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Introduction

Over the past decade, cosmology, the study of the large scale properties of the universe,
has rapidly become accessible to a range of observational tests. This has led to a standard
model of cosmology, often referred to as the Concordance Model, in which the universe was
formed about 14 billion years ago with the Big Bang. One of the most striking aspects of this
model is that only 5 % of the energy content of the current universe consists of the types of
matter (mainly baryonic matter) that we are familiar with. The other 95 % consists of Dark
Matter (roughly 25 %), matter of which the only notable interaction with ordinary matter is
through gravity, and Dark Energy (roughly 70 %), the “energy” responsible for the observed
accelerated expansion of the universe. Cosmology can be important for theoretical (particle)
physics in two ways. Firstly, any theory that claims to decribe the physics of our universe
should be able to explain Dark Matter and Dark Energy. Secondly, the early universe could
turn out to be the only setting in which new theories of particle physics can be tested. In
particular, there is a lot of interest in so called grand unified field theories (GUT) of particle
physics, in which the three fundamental forces (gravity is excluded) are unified into one force.
Typically, the differences between a GUT and the current standard model of particle physics
will only be observable at very high energy scales (order 10'° GeV). It is extremely difficult
to reach these energy scales in particle accelerators on earth, but if we look back in time far
enough in the early universe, there will be a time at which the typical particle energy is of
this order. Hence, any candidate field theory for the description of particle physics could in
principle be tested by comparing its predictions on cosmology to observations.

In certain field theories, field configurations may exist in which energy is trapped in a
region and cannot dissipate away to infinity due to topological constraints on the evolution of
the fields. A particular example of such a so called topological defect solution is the cosmic
string. For these solutions, the energy is trapped around a line shaped region. Cosmic strings
could be relevant to cosmology because certain grand unified theories of particle physics pre-
dict that a network of strings is formed in the very early universe. Such a network typically
consists of both closed string loops and infinite strings. While the closed string loops can
decay by emission of particles and gravitational radiation, topology prevents this from hap-
pening to the infinite strings. This is a potential problem because, if the infinite strings do
not lose energy at a sufficiently high rate, they will come to dominate the energy content of
the universe soon after the formation of the string network. This is clearly inconsistent with
the current cosmological paradigm. A solution is offered by a process called intercommuta-
tion, the exchange of ends when two string segments come to intersect. If intercommutation
occurs when an infinite string intersects itself, a loop is formed that subsequently decays.
This way, the infinite string (network) loses some of its length and energy. It turns out that if
the intercommutation probability (the probability for intercommutation to take place when
two string segments meet) is of order one, the network can lose energy fast enough for the



existence of strings to be consistent with our current ideas about cosmology based on obser-
vation. From the above, it follows that the study of cosmic strings could provide a way to
distinguish observationally between different particle physics models. If for example a field
theory predicts that the intercommutation probability of strings is equal to zero, this theory
probably describes a universe in which strings dominate and therefore cannot be the right
theory.

Mainly for the reason explained above, there has been a lot of interest in the intercom-
mutation behavior of cosmic strings ([19, 28]). In this thesis, we will confine our attention to
U(1) strings (both local and global). For this type of strings, earlier work suggests that the
intercommutation probability is indeed close or equal to one. However, from the literature,
it is not entirely clear if strings also intercommute for very high speeds of approach (close
to the speed of light) of the string segments. Some papers suggest that for speeds above a
certain threshold velocity, strings do not intercommute, but simply pass though each other
instead. In our own numerical simulations of string intercommutation for high speeds of ap-
proach, which will be presented in this thesis, we find no evidence for the existence of such
a threshold velocity. We find that strings intercommute in all cases investigated, where we
looked at both global strings and local strings. For local strings, we considered several values
of the parameter (3, which is the square of the ratio of the Higgs mass to the gauge mass.

The goal of this thesis is twofold. First of all, in the first two chapters, we wish to give
a self-contained introduction to cosmic strings and cosmology and explain what the role of
cosmic strings in cosmology could be. We will be particularly concerned with the process
of intercommutation. Secondly, in the last two chapters of the thesis, we discuss our own
numerical simulations of intercommutation and the results following from these simulations.

We will now give a brief overview of the contents of this thesis. In chapter 1, we first intro-
duce the abelian Higgs model (which can be seen as the relativistic version of the Ginzburg-
Landau model for superconductors). Then, we will discuss the string solutions occurring in
this model and, in particular, the Abrikosov-Nielsen-Olesen solution. Finally, we will devote
a section to a more general description of topological defects, of which cosmic strings are an
example, in terms of topology. In chapter 2, we start with a brief introduction to cosmology.
We will, among other things, discuss how the evolution of the universe depends on the types
of matter or energy it contains. We will also describe the Concordance Model. We will discuss
how, in certain grand unified theories (GUT) of particle physics, there is a series of phase
transitions in the very first moments after this big bang, that can lead to the formation of a
network of cosmic strings. Here, the cosmic strings are topologically stable configurations of
the fields describing particle physics, i.e. the fields appearing in the GUT. The last part of
chapter 2 will then be devoted to the discussion of the evolution of string networks and the
interaction of cosmic (U(1)) strings.

In chapter 3, we will describe how we built our simulations of cosmic strings. In these
simulations, the interaction of strings is simulated by putting the initial field configuration
of two straight strings on a three dimensional lattice and evolving this configuration us-
ing the hamiltonian formalism. We will first discuss how the continuous field theory we
are interested in is discretized, then we will show in detail how the initial configuration
is constructed. Next, we discuss the boundary conditions of our simulations and finally,
we will make some remarks about the code we used (codes are available online through
www.lorentz.leidenuniv.nl/"rdeputter). In chapter 4, we present the results of our sim-
ulations. We discuss a particular example of the intercommutation of two local strings and
find that the intercommutation process is very fast. During the process, the strings definitely



cannot be described as Nambu-Goto strings. This is consistent with earlier numerical work.
We also present simulations of the interaction of strings with very high speeds of approach
(close to the speed of light) and find no evidence for the existence of a threshold velocity.
Also, we will make some remarks on the formation of a string loop, which sometimes occurs
after intercommutation.






Chapter 1

Cosmic strings and the abelian
Higgs model

1.1 Introduction

In certain particle physics models, topologically non-trivial “false ground states” may exist
as solutions of the (classical) equations of motion. These so called topological defects can be
considered ground states because their topology and the demand of continuous field evolution
ensure that it takes an infinite amount of energy to evolve to the topologically trivial “real”
ground state. For this reason, these solutions are called topologically stable. The word “false”
is motivated by the fact that these configurations are not the lowest energy solutions: energy
is “trapped” around these defects. We start this chapter (section 1.2) with an introduction
to the abelian Higgs model. In particle physics, this model describes the interaction of a
Higgs boson with an electromagnetic field. In section 1.3, we will discuss the nature of the
topological defect solutions arising in the abelian Higgs model. In two spatial dimensions,
these defects are known as vortices. A famous example of such a vortex, the Abrikosov-
Nielsen-Olesen vortex, will be discussed in subsection 1.3.1. In three dimensions, vortices
generalize to strings. We will end this chapter (section 1.4) with a more general discussion of
defect solutions, in terms of topology. Even though strings also exist in other field theories,
in this thesis, we will restrict our attention to the strings existing in the abelian Higgs model.
The main reason for this, is that the abelian Higgs model seems to be the simplest relevant
model to allow strings.

1.2 The abelian Higgs model

The abelian Higgs model describes a complex scalar field ¢ (the Higgs field) and a real vector
field A,. It can be built up from a model with just a Higgs field by demanding local gauge
invariance as follows. We start with the lagrangian density

L= 0,00"6" — V(o). (L1)

Throughout this thesis, we will use the summation convention, unless explicitly stated oth-
erwise. Greek indices are understood to run from 0 to 3 and latin indices run from 1 to 3.
The metric is of the form (4, —, —, —) and we work in units with the speed of light ¢ = 1 and
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Planck’s constant A = 1, unless explicitly stated otherwise. Clearly, this lagrangian density
and hence the action it defines,

S:/\/—_gd4:v£, (1.2)

are invariant under global transformations of the form ¢(x) — ¢'(z) = e*“¢(x), where e
is a constant that will later play the role of a charge. However, if we let o depend on the

space-time coordinate x = (20, 2!, 22, 23), i.e.

¢(z) — ¢'(z) = W(x), (1.3)

the lagrangian density is no longer invariant because under this transformation 0,¢(x) —
' (z) = )9, () + ie(d a(z))e!®) p(x). Tt is the second term of the expression for
0,9 (z) that spoils the gauge invariance for local transformations. To obtain a model that is
not just invariant under global, but also under local gauge transformations, we replace the
partial derivatives 0, in the lagrangian density by covariant derivatives

D, =0, +ieA,, (1.4)

where we have introduced a gauge field A,, and demand that D,¢ transforms in the same
way as ¢, i.e. D) ¢'(z) = @) D, ¢(x). This means that A, has to transform as

Ay — Al = A, — 0. (1.5)

The lagrangian density of the abelian Higgs model is now found by adding the standard kinetic
energy term of a massless vector field (a mass term would destroy local gauge invariance):

L= Dud(DH6)" — LF™ Eyy ~ V(1)) (1.6

with F,, = 0,A, — 0, A, an anti-symmetric rank two tensor. The gauge field A, describes
an electromagnetic field with electric field strength! E* = —F%_ and magnetic field strength
B’ = —%eiijjk., where €% is the anti-symmetric tensor with €23 = 1. By construction,
this lagrangian density is invariant under local gauge transformations as defined by (1.3) and
(1.5).

The model is used in condensed matter physics to describe superconductivity. In this case,
the field ¢ describes the order parameter of the superconductor and the model is referred to
as the Ginzburg-Landau model. The application that will be relevant for us however, lies
in particle physics. Here, the abelian Higgs model is the simplest model to describe the
interaction of the Higgs particle with a vector boson. To actually describe particles and their
interactions, it is of course necessary to quantize the fields and define a Hilbert space that
will contain the particle states. However, for our purpose, namely the study of topological
defects, the occupation numbers of the different quantum states are high and it will be
sufficient to treat the fields classically. The role of this particle physics model in cosmology,
and in particular the (cosmic) strings appearing in it, will be discussed in more detail in the
next chapter.

Because of the gauge invariance of the theory, it follows from Noether’s theorem that there
is a conserved current J* such that 9, J" = 0. Using the expression

. 0L gl
80, O la=0’

(1.7)

Tn our conventions, E = (E', E?, E3) and B = (B!, B%, B®). Lowering the index introduces a minus sign.
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Figure 1.1: The mexican hat potential as a function of the real and imaginary parts of the
Higgs field. The minima lie on the circle in the complex plane defined by |¢| = 7.

where the sum runs over all independent fields (labeled by 7) (in this case ¢, ¢* and A,) and
¢! is defined to be the result of a global gauge transformation working on ¢*, one finds

Tt =i (§(D"e)* — ¢ (D"9)). (1.8)

The zeroth component of this current is the charge density and the vector part the charge
current. The energy-momentum tensor is given by

TH = 2DV (DY ¢)* — FFFY, — g L. (1.9)

One example of a potential that gives rise to topological defects, is the Mexican hat potential

V(lol) = J(of )% (1.10)

with A > 0. This potential is shown in figure 1.1 and has a degenerate minimum, given by
|¢| = n. The Euler-Lagrange equations corresponding to (1.6) read:

DD 6+ 2 (16 ~ )9 = 0 (111)
and
O FH = Jv. (1.12)
The v = 0 equation can also be written as
V-E=.J° (1.13)

which is known as Gauss’ law.

It is important to realize that the abelian Higgs model, with potential (1.10), has three
independent parameters: e, 1 and A. As we will show in section 2.4, the mass of the Higgs
particle m and the mass of the gauge boson M described by this model, are given in terms
of these parameters, by

m =V,
M = \2en. (1.14)

The inverses of these masses are characteristic length scales of the system. It turns out that
the fields and distances can be rescaled in such a way that the dynamics of the rescaled system
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only depend on one parameter, namely the ratio of the square of the Higgs mass to the square
of the gauge mass: 8 := {7 = ﬁ The other two degrees of freedom in parameter space
only have relevance in that they determine the energy and length/time scales of the system.
This is shown explicitly by rescaling the metric by the length naturally defined by the Higgs
mass,

ds”? =m™2ds* = (\n?) "1 ds?, (1.15)
rescaling ¢ according to
¢ =n"1o, (1.16)
and rescaling the gauge field according to
A=A, = A, 1.17
w m H \/XU 1% ( )
The lagrangian density (1.6) with mexican hat potential then becomes
ﬁ—)\4 8/+-A/ /a/u_-A/u /*_EF/;LVF/ _1 /2_12 1.18
= ot [+ i) (@ —iam) - CE L, - 29 -1 (L)

From this it indeed follows that, scaling of fields and distances aside, the model is fully
characterized by 3.

As an alternative to the lagrangian formulation, one can also use the hamiltonian formal-
ism to describe the evolution of the fields. In fact, this is the approach we will take later
when we perform numerical simulations of the interaction of two strings. In the hamiltonian
formalism, we define the conjugate momenta of the fields by taking the partial derivative of
the lagrangian density to the time-derivative of the field. The hamiltonian is then constructed
by applying a Legendre transformation to the lagrangian

L= /dfﬁ. (1.19)

This procedure is simplified significantly if we first fix the gauge in a convenient way. Through-
out this thesis, we will work in the temporal gauge, which means that Ao = 0. The gauge
freedom ensures that we can always make this choice, for if Ay # 0, Ay can be put to zero
by a gauge transformation with dpae = Ag. Note that after imposing the temporal gauge, we
have an additional gauge freedom left because the gauge is left intact by transformations with
0o = 0. In the temporal gauge, the conjugate momentum of the Higgs field is

oL

— _ a0 1*
™= 580¢—8¢, (1.20)

while for the gauge field, the conjugate momentum turns out to be equal to the electric field

strength,
oL

000 A;

The hamiltonian density now reads

—F% =F". (1.21)

H = w80<b+7r*80¢)*+Ei80Ai—[,

1 = = .= A
= §(E2+BZ)+TF7T +|D¢’2+Z(|¢|2_772)2 (1.22)
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Figure 1.2: Configurations of the Higgs field at spatial infinity with, from left to right, winding
number n = 0, n = 1 and n = —1. The arrows indicate the phase of the field. Configurations
with non zero winding number correspond to topological defects.

and the energy is given by

H = /da’:’H. (1.23)
The resulting hamiltonian equations, qb = ‘;—7; and 7 = _% + ai(%%, read
o
dat
dm 41\ % A *
— = —(DiD'¢)" = S(|¢* —n*)¢ (1.24)
dt 2
and
dA;
= —F
dt
dE; ) N . -
o = e0(Dig)" = ¢"Dig) + & (954 — 8i4y),
E =g = —
or Cil_t = J+VxBDB, (1.25)

with J = (J1,J2,J3) defined in (1.8). This set of equations is equivalent to the Lagrange
equations (1.11) and (1.12).

1.3 Defect solutions

The defect solutions of the abelian Higgs model can be most easily understood by first con-
sidering the model in two spatial dimensions and then generalizing the results to three dimen-
sions. For a solution to have finite energy, the field must go to a vacuum value, i.e. a value
that minimizes the potential V', at spatial infinity. The vacuum manifold will be defined to be
the set of all such vacuum values. Since the potential (1.10) attains its minimum for values of
the field of the form ¢ = ne’¥ (1 real), the vacuum manifold is a circle in the complex plane.
Hence, every finite energy solution implies a map from the circle at spatial infinity (a circle
because space is two dimensional) to a circle in the complex plane. This map is defined by
d(r = 00,0) = ne®®)  with ¢ a continuous function of . Since ¢ must be continuous, the
phase 1 of the field must change by an integer multiple of 27 if we move around the circle
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at spatial infinity once, i.e. ¥(0 4+ 27) = ¢(0) + n2xw. The winding number n can be used to
divide the solutions into distinct topological classes. Since gauge transformations can only
change the phase of the Higgs field, and since this change in phase has to be a continuous
function of space (and time), the winding number is a gauge invariant quantity. Moreover,
since field evolution has to be continuous and since at spatial infinity the field has to remain in
the vacuum, it is imposibible for a configuration to evolve into a configuration with different
winding number over time. Hence, the winding number is called a topologically conserved
quantity and can be used to classify solutions. An example of a configuration with winding
number n is given by

P(r = 00, 0) = net™? (1.26)

(see figure 1.2) and in fact, any configuration with winding number n can be continuously
deformed into a configuration of this form.

Even though locally, because of gauge invariance, the phase of the Higgs field has no
physical meaning, there are some quite dramatic differences between solutions with different
winding number. Since the energy density (equation (1.22)) is a sum of positive definite
terms, it can be easily seen that the vacuum solution (the one with zero energy) has |¢| =7
everywhere and can, up to a gauge transformation, be written as ¢ =7, 4, = 0 and therefore
has n = 0. For an n # 0 configuration however, continuity requires that the Higgs field
reaches zero somewhere. Hence, the energy of any such configuration will be bigger than
0. The region(s) around the zero(es) of the Higgs field will have non-zero potential energy.
These points where topology forces the field to be zero are called topological defects.

1.3.1 The Abrikosov-Nielsen-Olesen vortex

The simplest n = 1 vortex solution is the cylindrically symmetric static Abrikosov-Nielsen-
Olesen solution ([2],[24]), which in polar coordinates is given by

o(r,0) = nX(r)ew, (1.27)

A (r,0) = %1(1 — P(r))0,0, (1.28)

with X (r) and P(r) real functions ([10]). The Higgs field of such a configuration is shown
in figure 1.3. At » =0, X(r) = 0 and P(r) = 1 and the energy density attains a maximum.
For r — oo the Higgs field approaches its vacuum value (X (r) — 1) and P(r) goes to zero.
In between, the profiles X (r) and P(r) are such that the total energy is minimized: on the
one hand, the Higgs field “wants” to reach its vacuum value as fast as possible, on the other
hand, if this goes too fast, the gradients in the energy density become too high. We will now
discuss how the profiles X (r) and P(r) can be found. This discussion gets rather technical,
but is included anyway, because it will be of use when we discuss how to construct the initial
field configuration for a numerical simulation of string interactions in chapter 3.
The profiles that minimize the total energy can in principle be found by plugging the
Abrikosov-Nielsen-Olesen ansatz into the equations of motion:
X' XP?2 \p?
+

_X//__+

ZT(X2-1D)X =0 1.29
- 2 2( ) ; (1.29)

Pl
—P" 4+ — 4+ 2%’ PX? = 0. (1.30)
T
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Figure 1.3: Higgs field of an Abrikosov-Nielsen-Olesen vortex. When a path around the center
of the vortex is followed, the phase of the fields changes by 27. Because of this, and because
the field has to be continuous, there has to be a point where the field is equal to zero (the
center of the vortex). The energy in the region surrounding this point is trapped because of

the conservation of winding number.
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If we rescale r by the characteristic length m ! set by the Higgs mass,
Tnew = \/XU Told, (131)

the equations will, in terms of the rescaled coordinate, only depend on the parameter § = %,
which was introduced in the previous section. In terms of the rescaled coordinates, the
equations read

X XP?2 1
—X - e (X - DX =0, (1.32)
P/
—P'+— 4+57'PX? =0, (1.33)
T

where primes now denote derivatives with respect to the rescaled distance rpew. If 3 = 1,
these equations factor into two (coupled) first order differential equations:

rX' = XP, (1.34)
1
P = 5r()(? —1) (1.35)

Unfortunately, these equations cannot be solved analytically. In section 3.3, we will find the
profiles numerically by minimizing the energy. In terms of X (r) and P(r) (still working in
rescaled coordinates),

2P2 P/2 1
_ 4 12 - - 2 2
L=—X\ (X + (X -] ) (1.36)
such that - o
% X?p P? 1
H= 27rn2/0 drr (X/2 s J— 5 Z(X2 - 1)2) (1.37)

because for a static solution H = —L.

This solution trivially generalizes to three dimensions by simply adding an extra coordi-
nate, say z. Now the Abrikosov-Nielsen-Olesen solution corresponds to a straight string on
the z-axis. The energy per unit (physical) length u = —Z is given by

(ee]
W= 27r772/ drr (X'2
0

and can be calculated if the string profiles X (r) and P(r) (still in terms of rescaled coordinates)
are known. In three dimensions, the stability of defects is again ensured by the conservation
of winding number around circles at spatial infinity. The difference with the two dimensional
model is that in three dimensions one has to specify a particular circle (or in general, loop)
to be able to speak about winding number in an unambiguous way. In general, if a loop C
at infinity has winding number n, then for any surface S with boundary C, the magnetic flux
(®) through it is quantized. The reason for this is that the condition that the energy density
at infinity is equal to zero forces A, to be such that D,¢ = (0, —I—ieA”)neiw(e) =0 at C, where
we have written ¢ = ne¥(?) with ¢ (6) real as in the first paragraph of section 1.3. This gives
Au(z) = —10,1(0), such that

@::/d%fﬁ:fﬁ ds == j{w ds—n— (1.39)
% C

X2P2 P2 o1
05 Z(X2_1)2> (1.38)
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where B is the component of B perpendicular? to S and A= (AL, A% A3).

Not all strings are of course exact Abrikosov-Nielsen-Olesen strings. Strings do not have
to be straight and they can have velocities® that may depend on the location on the string.
The orientation of a string will be defined to be determined from the winding of the Higgs
field around it by applying the right hand rule to the direction in which the phase increases
by a positive multiple of 2. This is also the direction of the magnetic flux through the string
(see equation (1.39)). In figures, we will often indicate this direction by an arrow. As will
be discussed in chapter 2, in cosmology entire string networks are studied. These strings are
often referred to as cosmic strings and should not be confused with the fundamental strings
that appear in string theory. Because of the conservation of winding number, strings cannot
just end, so strings are either infinitely long or form loops. The strings in the abelian Higgs
model are also often called local strings because they appear in a local gauge theory. If no
gauge fields are present (this corresponds to § — o0), the strings are called global strings.

Even though the existence and stability of string configurations can be understood quite
well intuitively in the abelian Higgs model, in more complicated models a more formal math-
ematical approach is necessary. In the next section we will briefly discuss the basic concepts
from topology necessary to get an understanding of topological defects in general models.
We will also discuss some examples of topological defects that occur in different models, like
domain walls and monopoles.

1.4 Topology and topological defects

Whether or not a model allows topological defects and, if so, what kind of defects, all depends
on the so called homotopy groups of the vacuum manifold. These homotopy groups are used
in topology to provide a classification of topologies. Before we explain what exactly homotopy
groups are, it is useful to first discuss some basic topology. A far more complete introduction
to topology can be found in [4]. An alternative discussion of the applications of topology in
gauge theories can be found in [15]. In this section, we will assume the reader to be familiar
with some very basic group theory and to have some basic knowledge of functions. In terms
of topology, we tried to make this section as self-contained as possible. We will start with
some definitions.

Definition A topological space is a set X equipped with a topology O

Definition A topology O on a set X is a nonempty collection of subsets of X, called “open
sets”, such that

1. Any union of open sets is open:

0;€0 Viel = |Ui0:€0

2. Any finite intersection of open sets is open:

0,€0 Vie {0, ..,n} = ﬂ?:() 0,€0

3. Both X and the empty set are open:

XeQandoecO

2The direction of the flux follows from the orientation of the loop by the right hand rule.
3The field configuration of a moving straight string is obtained by applying a Lorentz boost to a static
Abrokosov-Nielsen-Olesen configuration.
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If X is a topological space and Y C X, the induced topology on Y is simply the collection
of open sets in X intersected with Y. So if Ox and Oy are the topologies of X and Y
respectively, Oy = {ONY : O € Ox}. In this section, all spaces will be assumed to have a
topology, even if we do not explicitly call them topological spaces. With the use of open sets,
it is possible to formulate the notion of continuity.

Definition A function f: X — Y is continuous if and only if the inverse image of each open
set is open in X.

This definition is a natural generalization of the familiar notion of continuity from real anal-
ysis, in which case, the open sets are defined in tems of a distance function or metric. A
continuous function is often called a map. A path in a topological space X is a continuous
function 7 : [0,1] — X. The points 7(0) and (1) are said to be joined by the path 7. An
interesting property of topological spaces is whether or not they are path connected.

Definition A space is called path connected if any two of its points can be joined by a path.

Definition A homeomorphism f : X — Y is a function which is continuous, one-one, onto
and has a continuous inverse

If there exists a homeomorphism between two spaces X and Y, they are called homeomorphic
and we will write* X 22 Y. Since, by definition, a homeomorphism provides a one-one onto
correspondence between the topologies of X and Y, topologically X and Y can be considered
identical. In other words, if X =2 Y, all topological results proven for X, automatically also
hold for Y.

Much can be learned about the topology of a space by analyzing its homotopy groups.
The first homotopy group, also called the fundamental group, is constructed out of the set
of loops in a space that begin and end at some specified point. A loop in a space X, based
at a point p € X, is defined as a map a : [0,1] — X, with «(0) = a(1) = p. Note that an
equivalent definition would be that of a map from the unit circle to X that maps (at least)
one point of the circle to p. If two loops can be deformed into each other in a continuous
fashion, they are called homotopic to each other. We wish to divide the collection of loops
into equivalence classes of loops that can be continuously deformed into each other. Of course,
we first need to properly define what it means for two loops, or in general two maps, to be
homotopic to each other.

Definition Let f,g : X — Y be maps. Then f is homotopic to g if there is a map F :
X x [0,1] — Y such that F(x,0) = f(z) and F(z,1) = g(z) Ve X.

If such an F exists, it is called a homotopy. For two loops a and § in X based at point
p € X to be equivalent (o ~ (3), we demand they are homotopic, i.e. there is a homotopy
F :[0,1] x [0,1] — X with F(z,0) = a(z) and F(z,1) = B(x) Vz € [0,1] but with the
extra condition F(0,t) = F(1,t) = p Vt € [0,1]. This condition makes sure that for each
t, F(x,t) describes a loop with base p. Since F' is continuous, the parameter ¢ continuously
takes the loop a to 3. The equivalence relation defined above divides the collection of loops
into equivalence classes denoted by @ := {loops § s.t. f ~ a}. A group structure on this
collection of equivalence classes naturally arises if we define the product of two loops as:

w__»

41f two groups are isomorphic, we will use to avoid confusion.
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Definition The product « - G of loops « and g is itself a loop and is defined by

\/\
\/\

a(2t) ,
pRt-1)

1
(a-B)(t) = 2
1

N= o
I/\

In words, the product of a and g is found by starting at p, then first following the loop
a, which eventually leads back to p again, and then following (. It is trivial to see that
indeed « - ( is again a loop. It can then be shown that the multiplication on the equivalence
classes, @ - 3 := «a- f3, is well defined and implies a group structure. This group is called
the fundamental group of X based at p and is written m1(X,p). A not so nice aspect of this
definition is that it still depends on the choice of base point p. However, if a space is path
connected, the following theorem states that the definition is independent of the base point.

Theorem 1.4.1 If X is path connected, then 71(X,p) and m1(X,q) are isomorphic for any
two points p,q € X.

If a space X is not path connected, there are points in X that cannot be connected to p by
a path and therefore there can be no loops based at p that go through these points. Hence,
these points are completely irrelevant to 71(X,p). Since this means that if X is not path
connected, we might as well focus on the subset of X that can be connected to p by a path,
and since this subset is path connected by definition, we will from now on assume the space
we are considering to be path connected. The fundamental group of X is now written 71 (X)
and is equal to 71 (X, p) for any choice of p € X.

From the definition of multiplication on the fundamental group, it follows that, for any
base point p, the identity element is given by e = {a : a ~ «} with the loop 7 given by
v(z) = p, Vo € [0,1]. In other words, the identity element is the set of loops that can be
continuously deformed into a point. Hence, the fundamental group is non-trivial if and only
if X admits incontractible loops. If for example X = S!, 71(X) = Z where the isomorphism
relating the two is explicitly given by n « 7y, with v, given by v, (z) = 2™ 2 € [0,1]. Note
that this is exactly the situation ocurring in the abelian Higgs model. There, the vacuum
manifold equals S! and saying that a configuration cannot change its winding number is
completely equivalent to saying that these configurations correspond to loops in S' from
different equivalence classes, i.e. they cannot be continuously deformed into each other.

The fundamental group is called first homotopy group because it is constructed using maps
from the one dimensional sphere (circle) to X (our loops). We can generalize this method and
construct the n-th order homotopy group using maps from the n dimensional sphere to X,
i.e. maps of the form « : [0,1]" — X, with a(x) = p for all points = at the boundary of [0, 1]"
(it is usually easier to work with maps from [0,1]" to X than with maps from S™ to X, but
the two definitions are equivalent). The procedure of constructing these groups is equivalent
to the construction of 7. This time the product « - 8 of maps is formed by connecting maps
along a common part of the boundary of the n-cube:

1
a(2t17t27‘“7tn) ) 0 < tl < -

(a-B)(t1,ta, . tn) = 1 2 5,
ﬁ(Ztl — 1,t2,...,tn) , 5 <t1 <1

which again yields a group structure on the collection of homotopy equivalence classes, thus
making it a group. For instance, m2(X) corresponds to the group found from maps from the
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ordinary two dimensional sphere to X and is non-trivial if and only if X admits incontractible
spheres. The homotopy groups are so called topological invariants, which means that if two
spaces are homeomorphic, their homotopy groups are isomorphic. If for example one wishes
to know whether two spaces X and Y are homeomorphic, a good check would be to compare
homotopy groups. If for some n, m,(X) # m,(Y), X and Y are not homeomorphic. The
reverse is not true: if all homotopy groups are equal, it is not necessarily the case that the
spaces are homeomorphic.

Whether or not a model allows topological defect solutions depends on the topological
structure of the vacuum manifold. The abelian Higgs model, discussed in the previous sec-
tion, contains one complex scalar field, the Higgs field, and a potential V(¢). In general, a
Higgs field can have more than one component and the potential is a function of all these
components. The vacuum manifold, which will be denoted by V, is then defined to be the
set of values of the Higgs field for which V(¢) is minimal. In general, a field theory will be
invariant under a group of transformations G, which means that if an element of G transforms
the fields, the action is left unchanged. In the abelian Higgs model, G = U(1), the set of
phase shifts of the Higgs field. The vacuum manifold V is mapped into itself by all elements
of G. V can be represented by a group of equivalence classes of transformations as follows.
By chosing a particular vacuum expectation value (VEV) ¢¢ € V as a starting point, we can
define a map f by

f:G—=V
g — g(¢o) (1.40)

where g(¢g) denotes the result of g working on ¢. In general, this map is not one-one because
there could be more than one element in G that has a trivial effect on ¢g. If we let H C G
denote the set of transformations in G that leave ¢ invariant, H is a subgroup of G and
defines an equivalence relation on G given by

g~g <& FJheH st. gh=g (1.41)

The set of equivalence classes that follows from this relation is the coset space G/H. The
equivalence classes that are the elements of this group are the left cosets of H. They are
usually notated by chosing a particular element to represent the entire class: g := gH. It is
this group of left cosets that is homeomorphic to the vacuum manifold. This follows from the
fact that the map F that is a trivial generalization of f,

F:G/H—V

g 9(¢o), (1.42)

is one-one and onto and both F' and its inverse are continuous:
V=G/H (1.43)

In the abelian Higgs model, the vacuum expectation value is only left invariant by the identity
transformation, i.e. H = 1, which indeed gives V = U(1)/1 = U(1) = S'. As said before,
this gives rise to stringlike topological defects because 71 (S?!) is non-trivial. It may also occur
that m1(G/H) is trivial, but mo(G/H) is not. In this case, the defects will be pointlike. This
happens, for example, in models where the vacuum manifold is homeomorphic to the two
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dimensional sphere S2. For such a vacuum manifold, it can indeed be found that 71(S?) = 0
and m(S?) = Z. It is not hard to understand this intuitively: circles on a sphere can always
be contracted to a point, while spheres cannot. The pointlike defects that occur in models
with a Higgs field coupled to a U(1) gauge field are called monopoles.

Another example of a defect common in field theory, occurs whenever mo(G/H) is non-
trivial. Since S° is a set of two discrete points, 7o(G/H) is non-trivial whenever the vacuum
manifold is not path connected, because in that case one can find two points that cannot be
continuously moved to each other. The defect ocurring in models with a disconnected vacuum
manifold is a two dimensional surface that separates two regions in which the fields are in
disconnected parts of the vacuum manifold. These surfaces are called domain walls. We have
now seen the three defect types relevant to cosmology. In summary, magnetic monopoles
occur whenever mo(G/H) is non-trivial, strings occur whenever 71(G/H) is non-trivial and
domain walls are the defects ocurring in models with non-trivial 7o(G/H).

So far, the vacuum manifolds we have encountered were n dimensional spheres. For these
spaces, we have the useful general results: m,(S") & Z, 7,,(S™) =20, m < n. For m > n,
there is no such simple general expression, but these homotopy groups are in general non-
trivial. In realistic field theories describing the very early universe, the vacuum manifold G/H
can be very complicated. Fortunately, the following theorem can often be used to simplify
things.

Theorem 1.4.2 If 7,(G) and m,—1(G) are both trivial, 7,(G/H) = 7,—1(H).

This theorem often makes it possible to tell what kind of defects (if any) a theory admits by
analyzing the group that leaves the VEV invariant, the unbroken symmetry H. We will use
this in the next section when discussing the existence of defects in field theories describing
the particle physics of the early universe.



Chapter 2

Cosmology

2.1 Introduction

The main reason we are interested in topological defects in general and strings in particular,
is that they could play an interesting role in cosmology. In the current “standard model” of
cosmology, there is a series of phase transitions in the very early universe, a short time after
the big bang. During these phase transitions topological defects could be produced. These
defects can interact with ordinary matter and radiation and with space-time itself. If defects
are indeed formed in the early universe, it is useful to understand their evolution and their
effect on the global properties of the universe.

In section 2.2, we will first discuss some basic concepts, like the scale factor and the
equations describing its evolution, that are fundamental to cosmology. This discsussion will
be quite general. Next, in section 2.3, we will discuss the so called concordance model. This
model is supposed to describe our universe and its evolution and is based on observation.
We will pay special attention to the earliest stages of the universe. It is thought that the
field theory describing particle physics undergoes a series of phase transitions during the first
fraction of a second after the big bang. This process and how topological defects might be
formed during it, will be the topic of section 2.4. In particular, we will discuss how a cosmic
string network might be formed in the early universe. By the end of section 2.4, we will
start focusing exclusively on cosmic strings. In section 2.5, we present a discussion of string
(network) evolution. It will turn out that a process called intercommutation, the exchange of
ends when two string segments come to intersect, plays an important role in string network
evolution. This process will be the subjet of section 2.6. The rest of this thesis will then be
devoted to the numerical study of intercommutation (at high velocities). Readers interested
in a more complete treatment of cosmology than is presented in this chaper, are referred to
[7].

2.2 Basic cosmology

Cosmology is the science that studies the properties of the universe and their evolution at
the very largest scales. While this makes it observationally a very demanding research field,
theoretically, a lot of things are deeply simplified when one does not have to worry about
details. The main assumption underlying cosmology is the cosmological principle, which
states that the universe is homogeneous (the same at all positions) and isotropic (the same
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Closed Geometry  Open Geometry Flat Geometry

Figure 2.1: The geometry of equal time slices depends on the value of k. For k = 0, the
universe is flat, for £ = 1, it is closed and for k = —1, the universe is open. Here, the
two dimensional analogs of these three dimensional spaces are depicted because the three
dimensional spaces are impossible to draw.

in all directions). Of course, if the universe was perfectly homogeneous, there would be no
structure whatsoever. There would exist no stars, planets or galaxies and there certainly
would be no life. In fact, the universe would be a very boring place. On small scales, say
the scale our day to day life takes place at or the scale of galaxies even, the assumption of
homogeneity is not even remotely true and the same goes for isotropy. However, when we
start looking at the large scales of galaxy clusters and superclusters and forget about the rich,
complicated structures the universe contains on smaller scales, the cosmological principle is
actually a fairly good approximation of what our universe looks like. We therefore use the
cosmological principle to describe the universe at the most basic level. This homogeneous and
isotropic universe is then used as a background against which we can study the deviations
from the cosmological principle, like the formation of large scale structure (LSS).

We assume that, except in very extreme circumstances (to which we will come back briefly
later), space-time can be described by general relativity (GR). In GR, the geometry of the
space-time manifold is described by the metric. The most general space-time that respects
the cosmological principle is the Robertson-Walker metric, given by the line element (still in
units with the speed of light ¢ = 1)

2

1 — kr?

ds? = dt? — a2(t)< +12(d6? + sin0 d¢>2)), (2.1)
with 7 >0,0<60 <mand 0 < ¢ <27 a(t) is called the scale factor and has to be positive,
while for suitably chosen coordinates the curvature k takes on the values £k = —1,0,1. The
coordinates used here are called comoving coordinates. In this metric, worldlines of constant
spatial coordinates are geodesics and ¢ is the proper time along these worldlines. An observer
at constant spatial coordinates is called a comoving observer. Note that this form of the
metric seems to imply that the origin O, given by r = 0, is a special point. However, the
metric has the same form regardless of which origin is chosen. If this was not the case,
the homogeneity condition would have been violated. The proper (spatial) distance between
two comoving observers, assuming without loss of generality that one is at » = 0 and the
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coordinates of the other are (r,6 = 0,¢ = 0), is given by

d(r) = a(t) /0 ' %w (2.2)

Since the integral written above is independent of time, we can express the distance between
comoving observers in terms of the distance at some particular time ¢ as folows:

a(t
ay = g, (23
ao
whith ag = a(tp) and dy = d(tg) and the coordinate r has been suppressed. This shows that
proper distances between comoving observers are proportional to a(t), thus justifying the
name scale factor. From (2.3), it follows that the relative radial velocity is given by

v(t) = d(t) = déz)do = Zgg aéz) do = d(t)d(t). (2.4)

This is exactly Hubble’s law! v(t) = H(t) d(t) with the Hubble parameter given by H (t) = %
This law was first formulated by Hubble in 1929 based on observations of galaxy velocities.
The conclusion was that galaxies move away from each other at a speed that is proportional to
their relative distance, i.e. H > 0. The actual value of H has since been modified significantly,
but the main conclusion remains: we live in an expanding universe. Let us now discuss the
meaning of the curvature k. The curvature does not depend on space or time and is thus
a parameter of the model. For k = 1, the space described by the spatial part of the metric
(2.1) is a three dimensional sphere with radius a(t) (closed universe). This can be seen by
applying the coordinate transformation r = sin p, which renders the spatial part of the metric

dl?, defined as —ds? with dt = 0, in the form
di* = a®(t) (clp2 + sin? p df? + sin® p sin’ 6 d¢2), (2.5)

which is the metric of a 3-sphere. For k = 0, the equal time slices correpond to ordinary flat
space because in this case the spatial part of the metric gets the form

di? = a2(t) (dr2 +12(d6? + sin? 9d¢>2)>, (2.6)

Finally, the spatial part of the Robertson-Walker metric with k = —1 is a hyperboloid, a
space with constant negative curvature (open universe). This follows from the coordinate
transformation r = sinh p, such that

di? = a2(t) (dp2 + sinh? p(d§? + sin? 9d¢>2), (2.7)

which is the hyperboloid metric. The k = —1 and k& = 0 spaces are both infinite while the
3-sphere is curved into itself and has a finite volume. In figure 2.1, the two dimensional
analogs of the three dimensional spaces described above are sketched.

As stated above, the only thing that was used to find the metric (2.1) is the cosmological
principle. To determine the complete form of the metric, we need to know the value of the

'"Here, we used the Robertson-Walker metric to derive Hubble’s law, but it can even be derived without
the specific form of the metric, using only the homogeneity and isotropy of space.
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scale factor as a function of (comoving) time. In GR, the metric is determined by the Einstein
equations. These equations relate the metric to the energy content of the universe. Hence,
in order to find equations for a(t), we need to know the energy-momentum tensor 7#”. For a
homogeneous, isotropic perfect fluid with (rest) energy density p and pressure p, the energy
momentum tensor takes the form

™" = (p+ p)u"u” —pg", (2.8)

with u# = % the four velocity of the fluid. Here s is the proper time of an observer in the rest
frame of the fluid. Even though, in general, there are ten independent Einstein equations,
the symmetry of our model ensures that if we plug the energy momentum tensor (2.8) in
the Einstein equations, we end up (after some manipulation) with only two independent
equations. One of them is the Friedmann equation, which reads

kA
- += 2.
(12—1_37 ( 9)

a2 8nGp
(5> E
with G the gravitational constant (in SI units G = 6.7 - 10"''Nm?kg~2). The constant A
that suddenly appears in this equation is the famous cosmological constant. It will turn out
to have the effect of accelerating the expansion of the universe. It was introduced into the
equations by Finstein to make a static universe consistent with GR. However, when it turned
out that the universe is not static, but is in fact expanding, the cosmological constant was
omitted from the equations and Einstein famously called the introduction of a cosmological
constant the greatest blunder of his career. More recently however, the cosmological constant
was reinstated to explain the observed accelerated expansion of the universe, but the nature
of the physics behind this constant is not well understood to say the least. It is not even
sure that A should be a constant. As we will later see, accelerated expansion might also be
explained by introducing a matter field with an unorthodox equation of state, in which case
the effective cosmological “constant” may depend on time. The phenomenon reponsible for
the accelerated expansion is generally referred to as dark energy and it is one of the main
challenges of cosmology to understand its nature. The second equation is called the fluid
equation and is analogous to the continuity equation that appears in ordinary newtonian
fluid dynamics,

ﬁ+3<g)(p+p) —0. (2.10)

This last equation can also be derived directly from the general relativistic version of energy
conservation, namely V,T*” = 0. Another equation often found in the literature is the
acceleration equation,

i= —%G(p—i—iﬁp)a—l— % (2.11)

This equation is implied by the Friedmann equation and the fluid equation and therefore
contains no extra information. However, the acceleration equation can be very insightful
because it gives a direct expression for the second time derivative of the scale factor. This
will turn out to be useful when studying the history of the universe.

Returning to the Friedmann equation (2.9) and ignoring the cosmological constant for
a moment, we see that the energy density necessary for the universe to be flat (kK = 0) is

Pe = %. This energy density is called the critical density and depends on time because the
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Hubble parameter depends on time. The energy density of the universe is often expressed
relative to this critical density, using the density parameter

p
Q.= —. 2.12

Pc ( )

Q) = 1 corresponds to a flat universe, 2 > 1 means the universe has positive curvature and
2 < 1 implies a universe with negative curvature. The equivalent quantity for A is 2y := #

such that we can write the Friedmann equation in a dimensionless form by dividing both sides
by H? = (%)2
] k- 8rG
e " 3’ T3
Hence, in a flat universe the density parameters of the cosmological constant and the matter
content of the universe should add up to one (at all times).

= Qma‘c‘cer + QA- (213)

The energy density p appearing in the equations above is the total energy density of all
types of matter present in the universe. Here the word matter is used in the broadest sense
of the word, including both radiation and matter consisting of particles with mass. To solve
the equations (2.9) and (2.10), we need to know the relation between energy density and the
pressure of all types of relevant matter. The relation p = p(p) is called the equation of state
and is usually assumed to be of the form

p=wp, (2.14)

where w < 1 is a constant that depends on the type of matter we are discussing. Inserting
(2.14) into the fluid equation (2.10) and multiplying by a3(*%), yields

d
padIT) 131 +w)a® ™ ap = E[Pflg(lw)] =0. (2.15)

This means that the quantity in brackets is a constant and we can write

—3(14w)
¢ ) , (2.16)

P =P <—

ag
with pp and ag the density and scale factor at a particular time tg. This result can be used to
find the scale factor as a function of time from the Friedmann equation. Let us now discuss
some examples of equations of state.

To a good approximation, a non relativistic fluid or gas can be considered pressureless,
the reason being that the typical thermal energy of particles is much smaller than their rest
energy. Matter with this property is usually called dust and is described by w = 0. Since for
such models the total energy per unit comoving volume should be constant, we expect the
energy density to be inversely proportional to the scale factor cubed. From (2.16) and w =0
it indeed follows that

_ poag (2.17)
= 3 .
In a flat universe filled with dust with no cosmological constant, the equation (2.9) combined
with (2.17) now gives
t\2/3
a(t) = a0 () (2.18)

0
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and

plt) = Po(%>2~ (2.19)

The equation of state for radiation (or any other type of fluid of relativistic particles) in
thermal equilibrium is given by w = 1/3, which gives

4
__ Poayg
at ’

(2.20)

The 4-th power of a can be understood by noting that whille the number density of photons
scales with a3, like in the case of dust, there is the additional effect of redshift when we are
dealing with radiation, which throws in an extra factor of @ ~!. From the Friedmann equation,
it follows that a radiation dominated flat universe with no cosmological constant is described
by

a(t) = ag (%) 1/2, (2.21)
such that A
p(t) :po(%) . (2.22)

We conclude that the energy density in a flat radiation dominated universe has the same time
dependence as in a dust dominated universe.

If the only relevant component of the universe is the cosmological constant, again assuming
flatness, the time evolution of the scale factor follows directly from the Friedmann equation
(2.9) with k =0 and p = 0:

a(t) = ageV 30, (2.23)

This means that a cosmological constant dominated universe, also called a de Sitter universe,
expands exponentially (in case of a “+”-sign in (2.23)). We mentioned earlier that accelerated
expansion can also arise from certain types of matter with unconventional equations of state.
We can see this from the acceleration equation (2.11). For A = 0, the condition for d to be
negative is

p+3p>0. (2.24)

This is called the strong energy condition. Since the equation of state implies that p + 3p =
(1 4+ 3w)p, we find that the universe will decelerate if the matter in it fulfills —% <w <1
However, there are models, making use of a scalar field, that have w < — % As we will show,
a matter component with w = —1 has exactly the same effect as a cosmological constant. For
matter with w = —1, we have, from (2.16), p,, = constant. Looking at equation (2.9), we see
that this corresponds to a cosmological constant given by % = % Pu=—10r A =8mGp,. The
advantage of describing dark energy with a matter field is that we can also create a dynamical
cosmological “constant”. For example, inflation, a short phase of very strong acceleration in
the early universe, can be described by a scalar field with w (temporarily) smaller than —1/3.
We will say a little bit more about inflation in the next section.

After having discussed three specific, relatively simple cosmologies (w = —1,0,1/3), we
now wish to make some more general remarks before we discuss the so called concordance
model, the model that is suggested by observation to describe the universe we live in, in
the next section. First of all, we know since the early twentieth century that the universe
is expanding. This leads in all realistic models to the conclusion that at some time in the
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past the scale factor must have been zero? for if we go back in time when the scale factor
was smaller, we can ignore the cosmological constant and the acceleration equation (2.11)
says that (using that both matter and radiation obey the strong energy condition) d < 0.
Hence, in earlier times the universe was decelerating, i.e. the further we look back in time,
the faster its expansion. Hence, the scale factor must have been zero a finite time ago. This
“event” is what is usually referred to as the Big Bang. Form the above argument, it follows
that the age of the universe, i.e. the time passed since the big bang, must be of order H ~'.
Models in which the scale factor reaches zero a finite time ago are called Big Bang models.
In the three cosmologies discussed above, it was relatively easy to find the solutions of the
equations for a and p because we limited ourselves to models with k = 0. Fortunately, in a
Big Bang model we can at early times describe the universe as if it were flat. The reason for
this is that as a — 0, the density parameter will tend to one, which means that the curvature
term ag—]}{g =1 —Q can be ignored. Such a model with k = 0 is called an Einstein-de Sitter
universe. In the following argument, we will assume the universe to be dominated by a type
of matter with equation of state w > —1/3 . For a — 0, this assumption is justified as long as
the universe contains at least one such type of matter. Equation (2.16) then makes sure that
for a small enough scale factor, this type of matter will dominate the energy content of the
universe. From (2.16) and the definition of the density parameter (2.12), it can be derived

”

that
2 _ o 072 a\~(1+3w) -
=) (w(r) ), (2.35)
and
B ( a )73(1+w) _ 3H} 0 ( a )—3(1+w) 226
P\ ~ &G O \a : .
Equation (2.12) now becomes
-3(1
() "
- (2.27)

— (1 B QO) N QO<%) —3(1tw) "

It is now clear that for a — 0, the density parameter goes to one, meaning that the universe
becomes flat.

An important concept in cosmology is the particle horizon. It comes up when we ask
which part of space could have been in contact with a particular point in space O up to a
certain time ¢t. The size of this region can be found by noting that no signal can travel faster
than the speed of light. This means that the comoving radius of the region described above
is found by calculating the (comoving) distance a light ray travels between ¢ = 0 and ¢. The
particle horizon Ry (t) is defined as the physical radius the region has at time ¢ and thus can
be found by multiplying the comoving radius by the scale factor at ¢:

t /
Ru(t) = a(t) /0 %. (2.28)

In addition to the particle horizon, there is a handful of other cosmological horizons that
can be found in the literature. The significance of the particle horizon is that two points

2When a approaches zero, there will be a point in time where the laws of physics we know break down, so
we cannot really make any claims about what happens before that time and technically we do not know if a
goes all the way to zero.
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separated by a distance larger than Ry (t) have not had the time to send any kind of signal
to each other. Until the distance between them gets smaller than the horizon, the two points
are in completely separate parts of the universe. In this thesis, we will only be interested in
the order of magnitude of Ry (t), which is about Ry (t) ~ t.

2.3 The Concordance Model

The concordance model is the cosmology currently thought to descibe the universe best. It
is supported by a broad spectrum of observations, ranging from galaxy cluster counts to
measurements of the anisotropies in the cosmic background radiation (CMB). In this section,
we will present the basic properties our universe is thought to have without going into their
experimental justification. Readers who wish to know more about that subject are referred
to, for example, [7].

In the concordance model, the universe was formed about 13.7 billion years ago with the
Big Bang. We will start by describing the current properties of the universe and then work
our way back in time towards the Big Bang. Since the uncertainty in the Hubble parameter
has for a long time been rather large, H( (its value at the present time ty) and quantities
depending on H( are often expressed in terms of the dimensionless parameter h, defined by
Hy = 100 hkms™*Mpc™!, of which for a long time not much more was known than that it
lies in the interval 0.5 < A < 1.0. We now now with reasonable certainty that h = 0.7.
Furthermore, the universe is flat, i.e. kK = 0, and it is dominated by the cosmological constant
(or some other form of dark energy): Q2 ~ 0.7. Of the rest of the energy content, the majority
is made up by an unknown type of matter that cannot be observed directly. The presence
of this dark matter, as it is called, is only betrayed by its gravitational effects. About 25
% of the energy content of the universe is thought to be in the form of cold dark matter
(CDM): Qcpar = 0.25. The rest of the energy in the universe (about 5 %) mostly consists
of non-relativistic matter, mainly baryonic, and radiation. At present, the energy density in
non-relativistic matter greatly exceeds that in radiation. It is interesting to realize that of
the ordinary matter that is present, only a small part can be considered (optically) visible
matter. We must conclude that visible matter only plays a marginal role in our universe.
The density parameter of all types of matter combined shall be written ;; &~ 0.3. Note
that because the universe is flat, the density parameters add up to one (see equation (2.13)):
p=per~19-10726h2kgm™>. The model described above is often referred to as a A-CDM
model, for reasons that should now be clear.

If we extrapolate this situation to the future, the cosmological constant will dominate
more and more and eventually, the universe will be a de Sitter universe. We will now walk
through the different periods the universe went through in the past by discussing some crucial
points in time. From now on, we define the scale factor to be equal to one at the present
3. Points in the history of the universe will be characterized by redshift, z = 1/a — 1,
by temperature T', which roughly scales with a~!, and cosmic time ¢ (the time passed since
the big bang). As we come closer to t = 0, these quantities will become increasingly uncertain.

time

0. Now; z=1, T~ 3K, t ~13.7-10? yrs.

3We can do this because the universe is flat. For k # 0, the curvature sets a typical scale and we cannot in
general define our coordinates such that the scale factor is one at present unless we allow |k| to take on other
values than one.
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1. Matter - A equivalence; z < 2.

Looking back in time, A will start to matter less and less because its energy density is
constant while the matter density goes like a3 and the radiation density like a=%. It is
remarkable that the time when the matter component and the dark energy component were
exactly equal is very close to the present time. A straightforward calculation shows that this
must have been somewhere between now and the time at which the scale factor was half the
current size. Before this time, the universe was dust dominated. It seems that we live in a
rather special time in the history of the universe, which is always reason for some concern in
science.

2. Decoupling; z ~ 103, T~ 3-103 K, tp ~ 3-10° yrs.

Before this time, the density is so high that atoms are not stable. This means the universe
is filled with a plasma of (among other things) unbound protons and electrons. The timescale
relevant for the interaction of photons with particles is much smaller than the characteristic
expansion timescale and thus matter and radiation are coupled. Hence, matter and radiation
are in thermal equilibrium and a single temperature T' can be used to describe it. After pro-
tons and electrons join to form atoms (a process called recombination), the photons decouple
from matter and can virtually move freely. The subset of space-time corresponding to t = tp
is called the last scattering surface and had a temperature of about 3 - 102 K. The radiation
released from the last scattering surface is seen now as cosmic background radiation and has
cooled to a mere 3K due to the expansion of the universe.

3. Matter - radiation equivalence; z ~ 10*, T ~ 3-10* K, teq & 10% yrs.

Since the energy density in radiation grows faster than the energy density in matter as
the scale factor gets smaller, eventually the universe will be radiation dominated as we move
back in time. The time that marks the transition between a dust dominated and a radiation
dominated universe is tq. Before toq, the universe is radiation dominated all the way down
to the big bang except, possibly, for a brief period of inflation which will be discussed later.

4. Quark - hadron transition; z ~ 10'2, T ~ 200 — 300 MeV, tqh ~ 107° s.

Another important moment is the time at which quarks start to be confined t4,. Before
this time, the temperature is so high that quarks can exist freely, while after ¢, quarks
only appear in bound states called baryons. Since we are now entering the realm of rather
high energy scales, temperatures will from now be expressed in units of energy (eV). The
energy scale corresponding to a certain temperature is found by multiplying the temperature
by Boltzmann’s constant kg, which, in SI units, is given by kg = 1.38 - 10"23JK~!. The
quak-hadron transition occurs when the temperature reaches T =~ 200 — 300 MeV.

5. Electroweak transition; z ~ 10'°, T~ 10 GeV, tgw ~ 107! s.

For t > tgw, apart from gravity, physics is governed by three distinct fundamental forces:
the strong nuclear force, the weak nuclear force and electromagnetism. The electromagnetic



31

force is described by a U(1) invariant gauge theory and is mediated by a massless vector
boson, the photon, whereas the vector bosons that carry the weak nuclear force have very
high mass, which is why this force is so short ranged. However, for high enough temperature,
electromagnetism and the weak interaction are unified into one force. The gauge group de-
scribing this so called electroweak interaction is* (SU(2) x U(1))/Zz. Since the gauge group
describing the strong interaction is SU(3), the symmetry group of the full lagrangian is now
G = (SU(3) x SU(2) x U(1))/Zs. The electroweak (phase) transition, i.e. the transition
between the phase where there is one unified electroweak force and the phase where electro-
magnetism and the weak interaction are separate forces, occurs at a temperature T ~ 102
GeV, corresponding to z =~ 10'°. In general, the process of the relevant symmetry group
getting smaller (“breaking down”) as the temperature drops, is called spontaneous symmetry
breaking, which will be the topic of the next section.

On energy scales beyond the energy scale corresponding to the electroweak transition,
physics becomes highly speculative. Therefore, our discussion of the following period in the
history of the universe should be treated accordingly.

6. The GUT time; z ~ 10?8, T ~ 10'® GeV, tqur ~ 10737 s.

It is assumed that at ¢ = tquT, there is a phase transition to a theory with an even bigger
symmetry group in which there is only one fundamental force (in addition to gravity). Such a
theory is called a grand unified theory (GUT) because it unifies the strong and the electroweak
force into one force, but a realistic GUT has not yet been found. For that reason, also the
energy, and correspondingly the time, at which it occurs is not known exactly. A popular
candidate GUT is described by the symmetry group Ggur = SU(5), which breaks down at
Equt ~ 10" GeV. However, it should be noted that the GUT described by SU(5) predicts
that protons decay at a rate too high to be consistent with observation and can therefore
not be the GUT we are looking for. In general, it may be that the transition from Gguyr to
(SU3) x SU(2) x U(1))/Zs is achieved by a series of phase transitions between tgur and
tgw. Clearly, when talking about this period in the history of the universe, we have to leave
a lot of room for uncertainty.

The GUT time is also the time around which a period of inflation is thought to have
occurred. This is a period of accelerated expansion in which the scale factor grows extremely
rapidly within a short period of time. Inflation became popular in the early eighties because it
can eliminate a number of big problems in cosmology, most notably the horizon problem (the
fact that, in a model without inflation, at recombination, the universe was virtually homoge-
neous on scales much larger than the cosmic horizon at that time) and the flatness problem
(the fact that the geometry of the universe is extremely close to being flat). It might also
explain why monopoles do not dominate the energy density at the present time (the monopole
problem). Another important feature of inflation is that it can explain the small deviations
from homogeneity, needed for structure formation to occur later, as quantum fluctuations
that were blown up by inflation to macroscopic size. The predictions about the nature of
these density perturbations agree very well with the observed anisotropies in the CMB. For
these reasons, inflation is now a rather important part of the cosmological “standard model”.

“Both SU(2) and U(1) have Z = {—1,1} as a subgroup. Hence, in order to not double count this group,
it is divided out. In general, SU(n) has the subgroup Z, in common with U(1) and this group needs to be
divided out when the product SU(n) x U(1) is considered.
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7. The Planck time; z ~ 1032, T ~ 10 GeV, tp ~ 1074 s.

So far, it was possible to treat physics on small scales and physics on large scales separately:
the physics on large scales was described purely by general relativity, while physics on small
scales was described purely by quantum physics. However, if we go back in time far enough,
the energy density becomes so big, and the cosmic horizon size so small, that the cosmological
scales on which gravity is important and the scales on which the quantum theory of the three
other fundamental forces should be applied, coincide. At this point, a theory of everything
(TOE) is needed that unifies gravity with the other fundamental forces.

The Planck mass, mp, can be defined as the mass for which a particle’s Schwarzschild
radius g is of the same order as its Compton length [o. If these two lengths are approximately
the same, it is clear that both gravity and quantum effects need to be taken into account to
describe the particle. In the following discussion, we will use units with ¢ and A not necessarily

equal to one. The relation I¢c = Ig gives mic = Qi’;m, and hence we define
By 1/2
mp = (é) ~ 2.5 - 10 8ky. (2.29)

The Planck energy is then defined to be the energy corresponding to this mass Ep := mpc? =
1/2 1/2
(%"’) ~ 109GeV, the Planck time is tp := - (E) ~ 10~ and the Planck

mpc? c®

length is Ip := ctp = 6@3 V2 ~2-10"%m.

On dimensional grounds, when the age of the universe is roughly tp, the energy kpT
corresponding to the temperature of the universe, roughly equals the Planck energy. This
means that, at this time, the energy of a typical particle is about Ep and its Schwarzschild
radius and Compton length are equal, namely about [p. Moreover, the cosmic horizon size
Ry is also about equal to the Planck length, since it is roughly equal to ct. In other words,
the scale on which gravity is important and the scale on which quantum physics is important,
are the same. Hence, a TOE will be necessary to describe the universe for ¢t < tp. A
candidate for such a theory is string theory, which describes all particles and interactions
in terms of excitations of fundamental strings. Unfortunately, this theory is mathematically
very challenging and is still far from being fully understood. Another problem with string
theory is that it will be hard to come up with realistic experiments to test it. At present, we
have to admit that we simply do not know anything (yet) about what happens at energies
above the Planck energy. Fortunately, the Planck time is extremely small and a large part of
history can be understood.

2.4 Spontaneous symmetry breaking and cosmic topological
defects

The phase transitions at tgw and tgur correspond to a process called spontaneous symmetry
breaking. It is through this process that topological defects might have formed in the early
universe. In this section, we will first explain the process of spontaneous symmetry breaking
in the context of the abelian Higgs model discussed in section 1.2. This can then easily be
generalized to symmetry breaking in GUT’s. We will discuss the conditions on the symmetry
breaking process, under which the formation of topological defects occurs and find that, in
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certain GUT’s, cosmic strings are indeed formed in the early universe. A more extensive
discussion of string formation and evolution in the early universe can be found in [13].
In the abelian Higgs model, given by the lagrangian (1.6), with a potential given by

V(o)) = a|d]* + Blo[* o, B>0, (2.30)

The vacuum expectation value (VEV) ¢q of the Higgs field, i.e. the value of ¢ that minimizes
the potential, is ¢9 = 0 and has the same symmetry as the lagrangian, i.e. G = U(1). In
perturbative quantum field theory, the significance of the VEV is that the field is suppposed
to be expanded around it. The perturbations around the VEV can then be considered as the
real physical fields with the usual particle interpretations. In general, this means that if ¢g
is a VEV, we write

¢=¢o+o (2.31)

and express the lagrangian in terms of the “physical” field ¢. The field o will now be con-
sidered to represent a particle and one can apply ordinary perturbation theory. In case of
the potential (2.30), 0 = ¢ and the group of transformations on o that leaves the lagrangian
unchanged is exactly the same as the group of transformations on ¢ that leaves the lagrangian
unchanged, namely G = U(1).

However, if the potential is the mexican hat potential (1.10) (corresponding to a < 0 in
(2.30)), the VEV has to be of the form |¢o| = . Even though the set of possible VEV’s now
still has the symmetry GG, any particular choice of ¢ does not. In this model, the only element
of G that will leave a particular VEV invariant is the identity element. The group that leaves
a particular VEV invariant is the broken group H which we encountered in section 1.4. When
the field is expanded around a VEV as in (2.31), H is the group of transformations on o that
will leave £ unchanged. The process of the Higgs field acquiring a non-zero VEV is called
spontaneous symmetry breaking. From the point of view of someone interested in topological
defects, the most important aspect of symmetry breaking is the fact that the gauge group
gets maller (G — H). However, from a particle physics point of view, there is another very
important effect of symmetry breaking, namely that the gauge field acquires a mass. Noting
that, without loss of generality, we may choose ¢¢ = n such that ¢ = 1+ o, the gauge mass
follows from

1
Dyn (DHn)t = 2P A, AF = §M2ANA“, M = \2en. (2.32)

In addition, the real part of the (new) Higgs field Re(o) also acquires a mass because the
potential

2162 )2 = 2ol + 2mRe(o))? (233

contributes the term
MPRe(0)? = m?Re(0)?, m =V (2.34)

to the lagrangian. In general, the excitations of the Higgs field, i.e. the deviations of ¢ from
¢, within the vacuum manifold are massless because these excitations are in the direction
of constant potential V. The massless particles corresponding to these excitations are called
Goldstone bosons. However, these components of the field can be put to zero by a suitably
chosen gauge transformation. The gauge fields corresponding to the excitations of the Higgs
field described above acquire a mass in this process. The excitations of the Higgs field per-
pendicular to the vacuum manifold also acquire a mass because they increase the potential
energy, i.e. in these directions the potential has positive second partial derivatives. The
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process of gauge particles acquiring a mass through spontaneous symmetry breaking is called
the Higgs mechanism. It is through this mechanism that the vector bosons that mediate the
weak interactions get their mass in the standard model.

The two situations described above are static in the sense that either the symmetry is
always unbroken (if the potential is given by (2.30) with « > 0) or it is always broken (if the
potential is given by 2.30) with o < 0 or (1.10)). Evolution from the unbroken phase to the
broken phase may occur if the potential changes with temperature 7T'. For finite T', the VEV
¢o is found by minimizing the so called effective potential® V (¢, T) (see for example [11]),
which is constructed by making temperature dependent (and ¢ dependent) corrections to the
zero temperature potential V(¢). Let us assume the effective potential is given by

V(16l,T) = a(T) |¢]* + B(T) 9", 5> 0. (2.35)

For a < 0, this potential has a non-zero minimum given by |¢|? = %?, while for a(T') <
0 there is only one minimum, namely ¢ = 0. If we now assume that there is a critical
temperature T, such that for 7" > T, a(T") > 0 and hence the symmetry unbroken, and for
T < T, a(T) < 0, and hence the symmetry broken, we have found a way to obtain a phase
transition from the symmetric to the broken phase.

In a GUT, the lagrangian of course consists of many more fields than in the abelian Higgs
model used above. In particular, there may be more than one Higgs field. However, the
phase transitions within a GUT can be explained in the same way as in the abelian Higgs
model. Again, there will be a temperature dependent effective potential V' = V (||, T).
For temperatures T' > Tgyr, the effective potential is such that the VEV has the same
symmetry as the complete lagrangian, in analogy with (2.35) for «(7") < 0, and the gauge
group describing the field theory is Ggyr. Now for T' < Tgur, the potential will be such that
spontaneous symmetry breaking takes place. The theory is now described by the unbroken
symmetry group H that leaves the new VEV invariant. As was mentioned in the previous
section, several such phase transitions may take place from Tgyt down to Trw. The last phase
transition is the electroweak transition at Trw leading from (SU(3) x SU(2) xU(1))/Zs to the
group describing the standard model that is still “operational” at present, (SU(3)xU(1))/Zs5.
This gives a sequence Hy C Hy C .. C H, of groups with H; = (SU(3) x U(1))/Z3,
HQ = (SU(3) X SU(Q) X U(l))/ZG and Hn =G = GGUT-

Whether or not topological defects can exist at a certain time when the relevant symmetry
group is H; (i € {1,...,n}), depends on the homotopy groups of the vacuum manifold G/H;
at that time, as was explained in section 1.4. Monopoles are allowed to exist if mo(G/H;)
is non-trivial. If we make the assumption that G has no incontractible spheres or loops
(this is definitely the case for the GUT described by SU(5)), theorem (1.4.2) tells us that
mo(G/H;) = 71 (H;). Since H; must contain U(1), any GUT for which the modest assumptions
made above hold, predicts the possible® existence of magnetic monopoles. Cosmic strings
are allowed to exist if m1(G/H;) is non-trivial. Hence, if we assume that G is connected
and has no incontractible loops, theorem (1.4.2) tells us that cosmic strings can arise if
m1(G/H;) = mo(H;) is non-trivial. In other words, H; needs to be disconnected for strings to
be able to exist. Hence, if the assumptions made about G hold, there will be no topologically

5We use the same letter, namely V, for both the effective and the“ordinary” zero temperature potential. The
two can be distinguished because for the effective potential we explicitly write the temperature dependence.

SWe use the word possible because the existence of monopole configurations does not necessarily mean that
these configurations are realized in nature.
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stable strings after the phase transition leading to H;. Finally, domain walls may exist if
the vacuum manifold is disconnected, i.e. mo(G/H;) needs to be non-trivial. To determine
whether or not there can be domain walls, there is no theorem like theorem (1.4.2) to make
things easier. One really needs to know the full group G.

Once it has been established whether or not a field theory allows topological defect solu-
tions after a certain phase transition, the next question is whether or not these defects are
actually formed in nature. The answer appears to be yes. If the phase transition is of second
order, then, at the time of the phase transition, the field will tend to a VEV ¢¢ € V at every
point in space and the values of ¢y will be correlated over large distances. However, points
separated by a distance larger than the horizon size Ry (t) cannot be correlated at all, because
of causality. Hence, on super horizon scales, ¢ is not correlated and topologically non-trivial
configurations enclosing defects will exist. For the example of the abelian Higgs model from
section 1.2, the process described above is illustrated in figure 2.2. A non-zero VEV is reached
everywhere, dividing space into regions with roughly the same phase. The strings form at the
boundaries between these regions around which there is a non-zero winding number. If the
phase transition is of first order, the field will go to its new VEV in a different way, but the
same result holds, namely the formation of uncorrelated regions with defects trapped between
them (see for example [13]). In conclusion, if at some time in the history of the universe, the
topology of the vacuum manifold allows defect configurations, these configurations probably
actually exist at that time.

Even though we have shown that GUT’s may also predict monopoles and domain walls,
we will from now on focus exclusively on strings. It turns out that it is very hard to make
the existence of monopoles or domain walls consistent with observation. The reason for this
is that, unless they form at relatively late times, these defects would come to dominate the
energy density of the universe rather soon after they come into existence. This is clearly
inconsistent with observation because we would not even exist if this had happened.

Assuming that cosmic strings form at some point, it is important to understand the details
of their formation and subsequent behavior. This behavior of course depends on the details of
the GUT they appear in. For instance, in certain models, there exist so called superconducting
strings, which have very different properties than the strings that we know from the abelian
Higgs model. If, after a certain phase transition characterized by a critical temperature 7.,
the unbroken group H; is such that the vacuum manifold G/H; allows for the existence of
cosmic strings, the symmetry breaking process described above creates a network of strings
that will subsequently evolve. An important parameter for the description of cosmic string
networks is the characteristic length scale &, which is a measure for the typical separation of
cosmic strings. It is formally defined such that a volume £3 contains a total string length &.
Remembering from section 1.3.1 that p is the string energy per unit length, we can write this

in the alternative form i

where p, is the energy density of the string network. From the discussion about string
formation, it is clear that at the time of formation, we must have £ < Ry ~ t and probably
even £ < ryg =~ t. The details of string formation have been investigated numerically by,
among others, [29]. It was found that the majority (about 80 %) of the total string length
was part of infinite strings and the rest was part of string loops. Other simulations give
similar conclusion, although the exact numbers may differ. Around the time the universe
reaches T' = T, the universe is dominated by (high energy) radiation. Hence, right after
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Figure 2.2: During a (second order) cosmic phase transition, the VEV’s of the fields move
to a value on the new vacuum manifold everywhere at the same time. Points in space that
are separated by a distance larger than the horizon size have never been in contact in any
way and therefore, after the phase transition, the VEV’s at these points will be completely
independent. This means that, if the topology of the vacuum manifold allows it, topologically
non-trivial configurations enclosing defects will be formed. The figure illustrates this in the
case of the abelian Higgs model. The arrows indicate the phase of the VEV of the Higgs
field and the regions enclosed by the dashed lines are assumed to have a size of the same
order as the cosmic horizon size and to be separated by a distance (slightly) larger than the
horizon size. Within these regions, the phase of the Higgs field is about the same, but the
phase in any region is independent of the phase in any other region. Hence, a configuration
with non-zero winding number can be formed. In the figure, the winding number happens to
be equal to one. Therefore, somewhere in between the regions, the Higgs field must thus be
equal to zero. In other words, a cosmic string passes through this central region.
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string formation, string motion is heavily damped by the surrounding radiation. This causes
the string network to lose energy and (equivalently) the characteristic length £ to grow. It can
be shown (see for example section 5.3 of [13]) that this will soon (for T, = Tgur, it will occur
around t ~ 103! s) cause ¢ to become of the same order as the horizon size t, regardless of
the value of £ at the time of string formation. The typical string radius will then be negligible
compared to £&. Not long after this, as the universe cools further, the friction with radiation
will become irrelevant because the energy density in radiation becomes too small. The strings
will then practically become independent of anything else in the universe. How the string
network evolves from here will be the topic of the next section.

We conclude this section by noting that, for a while, the string network was considered
a possible explanation of the existence of structure (i.e. deviations from perfect homogeneity
and isotropy) in the universe. A string network has an inhomogeneous energy distribution
and therefore perturbs the metric of the universe. These perturbations might have acted as
the seeds of the current inhomogeneity of the universe. However, this scenario has by now
been abandoned in favor of the scenario based on inflation, which agrees very well with the
anisotropy observed in the CMB and other observations. Still, it may be possible that the
string network accounts for a small fraction of density perturbations. The current upper
bound is about 10 % ([25]).

2.5 String evolution

Starting at a time to with a network of characteristic length scale £ ~ t that (virtually) does
not interact with the other types of matter in the universe, we wish to know how this network
will evolve in an expanding universe. It is known that the string loops can decay by emission
of particles and gravitational radiation. Infinite strings on the other hand are not allowed
to disappear because of conservation of winding number. An important question is how the
infinite string energy density evolves with time. Let us start answering this question assuming
the network of infinite strings does not lose any energy at all. In that case, the evolution of the
string energy density is completely determined by the expansion of the universe. Hence, the
characteristic length £ will be proportional to the scale factor a, i.e. the strings are stretched
by the expansion of the universe, and consequently the energy density expressed in terms of
quantities at t = to will, from equation (2.36), be given by

a

-2
) ) pS,O = %7 (237)

Ps = Ps,0 (_
aq 0

which goes like t~! in a radiation dominated universe. Since the radiation energy density
scales with a=* and the matter density scales with a =3, this means that if there is no energy
loss mechanism, the universe will eventually be dominated by the string network. Since the
energy density in radiation in a radiation dominated universe (a ~ +/t) is roughly given by
P ﬁ from the Friedmann equation, the ratio of the energy density in the string network
to the energy density in radiation is given by

ps _ 32w pG y 30uG

ULAPN Eliot ~
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For realistic values of p and tg, (2.38) implies that strings will come to dominate the universe
relatively soon after they come into existence, which is apparently the same problem as with

t. (2.38)
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Figure 2.3: When an abelian higgs string comes to intersect itself, there are two possible
outcomes. Either the string simply passes through itself, or a loop is formed. The latter pro-
cess is sketched here. The loop that is formed decays by emitting particles and gravitational
radiation and hence loop formation is a possible way the string network can lose energy.

monopoles and domain walls. This would be a big problem because clearly, today, we see no
trace of strings ever having dominated the universe. In fact, to be consistent with observations,
only a small fraction of the total energy density of the universe could have consisted of cosmic
strings at any time during the history of the universe. To make things more quantitative, let
us explicitly write the network scale £ as a function of ¢:

£(t) = (). (2.39)

Since the “ordinary” energy density in both a matter and a radiation dominated universe
scales like 2, equation (2.36) tells us that ~(t) should either approach a constant as time
goes by, or it should keep growing. If instead 7(t) keeps getting smaller, p, will fall off slower
than ¢t~2 and will eventually dominate the total energy density, which is inconsistent with
observations. However, causality tells us that £ cannot grow faster than (a constant times)
t because otherwise, the characteristic length will grow much larger than the horizon size.
Hence, the only remaining option that is consistent with cosmology is that ~(t) approaches a
constant, say 7, i.e. for large enough time, £ = ~t. Such a solution is called a scaling solution
and once v has indeed reached a constant, the network is said to be in the scaling regime.
Since we have shown that if the infinite strings do not lose energy, their energy density scales
like t~1, we must conclude that, if strings have indeed formed, there has to exist a mechanism
through which infinite strings can lose energy and it must be strong enough for the string
network to reach a scaling solution. Furthermore, the string energy density in this scaling
solution must be small compared to the energy density of ordinary matter /radiation.
Luckily, such a mechanism seems to exist. Strings are expected to lose energy by forming
string loops, as we will explain here. Since the strings in a typical network will not be
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Figure 2.4: The process of loop formation as shown in figure 2.3 can be understood in terms
of the interaction of two (segments of) strings. When two (abelian higgs) string segments
intersect, they either pass through each other (a), or they exchange ends (b). The latter
process is called intercommutation and results in loop formation if a string intersects itself.
In the figures, if a string lies behind the other string, it is represented by a dashed line.
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straight, but instead rather wiggly, strings will often self intersect. When a string intersects
itself, two things can happen. The first possibility is that the intersecting string segments
move through each other and the string keeps its original shape. The other” possibility is
the more interesting one (see 2.3). It may happen that the string segments exchange ends.
In this process, string orientation, defined by the handedness of the winding of the Higgs
field, should be conserved. If this happens, a loop is formed and the remaining infinite string
loses some of its length. The loop that thus comes into existence then decays by emitting
particles and gravitational radiation. The end result of this process is that the infinite string,
and therefore the string network, loses some of its length/energy. The process of two string
segments exchanging ends (see figure 2.4), as opposed to simply passing through each other, is
called intercommutation or reconnection. Whether or not two string segments intercommute
when they intersect of course depends on many things, like the velocities of the segments
and their relative angle, but, when dicussing network evolution, we are mainly interested in
the so called intercommutation probability, p, which is simply the likelihood that a random
intersection in a network leads to intercommutation. As one might expect, the efficiency
of loop formation as an energy loss mechanism depends directly on this intercommutation
probability. It can be shown by analytic arguments that if p is of order one, a scaling solution
consistent with cosmology may be reached. In [28], this is done using a simple one-scale
model. More complex models have also been used, but yield the same qualitative result.
Readers interested in these analytic models of network evolution are referred to [16] or, more
recently, [20, 17, 18]. We will see later that in the cases investigated so far, indeed p ~ 1.
It is imporant to realize that, in the abelian Higgs model, the intercommutation probability
only depends on the parameter 5. As was shown in section 1.2, the two other degrees of
freedom in parameter space only have relevance in that they are necessary to determine the
energy and length/time scales of the system. However, once the evolution of the rescaled
fields, which only depends on (3, has been determined, changing the overall energy or length
scale of the system has no effect on whether or not intercommutation has taken place. With
cosmic strings, we will from now on mean the strings ocurring in the abelian Higgs model
(given by the lagrangian (1.6)). For finite 3, we speak of local strings and for § — oo, we
speak of global strings. In the latter case, the gauge fields can be ignored and the lagrangian
is given by (1.1). We by no means claim that all strings can be described as abelian Higgs
strings. Non-abelian strings can for example have some completely different properties.

There are two types of simulations of cosmic string networks that we wish to briefly discuss,
both of which seeming to confirm that scaling solutions consistent with cosmology exist. The
first type is desribed in [1] (see also [5]) and approximates all infinite strings as infinitely thin
strings that undergo free motion as long as they do not intersect. The free motion of strings
is found using an effective action, found by integrating over the world sheet of a string. This
so called Nambu-Goto action and corrections to it are discussed quite clearly in [3]. When
strings intersect, the strings intercommute with probability p, which is a parameter of the
simulations that needs to be put in by hand. If they do not intercommute, they simply
move through each other. Either way, after the interaction the strings move freely again.
Obviously, for this type of simulation it is crucial to have a good estimate of the value of p.
A big advantage of this type of simulation is that it is computationally not so demanding.

"There is actually a third possibility. For non-abelian strings it may also happen that the two string
segments get entangled. In this thesis, this possibility will not be relevant because we will not discuss strings
arising in non-abelian gauge theories.
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Figure 2.5: The typical initial configuration for a simulation of the interaction of two strings.
Both strings lie in a plane of constant x. The string on the left (string 1) moves in the positive
a-direction with velocity v and the string on the right (string 2) moves in the negative -
direction with the same speed. The orientation of the strings is indicated by arrows.

The disadvantage is that a lot of assumptions about the dynamics of strings need to be made.
The second type of simulation we would like to discuss does not have this problem.

In these simulations (see for example [18, 20]), the exact evolution of the fields is calculated
using a lattice field theory approach. The intercommutation probability does not have to be
put in by hand and for a fixed background cosmology and fixed initial situation, the evolution
basically only depends on 5. However, all simulations of this type that we know of, use g = 1.
Hence, it would still be useful to have knowledge of p as a function of 3, as this would give
us a quick way to estimate how the network evolution depends on (3 (using the dependence
of network evolution on p known from the first type of simulation and from analytic models).

Another reason we would like to know more about the intercommutation behavior of
cosmic strings is simply that it is a very fundamental property of cosmic strings. In the next
section we will go into the current state of knowledge about intercommutation.

2.6 String intercommutation

Intercommutation is usually studied by asking what will happen when two straight strings
approach each other. Without loss of generality, we will assume the strings to lie in planes
of constant = and to approach each other in the z-direction with equal speeds (see figure
2.5 and figure 2.6). If a system of two straight strings does not look like this, a Lorentz



42

Y

Figure 2.6: The configuration from figure 2.5 projected on the yz-plane. The orientation
of the strings is indicated by arrows and « is defined to be the angle between the strings.
Whether or not intercommutation takes place depends on this angle and on the speed v.
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transformation can be applied such that the sytem does fit the above description. Such a
system can be described by only two parameters: the speed v > 0 that each string has in the
direction of the other string (i.e. string 1 has velocity v and string 2 has velocity —v), and
the angle o between the two strings when they are projected on the yz-plane. Since local
strings have a finite width, we can in principle always make the initial seperation of the two
strings big enough for the strings initially not to notice each other’s presence. This means
that as long as the initial separation exceeds twice the string radius, the interaction will be
independent of the initial separation. Global strings on the other hand have an infinite width
(the fields around a global string never reach zero energy density because there is no gauge
field to compensate the gradients in the Higgs field). This means that, in principle, the result
of a global string simulation does depend on the initial separation. This dependence might
be removed by using as parameters the velocity and angle at the time (or just before) the
strings intersect instead of the initial velocity and angle. In the following discussion, we will
not explicitly mention any dependence on initial separation.

Two questions naturally arise. The first is whether or not, with the initial configuration
described above, the strings will at some time meet and intersect. If the strings do not repel
this will certainly happen, but it might be that the strings repel and never come to overlap.
The second question arises if the strings indeed meet: will they exchange ends (intercommute)
or will they pass through each other? Ideally, we would like to know for all combinations of «
and v whether or not intercommutation takes place. As we explained in the previous section,
this may depend on (. It can be conveniently expressed in terms of the “step function”
Pg(a,v), which is defined to be equal to one if intercommutaton takes place and equal to
zero if it does not. Note that Pz(a,v) only takes on these two values because we are talking
about a classical deterministic process, which for fixed initial conditions always gives the same
result. The intercommutation probability p can be obtained by taking a weighted average
of the step function over parameter space (0 < a < 7w and 0 < v < 1). The step function
has been investigated by putting the fields corresponding to the situation described above on
a lattice and evolving this configuration numerically. These simulations are easiest to carry
out if the strings are either exactly parallel or exactly anti-parallel, because in this case, the
system is effectively two dimensional.

2.6.1 Interaction of vortices in two dimensions

The two dimensional system of (anti-)parallel strings is equivalent to a system of two (anti-)
vortices in a superconductor and has been studied extensively. In two dimensions, two strings
cannot really intersect in one point because they are always either parallel or anti-parallel. It
is therefore meaningless to speak about exchanging ends. Rather, vortices in two dimensions
are said to collide. When the vortex cores are still separated by a non-zero distance but close
enough for the vortices to overlap at least a little bit, an important and well known fact (see
for example [23]) is that parallel strings repel for® 3 > 1 (corresponding to vortices in type-
I superconductors), and attract for f < 1 (type-1I superconductors). Exactly anti-parallel
strings always attract. Strings with 8 = 1 are called critically coupled strings and do not exert
a force on each other when they are parallel. The next question is what happens when the
separation between (anti-)vortex cores somehow becomes zero, i.e. when two (anti-)vortices
collide entirely. In [21], strings were made to interact on a two dimensional lattice. The main

8This means that parallel global strings repel because they are described by 8 — co.
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result is that, regardless of the value of 3, if two parallel strings collide head-on, they scatter
at an angle of 90 degrees. In [23], a more extensive survey of parameter space was carried out.
It was found that when two anti-parallel strings collide head-on, they annihilate, but that
if their energy was sufficiently high, they reemerge after annihilation, either both continuing
in the same direction or both turning around depending on the value of 3. In section 4.5,
we will briefly come back to this phenomenon of reemergence. We will argue that, in three
dimensions, the reemergence of a vortex anti-vortex pair in a two dimensional slice of space,
corresponds to the formation of a string loop in three dimensions.

2.6.2 String intercommutation in three dimensions

The two dimensional results can be used to argue that, in three dimensions, intercommutation
takes place whenever two strings intersect. To see this, we focus on two perpendicular planes
through the point of intersection. First of all, in the plane that bisects the angle o between
the strings, the orientations of the strings are opposite, i.e. one string intersects this plane
“coming from below” and the other intersects it “coming from above”. Hence, in this plane,
the strings have opposite winding number. This is similar to the two dimensional case of a
vortex anti-vortex pair described above and we expect annihilation to take place in this plane.
If this is indeed the case, the strings are forced to exchange ends. The plane perpendicular
to the plane just discussed, provides us with a second argument. Both strings have the same
orientation in this plane and their interaction is therefore expected to be similar to the two
dimensional case of a vortex vortex pair described above, i.e. we expect 90 degree scattering.
This would again correspond to intercommutation. A third argument follows from energy
considerations. For strings that are not (anti-)parallel, intercommutation is a way to reduce
the total string length and therefore string energy. However suggestive these arguments may
be, they do not prove that intercommutation takes place. In principle, it could for example
be that, for high velocities, the strings do not have time to intercommute and simply pass
through each other instead. To find out what really happens, we again need to rely on lattice
simulations, this time in three dimensions.

Three dimensional lattice simulations indeed show that intercommutation takes place
in most cases. In the case of global strings, the only paper known to us that extensively
investigates intercommutation in three dimensions, is the classic paper [28]. Their result is
that, for fixed a, strings intercommute for all velocities up to some threshold velocity v(«).
This threshold velocity turns out to be very high such that intercommutation is expected in
most cases and hence p ~ 1. When the step function is expressed in terms of the velocity right
before the interaction (instead of the initial velocity), the threshold velocity appears to be
independent of « and has a value of about 0.97. The existence of a (high) threshold velocity,
seems to be supported by analytic arguments in [12] and, more recently, [8], although the
behavior of the threshold velocity as a function of a predicted in these papers differs from
the results in [28]. We will discuss the analytic arguments in these two papers in some detail
in section 4.4.

The numerical results in [28] might be used to argue that also for local strings, there must
be a threshold velocity, albeit a high one. The analytic arguments in [8] and [12] also point
in this direction. However, it has not been confirmed (nor ruled out) by simulations. In [19],
to our knowledge the most complete intercommutation survey for local strings, simulations
with different values of a and with velocities up to 0.9 are described for a fixed value of 8
close to one. Except in the case of exactly anti-parallel strings, in which case annihilation
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occurs, intercommutation is found in all cases. However, this does not necessarily mean that
there is no threshold velocity. It may simply have a value higher than 0.9. This is not totally
unlikely, keeping in mind the threshold velocity of v ~ 0.97 found in [28] for global strings.

In chapter 4, we will present simulation results of our own that show that intercommu-
tation occurs for speeds up to (at least) v = 0.99 for both local and global strings. We will
also use simulations to discuss in some detail what the process of intercommutation typically
looks like. Even though our results do not exclude the possibility that there is a threshold
velocity with value larger than v = 0.99, study of the evolution of the Higgs field during the
interaction of strings, together with what we know from two dimensional simulations, at least
suggests that this is not the case and that, in fact, for velocities larger than v = 0.99, strings
still intercommute. We do find that, in some cases, strings can intercommute a second time
(for sufficiently high initial velocities) so that the net result looks as if the strings simply
passed through each other. We will also suggest possible explanations for why the results in
[8], [12] and [28] seem to contradict our results.

In this thesis, we will only be concerned with simulations of the high velocity behavior of
strings, even though for low velocities, it may also occur that strings do not intercommute.
For example, strings do not intercommute if they simply never come to intersect because of
repulsion between them. Another possibility, again relevant for low approach velocities, is
that the two strings attract and form a bound n = 2 state ([6]). This will only happen when
0 < 1, because otherwise such a state is unstable. Particularly for values of 3 very different
from one, these effects might have an important effect on the intercommutation probability.
This is definitely worth investigating. However, we will not pursue this course in this thesis.



Chapter 3

Simulations

3.1 Introduction

To investigate the intercommutation behavior of strings numerically, we simulated the inter-
action of two strings on a lattice. We did this by first placing an initial field configuration,
corresponding to two strings approaching each other, on the lattice and then evolving the
fields using the hamiltonian formalism. The initial strings are straight Abrikososov-Nielsen-
Olesen strings and the only parameters necessary to characterize the interaction are the center
of mass velocity v and the relative angle « (see previous section). Even though real space is
supposed to be continuous, on a computer we need to represent space by a discrete lattice.
Hence, some modifications need to be made to our field theory in order for it to be simulated
on a lattice. This will be the topic of the next section and it will turn out that this can
be done in a natural way that preserves gauge invariance, albeit in a slightly different form
([9, 14]). In section 3.3, we will describe how the initial configuration is constructed. We will
discuss the boundary conditions of our simulation in section 3.4 and in section 3.5 we will
finally discuss our code. A particular useful reference for us in setting up our simulation was
[22].

3.2 Lattice gauge theory

In lattice gauge theory, space-time is approximated by a discrete set of points in space-time,
the lattice. These points will be called vertices and the lines connecting neighboring vertices
will be referred to as links. The goal is to set up the discretized theory in such a way that
the resulting field theory aproximates field theory in continuous space-time. For this reason,
the lattice spacing, defined as the separation between neighboring vertices, should be small
compared to the relevant physical scales of the system. The discretization will be set up in
such a way that in the limit of the lattice spacing approaching zero, the continuous theory will
be recovered. Although it is possible to create a four dimensional lattice including time!, we
will only put the d spatial dimensions on the lattice?. Time will later be discretized in the sense
that the fields on the lattice are evolved in finite time steps, using the hamiltonian formalism.
The geometry of the lattice may in principle be chosen at will, but in our simulations, we

!When one wishes to include quantum effects, a common approach is to perform Monte Carlo simulations.
In this case, all four dimensions of space-time need to be put on a lattice.
2We will perform both two and three dimensional simulations, i.e. both d = 2 and d = 3 will be of use.
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plaquette

vertex
a /

<—link

Figure 3.1: We study the interaction of strings by putting the fields on a lattice that represents
space. In particular, a three dimensional cubic lattice with sides a is chosen. Here, we show
a two dimensional slice of such a lattice. The Higgs field (and its conjugate momentum) is
attributed to the vertices of this grid and the gauge fields (and its conjugate momenta) define
parallel transport between the vertices and are therefore attributed to the links. A single
square with sides a is called a plaquette.
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(a) (b)

X

xH x/

Figure 3.2: In the continuous case, the field strength F,, (1 # v) is a measure of the phase
change of the Higgs field upon transport over an infinitesimal rectangle with sides dz* and
dz¥ in the z#z”-plane (a). In the lattice formulation of field theory, the analog of a spatial
component of the field strength F% is a measure of the phase change of the Higgs field upon
transport over a (finite) plaquette in the z‘xz’-plane (b).

will use a cubic lattice because this is the easiest lattice to work with (see figure 3.1). In
particular, we will assume vertex coordinates to be given by & = ¥y + ail, with 7 € N,
and a > 0 the lattice spacing. The obtained results can be transferred to general lattice
geometries relatively straightforwardly. Throughout this section, we will assume the fields
are in the temporal gauge, which was discussed in section 1.2.

Our approach will be to define a discretized lagrangian, in terms of field variables defined
on the lattice, that reduces to the continuous lagrangian in the limit of vanishing lattice
spacing. This new lagrangian will be referred to as the lattice lagrangian. The resulting
discrete system has a finite number of degrees of freedom, namely the values of the field on
different lattice positions. We will find the conjugate momenta of the fields and derive the
equations of motion and the hamiltonian. The equations of motion will turn out to reduce
to the continuous equations of motion ((1.24) and (1.25)) in the limit of vanishing lattice
spacing.

If the field theory consists of only the Higgs field and no gauge fields, the discretization
procedure is very simple. To every vertex with position x, there will be attributed a field value
¢(x) — ¢5. The main change when going to the discrete formalism is that in the lagrangian,
ordinary spatial partial derivatives need to be replaced by lattice derivatives defined in terms
of finite differences. If 7 is the unit vector in the i-direction, we get

asz - (¢:B+ai - ¢:c)/a (31)

Since time is not a lattice coordinate, time derivatives do not need to be redefined.
In the abelian Higgs model, which is the model we are interested in, one also needs to deal
with the gauge field. The original lagrangian,

1
L= / dzl, L =D, (D"¢)" — ZFWF’W -V {(lg)), (3.2)

contains the covariant derivative D, given by (1.4). There is a geometric interpretation
to this partial derivative. In the same way that the connection coefficients in GR define a
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rotation of the local reference system, the gauge field can be seen to define a rotation of the
reference frame within some internal symmetry space. The field at a point z is transported
over an infinitesimal distance to a point x + dx by

$(x) = Ug(x), U=e et (3.3)

where it is assumed that dz* > 0 Vp (the position dependence of A, is suppressed in the
notation, but because of the infinitesimal nature of the transformation, we could use the value
of A,, at any point between = and z + dx). If we use this definition of transport to define
the partial derivative (w.r.t. z#) in terms of differences in the field evaluated in the same
(internal) reference frame, we indeed end up with covariant differentiation according to (1.4),
as can be seen from

iea Ay N
i &bz +ap) —¢(x) _

a—0 a a—0

oz + aﬁ;) — ¢(z) + ieA,d(x) = Dyo(). (3.4)

In the continuous theory, the transformation given by (3.3) is over an infinitesimal distance
dz# (we used this in (3.4)). On the lattice, spatial covariant partial derivatives are simply
defined by generalizing (3.3) to finite distances a. Transport over a link in the positive p-
direction is given by

Gr — Ui,x Oz, Ui,x = efieAi,Ia’ (35)

and the lattice analog of the spatial covariant derivative now reads

eieaAi'I ¢x+ai - ¢a:
3

Di¢(x) = Didy, Didy := .

(3.6)
where we use the same notation for the lattice derivative as for the continuous derivative.
From the context, it will always be clear which one we are talking about. Since in the lattice
theory, the gauge fields define covariant transport along a link, they are considered to “live”
on the links and not on the vertices like the Higgs field. The gauge field on the link between
x and x4 ajfi is written A, ;. The definition of the (spatial) covariant derivative on the lattice
was chosen in such a way that if we define local gauge transformations on the lattice according
to

Gr — elers o

Ai,a: - Ai,w - (aerai - Oé;,;)/a (37)
(cf. (1.3) and (1.5)), the covariant derivative transforms in the same way as the field itself:
D;p, — € D;¢,. The final thing that we need in order to be able to construct the lattice
lagrangian, is a discrete analog of the kinetic energy term of the gauge field —iFWF’“’ .
Since we are working in the temporal gauge (Ap = 0) and time is (for now) left continuous,
the discretization of the terms with at least one index equal to zero is trivial. The term
—iFijFij needs some special attention though. In the continuous theory, the field strength
F,, =0,A, — 0,A, is a measure of the rotation of the internal reference frame after parallel
transport over an infinitesimal square p with sides dz* and dz” (see figure 3.2),

U= eier,d;B“d;B” (38)
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(no summation over p and v). Equation (3.5) implies that parallel transport around a pla-
quette in the - and j-direction on the lattice, i.e. a finite sized square with sides a as depicted
in figure 3.2, is given by

U, = etea((Aj ztai=Aj2)=(Aiztaj—Aia)) (3.9)
The integral of —iF i Fj; in the continuous lagrangian should now be replaced by a sum over

all plaquettes in terms of U, in such a way that in the continuous limit the original lagrangian
is retrieved. This can in principle be done in many ways, but we will choose

e2at

1. 1
- /d?’xZF”Fij ——a®y " (1 — Re(Uy))
p
1

T T 92, Z Z[l — cos(eal(Ajatai — Aja) = (Aiataj — Aiz)])]; (3.10)
v iy

where the first sum is over all plaquettes. The full discrete lagrangian can now be written

3 3
L= [J000e — 3 1Dl + 3 £ (@A)
T =1 =1

1
oD (1 —cosea(Ajrar = Ajo — Aigraj + Am))
i#]

~2loeP — ). (311)

The degrees of freedom of this system are the values of the Higgs field on the vertices {¢,}
(and its conjugates) and the set of values of the gauge fields on the links {A4;,}. To get rid
of the factor a? in front of the summation in (3.11), the lagrangian is rescaled by this factor,
i.e. L — a~%L. This of course does not change the dynamics of the system. The conjugate
momenta can be obtained in the standard way by taking the derivative of the (rescaled) lattice
lagrangian to the time derivative of the field. The result is basically the same as (1.20) and
(1.21), namely?®

Tz = 0o, (3.12)

and
Ei,.r = —80AZ-,$. (313)

The rescaled hamiltonian is found to be
3 4 3
H=3 [lmal + 30 5 (B + 3 i
T =1 =1
1
+ —262a4 Z (1 — COS ea(Aj@_,rag — Aj@ — Ai,.r—i—aj —+ Al,x))
i#j
A
+ 7 (16al* - 772)2}, (3.14)

3For the fields and momenta on the lattice, we use the same conventions with respect to the raising
and lowering of indices as for the fields and momenta in the continuous case, i.e. E, = (Fi, E2, E3) =
(_El,m, —E2’I, —E3,I), etc.
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and the hamiltonian equations, ¢ = gTIi and 7, = —%—g (for al fields ¢, i.e. ¢ and A,, and

their conjugate momenta), now become

d¢$ — 7'('*
dt v
dmy

1 % ; P Ak —1 ; * 2d * A *
= g el e e g gl = S = (10 —n')e5, (3.15)
)

for the Higgs field and

dA;
g = B
dE; 1 ,
G = o 2lsinea(Ajara = Aje = Aigyag + Aig)
i
—sin(ea(Ajz—ajtai — Aja—aj — Aig + Aiz—aj))]
1€, 4 icads v icad.
_E( € eaAl’queri - ¢x+ie iead;q ¢$) (316)

for the gauge fields. Note that in the limit @ — 0, we get* the equations (1.24) and (1.25).
These equations will be used to evolve the fields by taking finite timesteps of size At using
a leapfrog algorithm. In section 3.5 this will be discussed in more detail. Note that the
discretization procedure described above consisted of first constructing a lattice hamiltonian,
for which gauge invariance holds as defined by (3.7), and then deriving the exact equations
of motion of the system described by this hamiltonian. The big advantage of this approach
is that, as long as time is left continuous, the symmetries of the discrete system described by
the lattice hamiltonian are preserved exactly and therefore the corresponding quantities, like
the energy, are conserved exactly. An alternative approach would have been to directly look
for any set of equations that reduces to the continuous equations of motion in the limit a — 0,
but in that case, it is not guaranteed that the discrete analogs of the conserved quantities in
the continuous theory are exactly conserved.

3.3 Initial configuration

Before we can start our simulation, we need to put the field values corresponding to the
desired initial configuration on the lattice. Eventually, we wish to simulate two Abrikosov-
Nielsen-Olesen strings approaching each other in the z-direction (see figure 3.3 and 3.4). One
string (string 1) will initially lie entirely in the x = z; plane and the other one (string 2) will
lie in the x = x5 > x1 plane. The angle between the strings will be «, i.e. if «; is the angle
that string ¢ makes with the z-axis, a is the difference between s and a;. The central point
of the box, i.e. the point where the strings will intersect, has coordinates (zg, yo, 20), with
xo = (z1 + x2)/2 (see figure 3.3) and yo and z as defined in figure 3.4.

If the initial separation is large enough, the field configuration corresponding to the two
string system described above, can be approximated very well by superposing the config-
urations of the two strings individually. If ¢;, A, ;, m; and E are the fields and momenta
corresponding to a system with one of the strings (string ¢) described above, the fields and

4We explicitly checked this.



92

. st
7 [ |
' ' 7
P ' ’ }
s : ‘ 1
’ ' s
s ' s 1
, ' ’ .
s ' //
I : . 1
. ,
7’ ' s |
, ' ’
7’ ' 4 1
- , 4 1
’ H ’

-, . e 1
¢ ¢ !
'

. ! 1
:
. ! 1
.
. ! 1
:
. ! 1
:
. ! |
:
. ! 1
,
. ! |
:
. ! 1
,
' ! I
' 1 -,
:
' 1 4
: | .
' 7
' 1 ’
,
7
.
: e 1 P
' . 1 ,
' r
' I 1 ’
' X ! ‘X X
.
7
] .
. . 1 X . 2
' i 7
H | 4
’ e
.
B4 14

Figure 3.3: The typical initial configuration for a simulation of the interaction of two strings.
By applying a proper Lorentz transformation, any system of two straight strings approaching
each other can be brought in this form. =z is the initial z-coordinate of string 1 and xzo is
the initial z-coordinate of string 2. The initial distance between strings is equal to xo — 7.
String 1 moves in the positive z-direction with speed v and string 2 moves in the opposite
direction with the same speed. The arrows indicate the orientations of the strings: rotation
around a string in the direction found using the right hand rule increases the phase of the
Higgs field by 2.
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Yo y

Figure 3.4: The typical initial configuration projected on the yz-plane. « is the angle string
1 makes with the z-axis in the yz-plane and «» is this angle for string 2. The angle o between
the strings is the difference between as and ;. Typically, we will choose a; = § — § and
az = 5 + 5. This means that intercommutation corresponds to annihilation of a vortex
anti-vortex pair in the z = zg plane. The coordinates of the point where the strings will come
to intersect are (zg, Yo, 20), with xg := (22 + x1)/2. Whether or not intercommutation takes

place depends on « and on the speed v.



o4

momenta of the composite system are taken to be

¢ =1 P2

T =11 ¢y + T2 @)

Ap=Apr +Ape
E = FE, + Es. (3.17)

This expression is exact in the limit of the distance between the strings going to infinity.
Hence, to construct an initial configuration, we need to know what the field configuration of a
straight Abrikosov-Nielsen-Olesen string, with velocity v in the z-direction and angle o with
the z-axis, is. From section 1.3.1, we know that the configuration of a string that stands still
and is parallel to the z-axis, is given by (1.27) and (1.28). The equations (1.29) and (1.30) for
the profiles X (r) and P(r) cannot be solved in terms of known functions and therefore the
profiles need to be found numerically. The code we used to do this is available online through
www.lorentz.leidenuniv.nl/"rdeputter under the name profiles.c. It is also available
in postscript format (profiles.ps). The program described by this code finds the profiles
to any desired accuracy by minimizing the energy, given by

[e¢) X2P2 P12 1
H:27r172/ drr(X/Z—l— 2 —l—ﬁ?—l——(XZ—l)Q),
0

1 (3.18)

where we have expressed everything in terms of the rescaled 7, as given by (1.31). Once these
profiles have been found, the profiles in terms of physical (non-rescaled) coordinates are found
by replacing r by rm~! = r/(v/An).

In order to find the profiles ([10]), we represent the profiles by their values at a discrete set
of equally spaced points in the range 0 < r < R. The distance between points, Ar, is chosen
small enough for the array of values to represent a continuous function. R must be large
enough to represent r = oo, i.e. it is chosen such that the solution does not change much if we
make R bigger. The values are labeled by an index i such that X; = X (¢Ar) and P; = P(iAr),
and put in an array. The total number of elements for each array is N +1 = % + 1. Since we
know that X (0) =0, P(0) =1, X(c0) =1 and P(c0) = 0 (see for example [10]), we keep the
values of the first and last element of each array fixed: Xg = Py =0, Xy = Py = 1. Also,
we will restrict the array values to satisfy 0 < X; and P; <1 Vi, because we know from the
profile equations that the solutions must be bounded by 0 and 1. In terms of the grid values
of the profiles, we calculate the hamiltonian by summing over the points halfway between grid
points (the points given by i1 = (i + 3)Ar). The field profile values at il = (i+ 3)Ar

are considered to be given by X ((i + 3)Ar) = % and P((i + 3)Ar) = %, and the

derivatives are X'((i + 1)Ar) = % and P'((i + 3)Ar) = %, such that
N-1 X2(r 1)P?(r 1) (P'(r;,1))?
+3 +3 +3 1
- Pyl T e R (X)) - 1)),
i+3

i=0 i+3 "
(3.19)
The gradients of this energy with respect to X; and P; are now given by
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triog ( 7“3_1 +25 Arrf_l (3.21)
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Before we start minimizing the energy, we first fill the arrays with a trial function. In
principle, any smooth function satisfying the constraints described above may be used, but
we chose

X(r) = sin(nr/2R),
P(r) = cos(nr/R).

Starting from this trial function, the energy is now minimized by going through all values
of i € {1,...,N — 1} one by one and changing X; and P; according to X; — X; — 55—)% and
P— P -9 g—g, with 0 a small, positive number. The derivatives g—g and g—g are always
calculated using the current sets of values {X;} and {F;}. Once all array elements (except
of course the ones with i = 0 and i = N) have been evolved this way, the whole procedure
can be repeated for a desired number of rounds. In the end, the energy of the resulting
profile is calculated. If § is chosen small enough and the number of rounds large enough, the
profiles converge to the lowest energy solution. By making Ar smaller, we can approximate
the continuous profiles as accurately as we wish.

The values of Ar, §, the number of rounds and especially of R that give satisfacory profiles,
depend on the value of 8 because [ is a measure of the size of the gauge core relative to the
size of the Higgs core. As an example, for § = 1, it was sufficient to choose R = 10 and
Ar = 0.025, giving N = 400. The solutions were reached using ¢ in the order of 10~ and the
number of rounds in the order of 10%. The total running time was a few minutes. For other
values of (3, the parameters had similar values, the most important difference being that R
needs to be increased with 8. The profiles for 8 = 1 can be found in figure 3.5. From now on,
the functions X (r) and P(r) will be the profiles in terms of physical, non-rescaled distance
and X’ and P’ will be the derivatives of these functions with respect to that distance.

The field configuration of a single straight Abrikosov-Nielsen-Olesen string with velocity
v in the z-direction and angle o with the z-axis, can be obtained from (1.27) and (1.28). If
we call our coordinate system S, we may apply a Lorentz boost on the x and t coordinates
over a velocity v, given by

t N _( ) —vyv) t
( x ) - < 7 ) - ( —vy(v)  v(v) x )’ (3.22)
followed® by a rotation in the y — z plane over an angle o given by
/ o
()= (%)= =) (Y) 629
z z sina cosa z

5 Applying the rotation first, and then applying the boost would give the same result. The order in which
the transformations are performed is irrelevant because they work on different coordinates.
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Figure 3.5: Profiles of a critically coupled Abrikosov-Nielsen-Olesen string (8 = 1). X (con-
tinuous line) determines the behavior of the Higgs field and P (dotted line) the behavior of
the gaugefield. The profiles were found numerically and the distances on the x-axis are in
units m~!, where m = v/\n is the Higgs mass (see equation (1.31)).
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to the system S’ in which the string is parallel to the z-axis and has zero velocity. In this
system, the fields ¢'(¢',7) and A}, (t',7) might in principle be read off directly from (1.27)
and (1.28), i.e.

(7)) =nX(r")e? (3.24)
and
0
A7) = - pay | i (3.25)
m , ) = ? — T TIT; 5 .
0

with 2’ = 1" cos§’ and y' = r'sin#’. The desired fields ¢(t,7) and A,(¢,7) can then be found
by transforming ¢'(#',7") and A}, (¢',7") back to S with

o(t,7) = ¢'(t,7), (3.26)

and
(D)= (20 o) (H62) -

and

Ay(t,T) cosa  sina ALt )
- = : 1 (4l A : (3.28)

As(t,T) —sina  cosa ALt )
However, since the boost mixes the 0- and 1-component of the gauge field, thus creating a
non-zero 0-component, this configuration would not be in the temporal gauge. This problem
is solved if, before we transform back to S, we apply a gauge transformation to the fields in

the S’-frame that renders A’ (#,7) to zero. The gauge transformation that achieves this is
given by

1 I(z,y) = /Ogg L= PVE V) e (3.29)

az', N = 24T .73/, /’
( y) €y 2( y) §2+y2

After transformation of the fields back to S by (3.26), (3.27) and (3.28) , the fields have the
form

O(t',7) = X (o)l
0
1/a 0
A,t7) = —=(HO=PE) + 0GR Y)) |
—sina
1/ y? (1-Pr@) 1-P(yl)
- —g(ﬁ(l—P(r’))—i—Iz(a:/,y')—i-?( - y,Q’ ‘)+y’214(x',y'))
with

Iy = [ g (P =T g (3.31)

and the coordinates ¢', 7 given in terms of the coordinates ¢ and 7 by (3.22) and (3.23).

(3.30)

COoS o
—sin«
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Figure 3.6: The field configuration of an Abrikosov-Nielsen-Olesen string in the gauge with
Az = 0 (described in the text). A slice of constant z is shown of a vertical straight string.
In the first image, the Higgs field around the string center is represented by arrows and the
second image shows the absolute value of the Higgs field. Since ¢ is a scalar field and since
Ay = A; = 0, the only difference in the fields between the shown Higgs configuration of a
static string and that of a string with v # 0 is that, in the latter case, there is a Lorentz
contraction in the direction of motion. Another difference between the v = 0 and the v # 0
case is that for v # 0, the momenta are non-zero (see figure 3.8 and 3.9). The configuration
above corresponds to a model with e =7 =1 and A = 2. The units of the coordinates on the
axes are physical (non-rescaled) units (m~! = 1/4/2 physical units).



99

\\\\\\\ \\ \ \
////’”,",\\\\\\\\\\\\\\\\\‘\‘\‘““““““ i
\

IIIIII
v

\\\\

\\\\
W\
! ‘
T
““\‘\‘\‘\‘\\\\\\\\\\‘\I\‘\‘\‘\‘\“

"’/IIIIIIIIIIIII I ”
"’IIIIIIIIIIIIIIIIIIIIIII”
i
I I

t I” lum///

Figure 3.7: The y-component of the gauge field of a static string parallel to the z-axis. We
show the field in a slice of constant z. The other components of the gauge field are zero in
this particular gauge (see text). To find the gauge field of a string that is not parallel to the
z-axis, a rotation needs to be applied to the gauge field given here. The configuration above
corresponds to a model with e =7 =1 and A = 2. The units of the coordinates on the axes
are physical (non-rescaled) units (m~! = 1/y/2 physical units).
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Figure 3.8: The momentum 7 (conjugate to the Higgs field) of a string that is parallel to
the z-axis, moving with speed v = 0.9 in the positive z-direction. We show the momentum
represented by arrows (top) and the absolute value of the momentum (bottom) in a slice of
constant z coordinate. The configuration above corresponds to a model with e =7 = 1 and
A = 2. The units of the coordinates on the axes are physical (non-rescaled) units (m~—! = 1/y/2
physical units).
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Figure 3.9: The electric field in the y-direction EY, i.e. the y-component of the momentum
conjugate to the gauge field, of a string that is parallel to the z-axis, moving with speed
v = 0.9 in the positive z-direction. We show a slice of constant z. The other components of
the electric field are equal to zero. e = =1 and A = 2. Everything is again expressed in
physical, non-rescaled units.



62

™
o

Energy density
oo
o w ©°

©
o

O
¢

12 ¢

10t

M

Energy density

Figure 3.10: The energy per unit surface area of the strings described in the previous figures:
a string parallel to the z-axis with v = 0 (top) and one with v = 0.9 (bottom). We show
slices of constant z. Integration over the entire slice gives the energy per unit length of the
string. For the static (v = 0) string, we get ©(0) ~ 6.3 and for the string with v = 0.9, we
get 1(0.9) ~ 14.3 (physical units). Note that this is consistent with p(v) = v(v)u(0) because
~7(0.9) ~ 2.3.
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The momenta corresponding to the string described above are given by 7 (¢, 7) := 0rp*(t, 7)
—v0,¢*(t,7) and E;(t,7) := —0;A;(t,7) = v0,A;(t,T), because the string moves in the -
direction with velocity v. Applying some algebra to the expressions for the fields given above,
we get, in terms of the coordinates 7 and ¢’ in the S’ frame,

/
w(t,7) = B WD X () 4 i PG X G,
. vy () 0
E(',7) = ——=P'(r) Cos v . (3.32)
er —sin«

The equations (3.32) and (3.30) express the initial configuration of a single straight string in
terms of known functions. In section 3.5, we will discuss how our code uses these expressions
(together with the coordinate transformations (3.22) and (3.23)) to create two such configura-
tions and superpose them by (3.17). We thus end up with the desired initial configuration of
two moving local strings on a lattice. For a system of two global strings, the gauge fields are
absent. In this case, the initial configuration of the Higgs fiels and its conjugate momentum
are obtained in the same way as for local strings, with the gauge field set to zero everywhere.
Equivalently, this system is described as a system of local strings in the limit § — oco.

3.4 Boundary conditions

A drawback of (lattice) simulations is that, where ordinary space is infinite, a lattice in-
evitably has boundaries. This might be a problem, because, after we have placed an initial
configuration on the lattice, in order to evolve the fields at a certain point we need to know the
values of the fields at neighboring points. The lattice points on a boundary of the lattice by
definition do not have any neighboring lattice points on one side though. The boundary con-
ditions (BC) specify which field values represent those non-existent lattice points just across
the boundary. For a big enough simulation volume (box), the choice of boundary conditions
does not influence the interaction in the center of the box because information cannot travel
faster than the speed of light. This means that, if available memory and computation time
were not an issue, we could always perform the simulations in a box that is big enough for
the boundaries not to influence the fields in some central region of interest during the entire
simulation. In this case, the simulation results will be completely independent of the choice of
BC and really represent the interaction of infinite strings. However, in practice, especially for
simulations in which the fields are evolved over a long time (for example in the case of very
slowly moving strings), it is not attainable, or at least very time consuming, to simulate such
a big volume. Hence, it is useful to take a look at some physically reasonable ways of treating
the boundaries, such that the influence of the BC on the simulation does not cause problems.
We will discuss three types of BC, all three of which have been used in our simulations (and
in those of others) at some point. We will assume a volume with dimensions aNy, ...,aN,, (in
our case, n will be either two or three) to be represented by a lattice with vertex coordinates
(X1, ey @) = alit,...,in) and i1 € {1,...,N1}, 12 € {1,...,Nao}, etc. This box is filled with
an initial configuration corresponding to a system of two straight strings (see previous sec-
tion). The BC must then describe how to find the field values corresponding to points that
lie just past the boundaries of this box, i.e. the fields corresponding to coordinates i = 0
or iy, = N +1 (for any k € {1,...,n}). As was previously stated, knowledge of these field
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values is necessary when we wish to evolve the fields on the boundaries (i, = 1 or i, = N),
as can be seen from the equations of motion (3.15) and (3.16). The boundary conditions will
be discussed in terms of the continuous field theory.

3.4.1 Periodic boundary conditions

Periodic BC (see for example [21]) are very useful for two dimensional simulations. In three
dimensional simulations, they can only be applied to the boundaries on which the fields are
initially in, or close to, the vacuum. When the boundary conditions are periodic, the fields
just past a boundary are considered to be equal (up to a gauge transformation) to the fields
at the boundary on the other side. One would naively expect periodic BC in the 1-direction
to mean that

¢($1 + L17x27 '-7$n) = ¢(x17x27 71'77,)
A“(Jsl —I—Ll,l‘g,..,ivn) :A#(xl,xg,...,l'n). (333)

However, if we apply this to our initial configuration described in the previous section, we
would find that the fields are discontinuous at the boundary . This is the case because for our
initial configuration, ¢(0,x3, ..., zy) # ¢(L, x2, ..., x,). This can be solved by demanding that
the fields are periodic up to a gauge transformation a(xs, ..., z,) that “patches” the fields at
the two boundaries together. We then get

d(x1 + Ly, x9,..,2p) = eieo‘(xQ""’x")¢(x1, Xy eeey Ty ) (3.34)
Ap(xy + Ly, o, . wp) = Ap(x1, 22, s Tp) — Opc(x2, ..y Tp). (3.35)

The “patch function” « is determined from the initial configuration ¢; by
gica(@a,an) _ Pl T2, Tn) (3.36)

T 9i(0, 29,y )

Note that the 1-component of the gauge field, and in general the component of the gauge
field normal to the boundary, is purely periodic (i.e. no patch function). Since a gauge trans-
formation does not change the physical properties of the fields, (3.36) defines a configuration
that is (physically) periodic in the 1-direction. Periodicity in the other directions is defined
analogously. The lattice formulation becomes

iea(ia,...,in

Pliy+ N1 ig,yin) = € )G ir iz, in) (3.37)
AM(i1+N1,i2,..,in) = A,u,(il,iQ,...,in) — aNOé(iQ, ceey ln), (338)

and « is found by initially also calculating the values the fields would have at the points with
i1 = N + 1 (which are considered to lie just outside the lattice) and using

eiea(ig,...in) — ¢’L(N+ 1,1’2)...,.%”)' (339)

¢Z(17 L2y eeny xn)

Periodic BC are possible because in the initial configuration, the fields at the boundaries are
in (or close to) the vacuum. If this is not the case, there may not exist a gauge transfor-
mation that patches the fields on opposing boundaries, because the Higgs fields on opposing
boundaries may not have the same absolute value (gauge transformations only change the
phase). For this reason, periodic boundary conditions cannot be used on a boundary that
has a string passing through it. In three dimensional simulations of straight strings, such
boundaries always exist and therefore we need to find alternative BC for at least one pair of
boundaries.
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3.4.2 Reflective boundary conditions

A very straightforward way of treating boundaries is to use extrapolation of the fields inside
the box to obtain the fields just outside the box. This extrapolation can in principle be
performed in several ways. When the gradient of the field normal to a boundary is assumed
to be equal to zero, we speak of reflective boundary conditions, which is a rather popular
choice. These BC are, for example, used in [28]. On the lattice, reflective BC mean that (for
all fields) the field values just past the boundaries are considered to be given by

P(0,i2,0.sin) — P(1y52,0yin)
D(N+1yiz,sin) = P(Nyin,oooyin)- (3.40)

Reflective BC are used in a number of our own simulations (see chapter 4).

3.4.3 “Free string” boundary conditions

The other type of BC that we choose to use for many of our three dimensional simulations
assume that the fields just past the boundaries behave like they would if the strings did not
interact (see for example [19]). This is realized as follows. If we wish to know the fields across
a boundary at a time ¢, we first calculate the x-coordinates the strings would have if they had
moved with constant speed since the beginning of the simulation by x1(¢) = x1(0)4+vt = x1+vt
and xa(t) = 22(0) — vt = x9 — vt. We then calculate the field values at the desired points
(the points that lie just past the boundary) by the same method we used to find the initial
configuration (i.e. by superposition of two straight Abrikosov-Nielsen-Olesen strings), but
this time the parameters describing the system are x1(t) instead of x1, xo(t) instead of zo,
and « and v like before. This way, the fields across the boundaries represent strings moving
with constant velocity that keep their original shape. For large enough box size and assuming
the angle « is non-zero so that the strings will pass through the boundaries at different y-
coordinates, this seems like a good approximation to the fields’ behavior across the lattice
boundaries in infinite space because, in this case, the parts of the strings at the boundaries
will be sufficiently far apart to not notice each other’s presence during the simulation, i.e.
they indeed propagate as free strings. If there is sufficient time during the simulation for the
string segments to feel each other’s presence, the fields across the boundaries as found by the
method described above will likely not be exactly what they should be for two infinite straight
strings. However, for most simulations, the deviation will not be very big. When simulating
the interaction of two slowly moving strings, the total simulation time can get rather large.
In this case, the deviations can be big, and the simulation should not be interpreted as the
interaction of two infinite straight strings, but rather as two straight string segments that
are “driven” by some force exerted at the points where they intersect the boundary. The
effect of this force is exactly to make the string segments at the boundaries move at constant
velocity. In fact, such an approach is in a way more realistic than the scenario of two straight
infinite strings, since in reality only segments of strings are straight and these segments are
influenced by the rest of the string they are attached to. The disadvantage is that once we
are no longer describing infinite straight strings, we introduce extra parameters because, in
principle, the driving force representing the pull of the rest of the string is arbitrary. We will
stick to the choice made above because these BC are closest to the case of infinite strings, but
in theory one can for example replace the relations x1(t) = x1 + vt and x5(t) = 9 — vt by
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any reasonable functions x1(t) and z2(t) to get different BC that might agree with another
physical situation.

3.5 Code

In this section, we will discuss in some detail the code we used to perform our simulations.
Readers not interested in these technical details might want to skip this section and go
straight to the “Results” chapter. In principle, the most important basic aspects of how
our simulations are run, were covered in the previous sections. The code is written in C
and is available in full through www.lorentz.leidenuniv.nl/~“rdeputter. The code can
be found both both in plain text format (sim.c) and postscript format (sim.ps) with line
numbering. The code describes a simulation of two local strings on a three dimensional lattice
with, applied to all boundaries, either the boundary conditions described in section 3.4.2, or
those described in section 3.4.3. We also performed some simulations that used two other
codes: one simulating global strings in three dimensions and one simulating local strings in two
dimensions. However, the first of these codes is exactly the same as the code we are discussing
in this section, except that the gauge fields are removed. The second code is also the same in
most ways (removing a dimension is trivial), but uses different boundary conditions (namely
periodic). We will not go into the details of these two codes. In the following discussion, the
names of variables, functions etc. that appear in the code are printed in boldface.

To increase the speed at which simulations can be run, we have written the code in such
a way that it can simultaneously use multiple processors. This was made possible by the
use of the MPI (Message Passing Interface) package. The advantage of using MPI is that
the lattice (box) can be divided into a number of subboxes. Each process takes care of one
such subbox and the processes communicate with each other about what happens at the
boundaries. Naming the number of available processors size, our code divides the total box
into size subboxes that are stacked upon each other vertically (figure 3.11), although other
ways of dividing the simulation volume into subboxes would of course also have worked. If
the time taken by the communication between processes is negligible, the simulation speed
is proportional to size and hence we can gain a lot of time by running the code on a cluster
of parallel processors. The code describes the actions that a single process, characterized by
the integer rank (that has a value in the range from 0 to size —1), should carry out.

Before going into main(), let us first discuss some of the most important variables and
constants that appear in the code, most of which are defined as global variables at the very
beginning of the code (lines 15 to 111). Starting with the parameters describing the lattice, a
is called latticespacing and the dimensions of one subbox in terms of lattice sites are given
by isize_net, jsize_net and ksize_net, such that the total boxsize is isize net x jsize net
x (size - ksize_net) (the physical sizes are found upon multiplication by the lattice spacing).
The parameter timestep corresponds to At. The code decribes the abelian Higgs model with
n = 1, which is why this parameter does not appear anywhere in the code. The parameters
e and A are called e and lambda respectively. Furthermore, alphal is «q, i.e. the angle
that string 1 makes with the z-axis, alpha2 is as and v0 will be used for both the velocity
of string 1 as that of string 2. The fields are put into three dimensional arrays with the size
of a subbox plus one lattice site past the boundaries, i.e. (isize net+2) x (jsize net+2) x
(ksize_net+2). The actual subbox is considered to be the part of the array with coordinates
[i,j,k] i« = 1,...,isize_net, j = 1,....jsize_net and k = 1, ... ksize _net and the points on the
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Figure 3.11: The simulation volume (the big box) is divided into a number of subboxes as
shown above. Each subbox is handled by a separate process and the processes exchange
information about what happens at the subbox boundaries. Which subbox is handled by
each process is determined from the rank of the process. The subbox at the bottom of the big
box corresponds to rank zero, the one above it corresponds to rank one, etc. In the situation
shown here, three processors are used. Running simulations in parallel can save a lot of time.
Ideally, i.e. if the time it takes to exchange information between processes is negligible, the
speed of the code is proportional to the number of used processors.
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boundaries of the array (i = 0,isize_net+1, etc.) are considered to lie just past the boundary
of the subbox. If a boundary lies next to another subbox handled by another process, i.e.
the subbox boundary is an internal boundary, these points are considered to lie inside that
other subbox. If a boundary lies on the outside of the total box, in which case it is called an
external boundary, the points lie just outside the simulation volume. The reason we include
the external lattice points in our arrays is that the field values at these points are needed
to evolve the momenta on the boundary of a subbox. Their valus will be obtained either by
communication with the process describing a neighboring subbox (for internal boundaries),
or by applying the boundary conditions described in 3.4.2 or 3.4.3 (for external boundaries).
The names of the arrays and their relation to the field definitions in this thesis, are
Higgs = ¢,
Higgsmomentum = 7,
xlinks = eaA,,
Ex = eaFE”,
ylinks = eaA,,
Ey = eaFV,
zlinks = eaA,,
Ez = eaF*.
We also define an array the size of a subbox, called Energy, that contains the energy density
according to equation (3.14). In addition to the arrays described above, we also define two
dimensional arrays with size Nslice x Nslice that will contain a two dimensional slice of
the field configuration of a single string. These slices will be used to create a three dimen-
sional configuration relatively fast. We also create a number of auxiliary arrays like Higgs2,
Higgsmomentum?2, etc., that will for example be used to temporarily store a configuration.
Other relevant quantities will be discussed as we encounter them in the code.

main(), starting on line 1669, can be divided into three blocks. The first block (line 1686
to 1790) can be seen as preparation for the actual calculations and is used among other things
to initialize parameters. In the second block (line 1791 to 2085), an initial configuration of
two strings on a lattice is created and the third block (line 2086 to 2136) takes care of the
evolution of the fields. The code is commented, but we will here explain the basic steps that
are taken and make some remarks on things that are important.

3.5.1 Initialization of parameters

At the very beginning of the main code, a number of parameters is initialized. Throughout, 7

is chosen to be one and therefore this parameter does not occur in the code at all. Although e

does occur explicitly in the code, we will always choose it to be equal to 1 too. The parameter
1_ _1

3 is varied by changing A\ (and thus the characteristic Higgs radius m " = W) For example,

in the online version of the code, we have A = 2 so that 5 = 1. The String profiles X and P
are loaded from files and their derivatives are calculated. We use the profiles corresponding
to the right value of 5. In the case of the code that can be found online therefore, the profiles
of a # =1 string are loaded. When the simulation is carried out for another value of A (and
therefore of [3), we need to load different profiles. We described how to create these profiles
for any value of 3 in section 3.3. One of the other things that are done in the first block
is that the positions of the subboxes within the total simulation volume are determined so
that a process knows the absolute coordinates of its lattice points and so that it knows with
which other processes to communicate about the boundaries. The lattice spacing a is chosen
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small enough for the lattice to represent a continuum. By small enough, we mean that it is
(much) smaller than the relevant physical scales of the system, in this case the typical Higgs
and gauge radii. Note that, for high velocities Lorentz contraction makes these scales smaller
and we need to reduce the lattice spacing a accordingly. The timestep At is chosen such that

the Courant condition ([27]) is fulfilled: At < %

3.5.2 Creation of initial configuration

In block 2 (line 1791 to 2085), the initial configuration is constructed. The idea is to first
construct constant z slices of the configurations of each individual string separately, and
then to use these slices to create a superposition of the two strings in our (three dimensional)
subbox. For each string (see figures 3.3 and 3.4), with velocity +v and angle «; with the z-axis,
where i = 1 or i = 2, we fill a set of two dimensional arrays (one array for each field) with the
configuration at constant z, around a string of velocity +v and angle «; with the z-axis. The
fields on this slice are calculated using the expressions for the initial configuration in section
3.3. The fields (corresponding to one string) at any point (X,Y, Z) in the three dimensional
(sub)box can then be found by first calculating the z- and y-coordinate of (X,Y, Z) relative
to the point where the string intersects the z = Z plane. We then find the elements of the
constant z arrays described above close to these cordinates and use interpolation to find the
desired field values. The fields corresponding to the complete two string system are found
using the superposition rules (3.17).

In the code, this procedure is carried out as follows. First, a slice of the configuration of
string 1, characterized by alphal and vO0, is created using slices(). Each process calculates
a part of this slice after which all processes send their part of the slice to the process with
rank= 0. This process then puts the parts together to create the full slice and afterwards
sends it to all other processes. The end result is that all processes own a constant z slice (put
in arrays with names Higgsslicel, Higgsmomentumslicel, etc.) with the configuration
corresponding to string 1, which intersects the slice in its center. After this, the same is done
for string 2, which is characterized by alpha2 and -v0, but this time the fields are put in
arrays with names Higgsslice2, Higgsmomentumslice2, etc. Note that in slices(), the
electric field on a link is calculated at the point halfway this link (see also [22]). For the
gauge field on a link, we take the average over the link it is defined on, i.e. we integrate the
gauge field over this link numerically and subsequently divide by the length of the link. When
the slices are available to each process, the three dimensional initial field configuration can
be constructed for each subbox. This is done by the function initial_configuration(), as
described in the previous paragraph.

3.5.3 Evolution

In the third part of the code (line 2086 to 2136), the fields are evolved in small timesteps
At. The fields are evolved using a so called leapfrog algorithm. This means that, starting
from the initial configuration, we first evolve the momenta forward in time by half a timestep,
then evolve the fields over a full timestep, then the momenta over a full timestep, then the
fields over a full timestep again, etc. The function that evolves the fields over one timestep
of size timestep using equations (3.15) and (3.16) is called evolve(). It first uses the con-
jugate momenta to evolve the fields by one timestep, then finds the values of the fields just
passed the subbox boundaries, i.e. the array elements with ¢ = 0 ,i =isize_net+1, ..., or
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k =ksize_net+1, and then evolves the momenta. The field values just past the boundaries
are obtained using the function Boundaries(). For internal boundaries, this function ex-
changes information with the process that deals with the relevant neighboring subbox, while
for external boundaries, the field values are calculated using the boundary conditions in sec-
tion 3.4.2 or 3.4.3. If SHELLARD is defined in line 13 when the code is compiled, the BC
from section 3.4.2 are used and if SHELLARD is not defined, the BC from section 3.4.3 are
automatically used.

Since we wish to use a leapfrog algorithm, we first evolve the momenta forward half a
timestep using the function Half step(). After this, a for loop is started that runs evolve.
This way, the fields are evolved from ¢ = 0 to ¢ = simtime (which is a parameter that is
passed to the function by the user). The fields can be saved at desired moments. Also, the
energy density can be calculated and saved.



Chapter 4

Results

4.1 Introduction

In this chapter, we investigate the interaction of strings for high speeds v (see figure 3.3). Both
the numerical work in [28] (for global strings) and the analytic arguments in [8] and [12] (for
both global and local strings), suggest that strings intercommute for speeds v up to a certain
threshold velocity v;. Above this velocity, strings would not exchange ends, but simply move
through each other. Throughout this chapter, the term “threshold velocity” will exclusively
be used for the specific type of threshold velocity discussed above. In [19], which describes
simulations of local strings, intercommutation is found in all investigated cases (except when
the strings are either exactly parallel or exactly anti-parallel). In this chapter, we present
the results of our own simulations. We investigate the high v intercommutation behavior of
both local (for different values of 3) and global strings. We find that strings intercommute
for speeds up to at least v = 0.99 and thus find no evidence for the existence of a threshold
velocity. It does occur in some cases that strings first intercommute once, and then later
intercommute again, in which case the net result is that the strings move through each other,
i.e. there is no exchange of ends.

The typical string configuration considered in this chapter will be as discussed in the
beginning of section 3.3 (specifically figures 3.3 and 3.4) and we will use the parameters
defined there to describe these systems. We will always have a; = § — § and ag = § + 3,
such that intercommutation corresponds to annihilation in the z = zg plane. The central point
of the box, i.e. the point with coordinates (xg,yo, z0), will be referred to as the “intersection
point”. The process of intercommutation takes place in the region around this point. The
time at which the two strings come to intersect will be called ¢o. The strings are located by
looking at the configuration of the Higgs field in a number of (two dimensional) slices and
locating points around which the Higgs field has non-zero winding number. This is always
done “by hand”, as opposed to automatically. As before, all quantities are in units ¢ = i = 1.

In principle, it may happen that two strings do not intercommute because they simply
never come to intersect. More specifically, this will occur when the strings repel. However, this
only happens either for low initial speeds, or for values of # much bigger than one (or both).
In this thesis, we will restrict ourselves to the study of the high velocity intercommutation
behavior and the existence of a threshold velocity. In our discussions, we will always implicitly
assume (3 and v to be such that the strings do come to intersect after some (finite) time. What
happens next (intercommutation or non-intercommutation) is what we are interested in here.
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If the strings do not move apart far after intercommutation, it can happen that they exchange
ends again after some time, so that the final state corresponds to non-intercommutation.
However, in this thesis, the main question we will be concerned with is whether or not
the strings initially intercommute. Hence, when we say that two strings intercommute, it
might still be that a while after intercommutation the strings intercommute again due to
attractive interaction between the strings after the first intercommutation. In fact, we have
seen this happen in several simulations of local strings (see section 4.6). We will also always
implicitly assume that the angle o between the strings is not equal to 0° or 180°. The type of
system described by a = 0° or @ = 180° is essentially two dimensional and has been studied
extensively by others (see for example [23]).

The simulations we refer to in this chapter all use the codes (or straightforward modifica-
tions thereof) discussed in the previous chapter. The parameters of the abelian Higgs model
will from now on be set to e = 1 and n = 1. (3 then depends on A through 5 = \/2. As
we discussed, the intercommutation behavior of strings only depends on 3. Changes in the
parameters that keep 3 constant would only amount to a change in the scales of the system.
Hence, when studying intercommutation, there is no loss of generality in fixing e and 7. The
choice e = 1 = 1 means that the gauge mass is given by M = /2 and the Higgs mass by
m = M+/B = /23. This means that the physical, non-rescaled coordinates (r) we always
use in this chapter are related to the rescaled coordinates (7jescaled) Of inverse Higgs mass
by: Trescaled = V26 7. All simulations referred to were performed on the Maris cluster of the
Lorentz Institute for Theoretical Physics in Leiden. In most cases, simulations were run in
parallel on five processors. The typical running time was of the order of an hour.

This chapter is organized as follows. In section 4.2, we discuss the numerical intercom-
mutation of two local strings characterized by a = 90°, v = 0.5. We find that the process
of intercommutation is very rapid and that during this process, the strings can for a while
not be considered to be Nambu-Goto strings. This is consistent with earlier results found
by others. In section 4.3, we present an argument that suggests that a threshold velocity
does not exist and that, in fact, intercommutation takes place for all (sufficiently high) ve-
locities of approach. We know of two analytic arguments ([8, 12]) that suggest the contrary.
These arguments will be the topic of section 4.4. We will point out possible errors (using our
conclusions from section 4.2) that could change their conclusion that above some threshold
velocity, intercommutation does not occur. We wish to note though that we do not consider
the arguments in section 4.3 and 4.4 to be proof of the non-existence of a threshold velocity.
However, the results presented in section 4.5 (for global strings) and 4.6 (for local strings) do
convincingly show that, if a threshold velocity exists, its value must be higher than 0.99 (at
least for the values of # and « that we investigated). We also discuss the formation of a loop
after intercommutation in these sections.

4.2 A closer look at intercommutation (8 =1)

As we discussed before, it is clear from previous studies that, for not too high velocities,
intercommutation takes place whenever two strings come to intersect. For high velocities
(v ~ 0.9), a number of studies ([8, 12, 28]) suggest that there exists a threshold velocity,
above which strings no longer intercommute, but simply pass through each other instead.
Before we investigate (the existence of) this threshold velocity, it is useful to first study in
some detail what the interaction of two strings that do intercommute typically looks like.
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To this purpose, we simulate the evolution of a system of two local strings, characterized by
v=0.5, « =90° [ =1 and an initial separation of 12 (physical) units. This configuration is
evolved on a lattice of size 150 x 150 x 250, with lattice spacing a = 0.2, such that the physical
size of the simulation volume is 30 x 30 x 50. We use the boundary conditions discussed in
section 3.4.3. The configuration is evolved in time steps of size At ~ 0.09. The initial
positions and orientations of the strings are sketched in figure 4.1. The initial configuration
of the Higgs field on the slices given by z = z¢ and y = ¥, and the energy density on the slice
given by z = zq, are depicted in figures 4.2 and 4.3 respectively.

When this configuration is evolved, the strings remain straight and move with constant
velocity for a long time. If the strings were to move with v = 0.5 the entire time until their
cores intersect, intersection would take place at ¢t =“initial separation” /(2v) = 12 units. We
find that, not long before this time, at ¢ = 10.39, the strings still practically have the same
shape and the separation of the cores in the z = z plane is about 1.2 units. We conclude that,
until this time, the strings have hardly interacted. Soon after this time, the intercommutation
process starts. This process, where the vortices annihilate in the z = zy plane, and move apart
vertically in the y = yo plane, goes remarkably fast, something that was also noted in [28] (for
global strings) and in [23] (for 90° scattering of parallel local strings). At ¢ = 10.65 already,
the cores more or less overlap in the z = zp plane, i.e. the strings intersect. At t = 10.91,
intercommutation has taken place and the zeroes are already separated by a distance of
about 1.6 units (figure 4.4). After intercommutation, the strings keep moving away from each
other in the z-direction at a velocity slightly bigger than v = 0.5. Quite a lot of energy is
left behind in the region surrounding the intersection point. The shape of the strings after
intercommutation is sketched in figure 4.5. We evolve the strings until ¢ = 24 units and find
that nothing new happens: the vertical distance between the two strings simply continues to
increase (until the boundaries are reached by the strings). Note that the behavior of the fields
in the center of the box can in principle be influenced by the boundaries from ¢ = 15 onwards
because of the finite box size. Other parts of the simulation volume can be influenced by the
boundaries at even earlier times. However, we checked that the results presented above are
independent of box size by running the same simulation in a box twice as big in all directions
(by doubling the lattice spacing to a = 0.4). We also performed the simulation described
above with different BC, namely the ones discussed in section 3.4.2. We are confident that
the influence of the boundaries on the results presented in this section is negligible.

We perform another simulation to look at the actual process of intercommutation in more
detail. For this simulation, we use a smaller lattice spacing, namely ¢ = 0.1, and a time
step At = 0.05. The lattice again has size 150 x 150 x 250, which this time corresponds to a
physical size of 15 x 15 x 25 units. The other parameters are the same as in the first simulation.
In figure 4.6, we show the Higgs field close to the intersection point in the z = zg plane at
different times and in figure 4.8, the field in the y = y¢ plane is shown. We find that around
the time of intercommutation (g &~ 10.61 units) the absolute value of the Higgs field is very
small in a region around the intersection point. For that reason, the vortex positions are not
well defined for a short time. We again wish to stress how fast the process of intercommutation
works. At ¢ = 10.4, the strings have not yet intercommuted and the distance in the z = zg
plane is roughly one unit. At ¢t = 10.6, the strings almost exactly overlap, and at ¢t = 10.8,
the strings have exchanged ends and are already separated by a distance of about 1.4 units
in the z-direction. This means that, if one were to calculate the average speed of each string
in the z = 2 plane just before intercommutation (over a period of time of about 0.2 units),
one would find v ~ 2.5, and for the average speed in the y = yo plane (the speed at which
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Figure 4.1: The initial positions and orientations of the strings in the system described in
section 4.2 in three dimensions (a) and a projection of this configuration on the yz-plane (b).
The direction of an arrow indicates the direction of increasing phase of the Higgs field by the
right hand rule.
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Figure 4.2: The configuration of the Higgs field corresponding to the situation sketched in
figure 4.1 is shown both on the z = z plane and the y = y plane. Of each plane, only a central
region is shown. The coordinates are given relative to the intersection point (xg, 3o, 20). The

units have not been rescaled: m~! = % units. Note that, in the z = 2y plane, the winding

number around the string on the left is equal to one (the phase increases by 27 when following
one counter clockwise rotation around the vortex), and the winding number around the string
on the right is equal to minus one. In the y = yg plane, both strings have winding number
minus one.



76

energy density
- N N w
w © w ©

©

°
)

®

Figure 4.3: The energy density in the z = zg plane corresponding to the situation sketched
in figure 4.1. The coordinates on the axes are given relative to the intersection point. The
units have not been rescaled: m~—! = % units. The energy has peaks at the points where the
strings intersect the z = 2y plane.
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Yo y

Figure 4.5: The approximate shape of the strings after intercommutation has taken place,
as projected on the yz-plane. Each of the two strings can be considered to consist of three
different, relatively straight parts. The parts I and III are far away from where the interaction
has taken place and therefore still look the same as they would if no intercommutation had
taken place. After a short period in which the strings move apart at a speed v > ¢, the
distance between the horizontal parts (IT) grows at a rate corresponding to string velocities
slightly larger than v = 0.5, while the basic string shapes stay the same.
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Figure 4.6: The Higgs field configuration at different times during the process of intercommu-
tation. We show the Higgs field in the z = 2y plane in a small region around the intersection
point. Coordinates are relative to the intersection point. The units have not been rescaled:

m~ = % units. At ¢t = 10.6, the zeroes basically overlap (the value of the Higgs field at the

intersection point (0,0) is equal to —0.01). After this time, annihilation takes place in the
z = zg plane and hence the strings exchange ends. It is important to note that the process
is very fast. If one were to assign a velocity to the zeroes in the z = z( plane right before
intercommutation, it would be much (2 — 3 times) bigger than the speed of light.
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Figure 4.7: The energy density in the z = zg plane, i.e. the plane of annihilation, during the
process of intercommutation (cf. figure 4.6). Closer inspection of the location of the energy
peaks at ¢ = 10.4, show that the distance between the peaks is about 1.6 physical units,
which is larger than the distance between the zeroes of the Higgs field at that time (about
1 unit). Apparently, the energy peaks leg behind the Higgs zeroes before intercommutation.
This confirms that, during intercommutation, the positions of the zeroes are energetically not
that important. At ¢ = 10.8, annihilation has taken place, but there is still quite a lot of
energy left in the center of the z = zg plane. Afterwards, the energy peak in the center gets
smaller and smaller as the strings move away in the z-direction.
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Figure 4.8: The Higgs field configuration at different times during the process of intercommu-

tation. We show the Higgs field in the y = yg plane in a small region around the intersection

point. Coordinates are relative to the intersection point. The units have not been rescaled:

units. At ¢t = 10.6, the zeroes basically overlap (the value of the Higgs field at

1
V2

the intersection point (0,0) is equal to —0.01). After this time, the zeroes move apart in the

m~! =

These figures again show that the

process is very fast. If one were to assign a speed to the zeroes after intercommutation, it

z-direction and hence the strings have exchanged ends.
would be much bigger than the speed of light.
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Figure 4.10: The value of the Higgs field ¢ at the “intersection point” (zq,yo, 20) as a function
of time. ¢ = 0 corresponds to the exact moment when the vortices annihilate in the z = 2
plane, or equivalently, the moment the strings intercommute. By interpolation, this occurs
at tg =~ 10.61, at which time the time derivative of the field at the intersection point is about
1.0.
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the strings move away from each other), right after intercommutation (again over a period
of time of about 0.2 units), one would find v &~ 3.5. It might seem that an important law
of nature is violated here, but this is not the case: no actual information or energy travels
faster than the speed of light | The velocity of the zeroes may be compared to the phase
velocity of a wave packet. This velocity too, can be larger than the actual wave propagation
speed without any information actually traveling faster than this speed. The high speed of
the zeroes just before and just after the strings intersect, does tell us that, around this time,
in the central region, the strings can definitely not be considered to be Nambu-Goto strings,
not even approximately. A better way to describe the process could be to say that, until
the cores are separated by a distance of perhaps 1.0 — 1.5 units (roughly the characteristic
string radius), the strings approximately move as free strings (with some interaction). Then,
an almost instantaneous process of intercommutation takes place, after which the strings are
separated by a distance of again 1.0 — 1.5 units, but this time in the z-direction, and can
approximately be described as free strings again. We also show plots of the energy density
during intercommutation, both in the z = zg plane (figure 4.7) and in the y = y( plane (figure
4.9). It is interesting to note that right before intercommutation, in the z = zg plane, the
energy peaks do not exactly follow the zeroes of the Higgs field, but leg behind a little bit.
This is perhaps not too surprising, since one does not expect the energy peaks to travel faster
than the speed of light. After intercommutation, an energy peak remains in the center of the
box. The height of this peak does get smaller over time. The evolution of the energy density
in the y = yo plane is exactly what one would expect for intercommutation: the peaks scatter
at 90°.

In conclusion, the two main points that we wish to make based on the simulations discussed
in this section, are the following: 1. The actual intercommutation process is extremely
fast. For a short time, the zeroes of the Higgs field move with a speed much faster (by at
least a factor 2 — 3) than the speed of light. 2. During this intercommutation process, the
string segments in the region where intercommutation takes place, cannot be considered to
be Nambu-Goto strings, at least not if we define the strings by the positions of the zeroes
of the Higgs field. We wish to point out that these two points are not entirely new. A
similar description of intercommutation in three dimensions is given in [19]. In [23], it was
found that the 90° scattering of vortices in two dimensions is also a very fast process. In
this light, our description of the speed of the intercommutation process is perhaps not too
surprising, because in the y = yg plane, intercommutation is nothing but the 90° scattering
of two vortices. Also, in [21], it is shown that during the 90° scattering of two dimensional
vortices, the energy density is concentrated in a ring around the intersection point and it
is concluded that the zeroes of the Higgs field are energetically not that important during
intercommutation. This is consistent with our observations in three dimensions (see figure
4.7) and supports the view that, during intercommutation, the parts of the strings close to
the intersection point should not be described as Nambu-Goto strings.

4.3 Does intercommutation also occur for very high speeds ?

In section 4.5 and 4.6, we present simulation results that show that intercommutation takes
place for speeds up to (at least) v = 0.99. This shows that, if a threshold velocity exists, its
value must be higher than v = 0.99. We have reason to believe that, in fact, intercommutation
will also occur for all speeds above v = 0.99. In other words, we do not expect a threshold
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velocity to exist. In this section, we will present the argument on which this belief is based. It
is not a proof by any means, but it at least suggests that intercommutation takes place for all
(high) values of v. Remember that by intercommutation we mean initial intercommutation.
We make no claims here about whether or not the strings reintercommute a while later.

Our approach is to consider what happens in the z = z plane as two strings intercommute
(see also section 2.6.2). In this plane, intercommutation corresponds to the annihilation of
a vortex anti-vortex pair. Two dimensional simulations of vortex interactions in the abelian
Higgs model ([21, 23]) provide no evidence that above some threshold velocity, vortices do
not annihilate. As far as we know, annihilation occurs in all investigated cases. For high
initial speeds (v 2 0.9), it is possible that the vortices reemerge after annihilation. We will
come back to this phenomenon, and identify its three dimensional analog (the formation of
a loop after intercommutation), in section 4.5. For now, the only thing that matters is that,
initially, the vortices annihilate: if reemergence occurs, it occurs a while after annihilation. Of
course, it is not certain that the two dimensional simulation results mentioned above, can be
applied to a two dimensional plane of a three dimensional system. Also, the two dimensional
simulations that we are aware of do not investigate values of v much higher than 0.9. Hence,
the argument presented above, based on two dimensional results, is not a very solid one. In
the rest of this section, we will consider what actually happens, in the three dimensional
case, to the Higgs configuration in the z = z¢ plane when two strings come to intersect. In
particular, we will argue that (at least for high values of v) the evolution of the Higgs field
at the intersection point, i.e. ¢(xo,yo,20), is such that annihilation in the z = zy plane, and
hence intercommutation of the strings, is inevitable.

We first describe the initial configuration of the Higgs field in the z = z( plane. In figure!
4.2 (top), it is shown that initially, in the z = zy plane, far away from the vortices, in all
directions, ¢ is real and positive (arrow pointing to the right). If we write ¢ = |¢|e?’, this
corresponds to 8 = 0. In between the two vortices on the other hand, ¢ is real and negative
(arrow pointing to the left, # = ), i.e. the phase is opposite here. In the region surrounding
the region where the Higgs field is negative, i.e. the central region in figure 4.2 (top), the
phase changes gradually from 8 = 7 to 6 = 0 in such a way that the winding number around
the string on the left equals one and the winding number around the string on the right equals
minus one.

We wish to know what happens when this initial configuration is evolved. We assume that
the initial speeds of the strings are such that the strings come to intersect at some finite time ¢.
As the strings approach each other, the region described above, where the phase of the Higgs
field is not equal/close to § = 0, becomes smaller and smaller. It follows from symmetry that,
during the approach, the phase of the Higgs field at the intersection point (x, 30, 20) remains
unchanged, i.e. § = w. Since the two zeroes will eventually meet at the intersection point,
at which time |¢(xo, Y0, 20)| = 0 by definition, the absolute value of ¢(zo, yo, 20) tends to zero
as the strings approach each other. When ¢(x¢, yo, 20) reaches zero, the strings intersect and
the first time derivative of ¢(zo, o, 20) is either real and positive, or zero: b(20, Y0, 20) > 0 or
gb(a:o, Y0, 20) = 0 (any other value of gb(xo, Yo, 20) is not possible because the field is negative
before it reaches zero). What happens to ¢(xg,yo, 20) after this time, determines whether
or not the strings intercommute. If cb(a:o,yo,zo) > 0 at tg, ¢(xo,¥0,20) becomes positive
and there is no winding left in the z = zp plane. In other words, in this case, the strings

In figure 4.2, we use the system from the previous section to illustrate our explanation, i.e. § =1, a = 90°
and v = 0.5, but the initial configuration is “qualitatively” the same for other values of 8, v and «.
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intercommute. This is what happens in the system simulated in the previous section, where
d(20, Y0, 20) ~ 1 (see figure 4.10). In principle, it might also be that ¢(zo, yo,z0) = 0 at to, in
which case the subsequent evolution of ¢(zg, yo, z0) depends on its second time derivative and
could lead to intercommutation, if ¢(x, 30, 20) becomes positive, or non-intercommutation, if
&(xo, Yo, 20) becomes negative. However, for high approach velocities, we do not expect this
to occur. In fact, it makes a lot more sense for Q'S(xo, Yo, 20) at to to grow larger with v than
the other way around. Hence, we expect that, for high velocities, ¢(zq, Yo, 20) always becomes
positive after the strings intersect, thus creating a configuration with no winding of the Higgs
field in the z = 2z plane: intercommutation.

In conclusion, the argument presented above suggests that it might be that there exists
some (8 and a dependent) minimum velocity, below which there is no intercommutation?,
but that, above this minimum velocity, the strings always intercommute. In other words, the
argument leads us to believe that there is no maximum intercommutation velocity (threshold
velocity). In section 4.5 and 4.6, we will present numerical evidence that intercommutation
takes place for speeds up to at least v = 0.99. In the next section, we will first discuss two
analytic arguments that predict that there is a threshold velocity.

4.4 Two arguments in favor of the existence of a threshold
velocity

In [8], it is argued that above a threshold velocity vy, given approximately by?

v = \/ 4k (1 — cos «) (4.1)

1+ 4k(1 —cosa)’

no intercommutation will take place. Here, x is a parameter assumed to be close to unity.
This result is first derived for global strings (v is understood to be the speed of the strings
shortly before intercommutation) and later it is argued that it should hold for local strings
as well, because when the strings intersect, the gauge fields can be ignored. The threshold
velocity is derived by comparing a characteristic time scale for the intercommutation of two
strings with zero velocity to the time a string needs to travel a distance of two string radii.
When this latter time is bigger than the first, which is the case for v > vy, it is expected that
no intercommutation takes place. Here, it is implicitly assumed that the time a string needs
to travel a distance of two string radii is a characteristic time for non-intercommutation. The
characteristic time for intercommutation is calculated by starting from an ansatz describing
two intersecting strings with zero velocity. In this configuration, the second time derivative
of the Higgs field at the point of intersection is calculated. From the value of this second
derivative, it is concluded that the strings will exchange ends and move away from each other
and, more quantitatively, what the typical time taken by this process is. What is wrong with
this calculation of the typical time for intercommutation is that for non-zero velocities, as we
have shown, the field at the point of intersection has a non-zero first time derivative and it is
this first derivative that makes sure that intercommutation occurs, not the second. In fact,

2 Another reason for introducing a minimum velocity for intercommutation was discussed in the introduction:
for “low” speeds, repulsion between strings may prevent them from ever meeting at all. This may in particular
be relevant for values of 8 much bigger than one.

3The parameters have different names in the actual preprint. What we call « is called 8 and what we call
K is called .
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Figure 4.11: “Schematic figure of reconnection of vortex strings. (a) Two vortex strings
(thick lines) are colliding. Small arrows indicate the directions of the string motion. (b) They
collide at ¢ = 0. (c¢) They reconnect with each other. The shape after the reconnection is
assumed in such a way that the reconnected part is on a dashed box which expands. The
blobs represent kink points. The thick dashed lines are the strings which would have been
present if the reconnection didn’t occur.” Figure and caption text in quotes taken from [12].
The assumptions described here are used to derive the existence of a threshold velocity for
intercommutation (see equation (4.3)).

it is because the two strings approach each other that the first derivative is positive. Hence,
the assumption made in [8] that somehow the time needed by a string to travel a distance of
two string radii is a characteristic time for non-intercommutation, is wrong. This is the main
reason why we think the argument presented in [8] is incorrect.

In [12], the existence and value of a maximum speed for intercommutation is derived
using an argument based on energy considerations. Again, we will first explain the basic
argumentation followed and then discuss what we think is wrong with it. It starts with two
intersecting straight strings with center of mass speed v (see figure 4.11) at ¢ = 0. It is
assumed that the energy of a string segment with length L and speed v is given by

E = py(v)L, (4.2)

where p is the energy per unit length of a string that is not moving. The energy of the
system at a time ¢ is then calculated, both in case the strings simply move through each other
and in case the strings intercommute. In the latter case, after intercommutation, the strings
are assumed to have the shapes shown in figure 4.11, and to move away from each other at
a speed V. The speed V is assumed to be bound from above by /1 — v?sin(a/2) because
otherwise the kink points (see figure) move faster than the speed of light. From figure 4.11, it
is clear that, if V' > v, the total string length at time ¢, if intercommutation does take place, is
smaller than the string length at the same time if intercommutation does not take place. The
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higher V' is made, the bigger the difference will become. On the other hand, increasing the
value of V also increases the energy per unit length of the strings, as follows from the factor
~v(v) in (4.2). In other words, any reduction in length is coupled to an increase in energy per
unit length. If a final speed V' (within the allowed range) can be found such that the total
energy after intercommutation is less than the energy after non-intercommutation for all ¢,
ie. OF := Eint. — Fuon_int. < 0, it is concluded that intercommutation must take place. If no
such V' can be found, it is concluded that the strings move on without exchanging ends. This
way, it is found that strings do not intercommute above a threshold velocity given by

o = sin(a/2) (4.3)

V1 +sin?(a/2)

Remarkably, this exactly coincides with the result found in [8], if we choose the parameter
k=1/8in (4.1).

What is wrong with this argument is that, as our simulations show (see section 4.2), during
a short period of time, the strings can actually move away from each other at speeds much
higher than the speed of light. Because of this, the string length can be reduced a great deal in
a very short time if the strings intercommute. In the argument presented above, the reduction
in string length due to high string velocities, is coupled to an increase in kinetic energy.
However, during the short time when the zeroes move at superluminal speeds, the positions
of the zeroes are energetically not that important and we can definitely not use (4.2) for the
energy (if only because v(v) is not well defined for v > 1). Unfortunately, we do not know what
would be a good alternative expression for the energy during this short period, so we cannot
give an alternative argument that shows that the energy is reduced by intercommutation
for all times? t. However, it is clear that intercommutation can always reduce the energy
after a finite time. If we define ¢ to be the (finite) time after intercommutation at which the
strings move at a speed V smaller than the speed of light again, and are again approximately
descibed by (4.2), then it is clear that intercommutation can always reduce the energy at ¢.
The reason for this is that the speed V at t is not coupled to the string separation at that
time in the same way as before (i.e. distance = 2V't), because before ¢, the strings could have
moved with an average speed much faster than V' and even faster than the speed of light. In
other words, the energy reduction due to the string length being shorter is not compensated
by an increase in kinetic energy.

4.5 Numerical intercommutation of global strings and loop
formation

We investigated numerically whether or not strings intercommute at high velocities, by sim-
ulating string interactions for various different sets of parameter values. To start with global
strings, we found that intercommutation occurs in all cases, where we went up to speeds as
high as v = 0.99. We did not simulate higher speeds, partly because the Lorentz contraction
at high speeds makes simulations increasingly difficult to carry out (because the lattice spac-
ing needs to be made increasingly small and therefore, to keep the total physical size of the
box constant, it is necessary to increase the grid size) and partly because you have to stop

“In particular, a good argument based on reduction of energy should show that the energy is reduced by
intercommutation after an infinitesimal time.
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somewhere. The interaction proceeds roughly in the same fashion as the intercommutation
process described in section 4.2. In all cases, the strings move away from each other very
fast after intercommutation, leaving a lump of energy behind in the center. The simulation
results can be found in figure 4.13.

We used a code that is basically the same as the one described in section 3.5, except
without the gauge fields. As parameters of the Higgs model, we used n = 1 and A\ = 2, such
that the typical string core size is given by m~! = 1/4/2. As far as we can tell, these are
the same conventions as were used in [28]. Most simulations were done on a 150 x 150 x 250
lattice, with lattice spacing a = 0.1, and time step At = 0.05. The initial separation was
taken to be 6 (physical) units. In a number of cases, we simulated the same system twice,
once with the BC from section 3.4.2, which we think were also used in [28], and once with
the BC from section 3.4.3, which were used in [19]. In all cases, the main results were the
same for both types of BC. After sufficient time, there were differences in the field values, but
these differences were very small. Over time, we have performed enough checks (varying grid
size, lattice spacing, etc.) to be confident that we simulated continuum physics. The main
conclusion of the simulations is that we found no evidence for the existence of a threshold
velocity?®.

Besides this, we also found in some cases with high v, that a while after intercommutation
has taken place, something else interesting happens (see figure 4.12). Out of the energy left
behind in the center of the box after intercommutation, a new string loop forms. This loop
lies entirely in the y = yo plane and initially grows. After a while, it stops growing, starts
shrinking and finally self-annihilates in the center of the box again. All this happens when
the strings that have intercommuted are already far away, since these strings move apart at
high speeds after intercommutation. Spontaneous loop formation after intercommutation has
been observed for local strings in [19]. We can again understand the process a little better
if we focus on the z = zg plane and compare the situation with what we know about vortex
interactions in two dimensions. As we discussed before, intercommutation corresponds to the
annihilation of a vortex anti-vortex pair in this plane. For vortices in the two dimensional
abelian Higgs model, we mentioned in section 4.3 (see for example [23]) that when a vortex
anti-vortex pair have high enough initial speeds, the vortices reemerge after annihilation.
After reemergence, the vortices either move in exactly the same directions as before (forward
reemergence), as if they passed through each other, or they both move in the exact opposite
directions (backward reemergence), as if they bounced back. The direction of motion after
reemergence turns out to depend on . In [23], it was found that for a number of values
8 > 8, forward reemergence occurs and for a number of values 5 < 4, backward reemergence
occurs. We are not aware of any simulations that explicitly show reemergence for vortices
in a model without the gauge field, i.e. 3 — oo (corresponding to global strings), but the
results for finite § suggest that, in this case, the vortices emerge in the forward direction, i.e.
as if they passed through each other. If we translate this to the z = zg plane in the three
dimensional case, the reemergence corresponds to the creation of a growing loop in the y = yg
plane, which is perpendicular to the plane in which annihilation takes place when the strings
intercommute. Forward reemergence corresponds to the loop orientation sketched in figure
4.12, which is indeed what we find in our numerical simulations. In other words, if we look
at the loop in the z = zy plane, we see a vortex moving in the positive z-direction and an

5Technically, it is still possible that there is a threshold velocity, but with a value higher than the velocities
we have probed.
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Figure 4.12: For high speeds of approach, it can happen that a string loop forms in the center
of the box a while after intercommutation. The loop lies in the y = yo plane and can in
principle have two different orientations. For global strings, the loop orientation turns out to
be as sketched in figure (a). For local strings, we have also observed loop formation. Here,
the orientation depends on the value of 5. It seems that for high values of 3, the orientation
if given by figure (a), while for values of 3 below some threshold value close to 3 = 4, the
orientation is given by figure (b). The blue strings in the figures represent the two original
strings that have intercommuted. Note that these strings do not exactly lie in the y = yg
plane (rather, they intersect this plane), so in that sense the figures are not entirely correct.
For local strings, in some cases, the loop that is formed after intercommutation catches up
with the two original strings and plays a role in the reintercommutation of these strings.
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« v | intercommutation 7 | loop seen ?
45° 1 0.99 yes no

90° | 0.99 yes yes
120° | 0.9 yes yes
120° |1 0.95 yes yes
120° | 0.99 yes yes
135° | 0.99 yes yes

Figure 4.13: All simulations of global string systems resulted in intercommutation. After-
wards, the strings move away from each other in the z-direction very rapidly. In some cases,
we observed the formation of a loop in the center of the box a while after intercommutation.
Although we did not check this explicitly in all cases, we do not expect such a loop to grow
fast enough to catch up and interact with the two original strings that have intercommuted.
The table shows the parameters of the different simulations we carried out. We also indicate
whether or not we found loop formation.

anti-vortex moving in the negative z-direction.

The formation of a loop may also explain some of the results in [28]. Here (see also section
2.6.2), the intercommutation of global strings is investigated by the same type of lattice
simulations as we used. The boundary conditions are, as far as we can tell, as described in
section 3.4.2. It is claimed in this paper, that a threshold velocity v; does exist. In terms of
the initial speeds, v; would be in the range 0.7 — 0.97, depending on «. The corresponding
velocities just before intercommutation are also estimated and in terms of these speeds, the
threshold value is in the range 0.9 — 0.97. According to [28], above these velocities, the
strings pass through each other when they meet. Particular attention is paid to a simulation
characterized by initial speed v = 0.9 (the strings start at a distance of roughly 6.5 units)
and angle a = 120°. It is shown that (long) after the strings intersect, the energy has two
separated peaks in the plane given by z = zg. From this, and from projections of the energy
on the zz-plane of the energy, it is concluded that the strings have not intercommuted, but
instead have moved through each other.

To see what is going on here, we performed several simulations using the same initial
string separation of zo — 21 ~ 6.5 units and the same values of v and «a as the simulation
in [28] described above. We performed simulations with several values of the lattice spacing
and the box size to check that the results are not a lattice artefact. We also performed the
simulations for both the boundary conditions described in section 3.4.2 and those in section
3.4.3. The former are the same boundary conditions that we think were used in [28]. The
main result was the same for all simulations: first, the strings intercommute after about 3
units of time, after which the strings move apart in the z-direction. Then, a loop is formed
around ¢t = 5.5. The loop grows for a while and then starts shrinking again until it disappears
some time before ¢ = 24. We checked that the loop never grows big enough to “catch up”
with the original strings. The process is illustrated in figure 4.14 and 4.15.

It might be that in [28], the loop was mistaken for the original strings. After all, in the
z = zg plane, the growth of a loop looks exactly the same as the two original straight strings
moving apart after non-intercommutation. In both cases, two energy peaks moving away
from each other in the z-direction are observed. If we are right, a more detailed inspection
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Figure 4.14: Interaction of global strings: v = 0.9, & = 120° and initial distance x2 —x; = 6.5
units. The simulation uses lattice spacing a =~ 0.22, boxsize ~ 33 x 33 x 55 (physical size)
and At = 0.1. Coordinates are relative to the intersection point. The units have not been

rescaled: m™! = % units. At ¢t = 3.3, intercommutation has just taken place, as can be seen

from the z = 2y plane (top) and the y = yo plane (bottom). No string passes through the
former plane and the distance between strings in the latter plane is about 10 units.
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Figure 4.15: Same system as in previous figure, but with ¢ = 6.0. Coordinates are relative

1 _

to the intersection point. The units have not been rescaled: m= = % units. A string loop

has formed in the center of the box. We show the z = z( plane (top) and the x = zy plane
(bottom). In the latter plane, the Higgs field has four zeroes: the two closest to the edge
correspond to the original strings that have intercommuted and are now moving away from
each other. The other two zeroes correspond to the string loop passing through the x = z
plane. The loop grows, but never comes close to the strings. After a while, the loop starts

shrinking and eventually disappears.
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of the positions of the zeroes of the Higgs field throughout the three dimensional volume in
the simulation in [28], would have revealed that the two original strings had intercommuted
and moved apart a long time ago and that a loop had formed in the center.

4.6 Numerical intercommutation of local strings

The next step is to investigate numerically whether or not local strings intercommutate at
high velocities. For ae = 90, equation (4.1) suggests that above a speed of about 0.6 — 0.94,
for values of k in the interval 1/8 — 2 (k = 1/8 corresponds to the result (4.3)), strings do
not intercommute. However, we performed several simulations for values of § in the range
from é to 64 (see figure 4.16) and found in all cases that intercommutation takes place for
values of v up to at least v = 0.99. If a threshold velocity does exist, its value must be higher
than this. The simulations of local strings were performed using the code described in section
3.5. All of the results presented in figure 4.16, are based on simulations on a 150 x 150 x 250
lattice. For 8 =1, we used a lattice spacing a = 0.1 and timestep At = 0.05, while the initial

separation was taken to be 6 (physical) units. For different values of (3, these parameters were

. . : . . _ 1
changed in some cases because as® 3 = % is increased, the typical Higgs core size m~t = A~ 2

gets smaller. We again made use of both the BC described in section 3.4.2 and those in
section 3.4.3. In several cases, we checked our results by running the same simulation with
both types of BC described, and by varying the initial separation. As expected, the results
were always the same and we feel confident that our results are not in some way a lattice
artefact.

The main conclusion is again that, initially, the strings intercommute in all cases. Af-
terwards, the strings are always separated by a considerable distance so that it is entirely
clear that intercommutation has indeed occurred and that the strings do not simply overlap.
We wish to stress again, that we consider the strings to intercommute if they intercommute
initially, regardless of what happens afterwards. In the case discussed in section 4.2, i.e.
local strings with relatively low velocities (v = 0.5), as well as in the cases discussed in the
previous section about global strings, the distinction is not necessary because after intercom-
mutation, the strings move apart fast and never see each other again. However, for high
speeds (v ~ 0.99), the behavior of the system after intercommutation is sometimes more
complicated.

The question of what happens to the strings after intercommutation in the long run is
an interesting one. It is also a question that is harder to answer than the question that we
posed ourselves (whether or not strings intercommute initially). The main reason for this is
that the configuration needs to be evolved for a longer time to find out what happens. Hence,
bigger simulation volumes need to be used. For these longer simulation times, it is also worth
rethinking the approximation of string segments by straight strings. In practice, interacting
string segments are parts of strings that are far from straight. Say for example, that in
a simulation it is found that two straight strings, characterized by v and «, intercommute
once initially, but a while later intercommute again. The net result would in this case be
no exchange of ends. In the more realistic case of two string segments of the same string
approaching each other (with the same v and «)) however, it may very well be that after the
first intercommutation the string segments are pulled away from each other by the rest of
the strings they are attached to, thus causing the strings never to meet and intercommute

SRemember that we fix e = 1 = 1 and change 3 by changing \.
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I5] Q v inter - running time | initial separation | a comments
commutation ?

1/64 | 90° | 0.99 yes 160 64 0.8

1/4 | 45° | 0.99 yes 7 6 0.1

1/4 | 90° | 0.9 yes 7 6 0.1

1/4 | 90° | 0.99 yes 7 6 0.1

1/4 | 135° | 0.99 yes 7 6 0.1
1 45° | 0.99 yes 7 6 0.1 R (around t = 7)
1 90° | 0.5 yes 7 6 0.1
1 90° | 0.95 yes 7 6 0.1
1 90° | 0.99 yes 7 6 0.1
1 120° | 0.95 yes 7 6 0.1
1 120° | 0.99 yes 14 6 0.1
1 135° | 0.99 yes 7 6 0.1 L
4 45° 1 0.99 yes 7 6 0.1 R (around t = 5)
4 90° | 0.9 yes 7 6 0.1
4 90° | 0.99 yes 7 6 0.1 R (around t = 5)
4 | 135° ] 0.99 yes 7 6 0.1
8 90° | 0.99 yes 7 6 0.1 R (around t = 5)
8 90° | 0.99 yes 4 3 0.05 | R (around t = 2.5)
16 | 90° | 0.99 yes 5 3 0.05 | R (around t = 2.5)
64 | 90° | 0.99 yes 2 1.6 0.02 | L, R (around ¢ = 1.6)

Figure 4.16: All simulations of local strings initially resulted in intercommutation. After
intercommutation, the strings are clearly separated. We also took a look at what happens
afterwards. In a lot of cases, it is hard to tell and longer simulations are necessary to find
out what happens. In some other cases, we have observed loop formation in the center of
the box. These loops always lie in the y = yg plane and the loop orientation depends on the
value of B. Also, we found in some cases that strings intercommute a second time. In these
cases, the net results is that no ends are exchanged. For some of the simulations where it is
very clear that a loop (L) is formed or reintercommutation (R) occurs, we added a note in
the “comments” column. This does not mean that no reintercommutation or loop formation
occurs in the other cases. We simply did not investigate this (well enough). The loop with
# = 64 mentioned in the table has the same orientation as the loops found in global string
simulations, while the loop with 8 = 1 has opposite orientation. Note that the running time,
the initial separationand the lattice spacing a are varied with § because the characteristic

Higgs core size depends on [ through m™! = \/%ﬁ (e =m =1). The gauge core size is kept

constant, M1 =1/ V2. The typical time step in our simulations was taken to be At = a /2.
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a second time. Hence, in this case, only the first intercommutation would matter and the
realistic net result would be the exchange of ends and formation of a loop. In other words, the
long term behavior of straight strings after intercommutation might not have much meaning
when applied to the interaction of realistically shaped strings. In the end of section 3.4.3, we
suggested a way to incorporate the influence of the rest of the string on a string segment in
the boundary conditions of the simulation.

We now wish to make some remarks on the behavior of the system after (the first) in-
tercommutation in our simulations. The most interesting observation is that it sometimes
indeed happens (see figure 4.16) that the strings exchange ends a second time a while after
the first intercommutation. In these cases, the net result is that there is no exchange of ends
and the strings move away from each other in the x-direction afterwards as if they had simply
passed through each other. Since we know from section 4.2 that this does not happen for
low velocities, it seems that (at least for certain values of (3) there is a threshold velocity for
reintercommutation.

Also, like in the case of global strings, we found that a loop (lying in the y = yo plane,
perpendicular to the plane in which annihilation takes place when the strings intercommute)
can be formed in the center of the box after intercommutation (see figure 4.12). It is interesting
to note that the loop orientation depends on the value of 3. Roughly speaking, it seems that
for small 3, the vortex anti-vortex pair in the z = 2y plane reemerges in the backward
direction, and for high values of 3, they reemerge in the forward direction. In other words,
the orientation of the loop is the same as for global strings for large § and opposite for small
B. It is hard to say what the exact value of § is that separates these two regimes because,
in a lot of cases, it is hard to tell what the orientation of a loop is because the loop lies in a
region of very small |¢|. However, it is clear that this critical value of (3 is larger than one and
it is probably close to 5 = 4. This means that for critically coupled strings (8 = 1), the loop
orientation is the opposite of the loop orientation in the case of global strings. Qualitatively,
this agrees nicely with the two dimensional results in [23], that were briefly discussed in section
4.5 (8 < 4 implies backward reemergence). Finally, we note that, in the cases where strings
intercommute a second time, the string loop (if there is one) often plays a role. Typically,
what happens in these cases is that first, two straight strings intercommute and move apart.
Then, a loop is formed in the center of the box. Next, this loop grows bigger fast and “catches
up” with the two original strings. Finally, the two strings exchange ends through the loop
and then move on in the z-direction as if nothing has happened. It seems that this process is
easier if the loop has the orientation corresponding to high values of 3.

4.7 Conclusions and outlook

We investigated the intercommutation behavior of straight global and local strings (in the
abelian Higgs model). We focussed on claims of the existence of a threshold velocity, above
which the strings do not intercommute, but simply pass through each other. We analyzed one
particular case of intercommutation in detail and found that the intercommutation process
proceeds extremely rapidly, with the zeroes of the Higgs field moving at superluminal speeds.
We concluded that, during intercommutation, the strings should definitely not be considered
Nambu-Goto strings. We also found that, if the strings initially have sufficiently high kinetic
energy, a string loop can be formed and we gave a rationalization of this process in terms
of the two dimensional interactions of vortex anti-vortex pairs. The formation of a loop has
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been shown in earlier numerical work too ([19]). We investigated whether or not strings
intercommute at very high velocities by performing numerical simulations. For both global
strings and local strings with various values of 3, we found intercommutation for velocities of
approach up to v = 0.99, thus finding no evidence for the existence of a threshold velocity.
We did find in a number of cases that strings intercommute a second time, such that the net
result is the same as if there was no intercommutation at all.

As was discussed in chapter 2, the main reason for studying the intercommutation behavior
of cosmic strings, is that the evolution of a cosmic string network depends strongly on the
intercommutation pobability p. If p =~ 1, a string network can lose energy by forming loops
sufficiently fast to reach a scaling solution ([16, 17, 18, 20, 28]). The conclusion from earlier
studies that indeed p = 1, is not altered by our work. If anything, it is supported, because
now we know that even for very high velocities, intercommutation takes place.

Since it might still be that, for certain values of §, intercommutation does not hap-
pen for low velocities, an interesting future project could be to investigate the low velocity
intercommutation behavior of cosmic strings. We can think of two main reasons for non-
intercommutation to occur for low approach velocities. First of all, it could be that the
repulsion between strings is so strong that the strings will not come to intersect for a signif-
icant range of initial approach velocities. In particular, we expect that this might occur for
high values of . Two dimensional simulations of vortex vortex interaction ([23]) for example
show that for large (3, parallel strings need to approach each other with speeds v > 0.55 in
order to come to intersect. This suggests that the repulsion of strings could have a consid-
erable effect on the intercommutation probability. A second low velocity process that might
affect the intercommutation probability is the formation of an n = 2 bound state. In [6], it
is shown that nearly parallel strings with § < 1 could form a bound state when they meet.
Investigation of the low velocity intercommutation behavior of strings might therefore result
in the conclusion that p is significantly lower than 1 for values of § either much higher or much
lower than 1. If this is the case, the evolution of a network of cosmic (abelian Higgs) strings
might have an important dependence on 3. This would be an interesting result because, to
our knowledge, all simulation of string network evolution are based on 3 close to one and/or
p =~ 1. Of course, we are speculating here and new simulations need to point out whether
or not p is really affected by non-intercommutation at low velocities for certain values of 3.
These simulations would be more difficult than the ones discussed in this thesis in the sense
that they probably need to run for longer times and thus require larger simulation volumes.

Finally, we wish to remind the reader that our results apply to strings in the abelain Higgs
model, but that the types of strings relevant to cosmology could well be of another type. In
particular, there is much recent interest in cosmic superstrings, which are macroscopic strings
occurring in string theory. The interaction of these strings is known to be much different than
the interaction of the strings that we have been studying ([26]).
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