, times the
0, of §1. We shall now have «,==a, cos 0,/h, where a, is the amplitude of
x,, which can be connected with N, as follows :—The flow of energy per unit
arca per unit time for the component r is me™ a,?v,% Hence the intensity

* 'The ratio of stimulated to spontaneous emission in the present theory is just twice its
value in Einstein’s. This is because in the present theory either polarised component of
the incident radiation can stimulate only radiation polarised in the same way, while in
Kinstein’s the two polarised components are treated together. This remark applies also
to the scattering process.

1 Pauli, * Z. f. Physik,” vol. 18, p. 272 (1923).
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per unit frequency range of the radiation in the neighbourhood of the com-
ponent 7 is I, =1mc™1a,2v,%5,. Comparing this with equation (28), we obtain
a,= 2 (hv,/cc,)*N,}, and hence

&, = 2 (hv,Jca,)t N,} cos 6,/h.

The Hamiltonian for the whole system of atom plus radiation would now be,
according to the classical theory,

P = Hp (J) + %, @hv,) N, -+ 2025, (hv,fco,) X,NFcos 0,/h,  (29)
where Hp (J) is the Hamiltonian for the atom alone. On the quantum theory
we must make the variables N, and 0, canonical g-numbers like the variables
J wy, that describe the atom. We must now replace the N,* cos 6,/A in (29)
by the real g-number : _

LN €07 4 =N 1y = L (N, 7 - (N, -+ 1)t =078}
8o that the Hamiltonian (29) becomes
F=H,(J) + Z, 2rhy,) N, ¢ E, (v, /5,)* X, {N,} ¢iorih (N, - 1)2 gty
(30)
This is of the form (27), with .
‘ v, = 0% =htc"¥(v,/0,) X, (31)
and V=0 (r, s 5 0).
The wave point of view is thus consistent with the light-quantum point of view
and gives values for the unknown interaction coefficient v,, in the light-
quantum theory. These values are not such as would enable one to express
the interaction energy as an algebraic function of canonical variables. Since
the wave theory gives v,,= 0 for 7, s # 0, it would seem to show that there are
no direct scattering processes, but this may be due to an incompleteness in
the present wave theory.

We shall now show that the Hamiltonian (30) leads to the correct expressions
for Einstein’s A’s and B’s. 'We must first modify slightly the analysis of §5
50 as to apply to the case when the system has a large number of discrete station-
ary states instead of a continuous range. Instead of equation (21) we shall
now have '

tha(o) =2V («a")a").
If the system is initially in the state «°, we must take the initial value of a (')
to be 3,w, which is now correctly normalised. This gives for a first approxi-

mation
: th ¢ (o) =V ('00) = v(a'a?) ¢V ()= W]tk
which leads to

W @)= WOItih __ |

ha(e) =dve 0 ) ST G
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corresponding to (22). If, as before, we transform to the variables W, -,
9 --» Yu—1, We obtain (when vy # v°)

a (Wy') = o (W', ¥ 5 WO, y9) [1—ei (V=W 0] (W7 W),

The probability of the system being in a state for which each vy, equals v’
Is Ty |a (W' y')%  If the stationary states lie close together and if the time ¢

is not too great, we can replace this sum by the integral (AW)_lj | (W) [2dW’,

where AW is the separation between the energy levels. Evaluating this integral
as before, we obtain for the probability per unit time of a transition to a state
for which each v, =1’

2 [RAW .| o (WO, v 5 WO, %) (32)
In applying this result we can take the y’s to be ahy set of variables that are
independent of the total proper energy W and that together with W define
a stationary state.

We now return to the problem defined by the Hamiltonian (30) and consider
an absorption process in which the atom jumps from the state J° to the state
J” with the absorption of a light-quantum fromstate ». We take the variables
v’ to be the variables J” of the atom together with variables that define the
direction of motion and state of polarisation of the absorbed quantum, but
not its energy. The matrix element » (W?, y'; W, v°) is now

B (3,0, X, (TN,
where X, (J°J') is the ordinary (J°J’) matrix element of X,. Hence from (32) the
probability per unit time of the absorption process is

27r
WAW 03

To obtain the probability for the process when the light-quantum comes from

s X, (3°F7) | 2N,

any direction in a solid angle dw, we must multiply this expression by the number
of possible directions for the light-quantum in the solid angle dw, which is
de 6, AW [2zh. This gives

|X(J0J JEN? = deo 2!X(J°J’ )]21,

A k2
with the help of (28), Hence the probability coefficient for the absorption
process is 1/2wh%cv,?. [X, (J°F’) |2, in agreement with the usual value for Ein-
stein’s absorption coefficient in the matrix mechanics. The agreement for
the emission coefficients may be verified in the same manner.
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The present theory, since it gives a proper account of spontaneous emission,
must presumably give the effect of radiation reaction on the emitting system,
and enable one to calculate the natural breadths of spectral lines, if one can
overcome the mathematical difficulties involved in the general solution of the
wave problem corresponding to the Hamiltonian (30). Also the theory enables
one to understand how it comes about that there is no violation of the law of the
conservation of energy when, say, a photo-electron is emitted from an atom
under the action of extremely weak incident radiation. The energy of inter-
action of the atom and the radiation is a g-number that does not commute with
the first integrals of the motion of the atom alone or with the intensity of the
radiation. Thus one cannot specify this energy by a c-number at the same
time that one specifies the stationary state of the atom and the intensity of the
radiation by c-numbers. In particular, one cannot say that the interaction
energy tends to zero as the intensity of the incident radiation tends to zero.
There is thus always an unspecifiable amount of interaction energy which
can supply the energy for the photo-electron.

I would like to express my thanks to Prof. Niels Bohr for his interest in this
work and for much friendly discussion about it.

Sumimary.

The problem is treated of an assembly of similar systems satisfying the
Einstein-Bose statistical mechanics, which interact with another different
system, a Hamiltonian function being obtained to describe the motion. The
theory is applied to the interaction of an assembly of light-quanta with an
ordinary atom, and it is shown that it gives Einstein’s laws for the emission
and absorption of radiation.

The interaction of an atom with electromagnetic waves is then considered,
and it is shown that if one takes the energies and phases of the waves to be
g-numbers satisfying the proper quantum conditions instead of c-numbers,
the Hamiltonian function takes the same form as in the light-quantum treat-
ment. The theory leads to the correct expressions for Einstein’s A’s and B’s.
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