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A general scheme is presented to evaluate the mobility tensors of an arbitrary number of
spheres, immersed in a viscous fluid, in a power series expansion in R™', where R is a typical
distance between spheres. Some general properties of these (translational and rotational) mobility
tensors are discussed. Explicit expressions are derived up to order R™". To this order, hydro-
dynamic interactions between two, three and four spheres contribute.

1. Introduction

The hydrodynamic interactions between spheres moving in a viscous fluid
play an important role in many physical and physico-chemical problems. They
have been studied extensively for this reason, in particular in situations in
which the fluid can be described by the linearized Navier-Stokes equations
for incompressible steady flow'). In general, these interactions are studied by
the so-called methods of reflection. These methods, in which one calculates
the relevant quantities as a series expansion in the inverse particle distances,
were inaugurated by Smoluchowski®). Because of their complexity, they have
essentially only been applied to the case of two spheres, with one important
exception, however, to which we will return.

For the two-sphere problem, Smoluchowski’) considers the velocities as
given and calculates the hydrodynamic forces exerted on them. In doing so,
he calculated the friction tensors up to order Rj;, where R, is the distance
between the spheres. Later, Faxén®) determined the friction for the case that
the spheres move along their line of centers up to order Rj;. For the special
case of spheres with equal radii, Dahl®) carried Faxén’s calculation to order
R}3. On the other hand, Burgers®) considered the forces to be given and then
calculated the velocities of the two spheres. He evaluated in this way the
mobility tensors (the elements of the inverse of the friction tensor matrix) to
order Ry. Happel and Brenner'), in their monograph, present a calculation
of the friction tensors to order Ry, by considering not only Faxén’s special
arrangement but also the case that the spheres move perpendicular to their
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line of centers. More recent calculations of the mobility tensors were presen-
ted by Batchelor®), to order R;, and by Felderhof’)*, to order R7y;.

In all those above mentioned treatments in which one directly obtains the
mobility tensors, it was assumed that the two spheres were freely rotating, i.e.
that the hydrodynamic torques exerted on the spheres vanish. Results for the
speed of rotation in the case of free rotation as well as for the torque in the
case of hindered rotation, in which the angular velocities of the spheres
vanish, were obtained by Happel and Brenner'), in their approach to the
problem which directly yielded expressions for the friction tensors.

In his paper published in 1959, Kynch®) considers the motion of two or
more spheres through a viscous fluid. His work on many-sphere hydro-
dynamic interactions does not seem to have received due attention. Thus,
Happel and Brenner write in their monograph’)* “Kynch has presented
general formulas indicating how analytical solutions can be obtained for the
case of three or more particles, but the expressions are so complicated that
generalizations are possible only for special arrangements of the particles.”
Nevertheless, Kynch®), who considers the case of an arbitrary configuration
of freely rotating spheres, explicitly gives expressions for all contributions to
the mobility tensors up to order R™7, where R is a typical distance between
the spheres, and concludes that to this order two-, three- and four-particle
interactions contribute. As we shall show, these expressions are correct. We
were however unable to follow Kynch’s®) particular analysis and line of
reasoning which are based on the use of a reflection method.

In this paper, we shall treat the same problem as Kynch®) did, along the
lines of a recent paper by one of us®), to be referred to as paper I. A method
of induced forces'™'’) was used there to derive a generalization of Faxén’s
theorem'”') to the case of an arbitrary number of spheres of different radii,
immersed in a fluid in non-uniform steady flow. In addition, this method also
yielded expressions for the mobility tensors up to order R, Here, we shall
consider a system consisting of N spheres moving in a fluid at rest if
unperturbed by their motion. We will extend for this case the analysis of
paper I and construct a scheme which allows us to calculate the mobility
tensors to any desired order of approximation as an expansion in powers of
R7'. In paper 1, just as in the work of Kynch®), only the translational mobility
tensors, which relate the hydrodynamic forces to their velocities, were
studied. In this paper, on the other hand, we shall derive general expressions
for all elements of the mobility tensor matrix, i.e. also for the tensors which

*Felderhof uses mixed slip-stick boundary conditions at the surface of the spheres. The other
authors exclusively use stick boundary conditions. For further references on the two-sphere
problem and in particular concerning exact solutions, see also refs. 1 and 7.

*Loc. cit. p. 276.
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relate the velocities of the spheres to the hydrodynamic torques exerted on
them, as well as for the tensors which relate the angular velocities of the
spheres to the forces and torques. All these expressions will be evaluated
explicitly up to order R™".

Our method differs from the usual methods of reflection'®) used to study
hydrodynamic interactions, in that it does not require the knowledge and
therefore the explicit construction of the fluid velocity field. The desired
results follow directly from an appropriate use of the boundary conditions for
this field at the surfaces of the spheres. This proves to be very efficient in
studying more than two spheres.

In section 2, we review the equations of motion. We also give the formal
solution in wave-vector representation of the quasi-static Stokes equation,
describing the motion of the fluid, on which the analysis is based (eq. (2.19)).
In section 3 we discuss the expansion of the force induced in each sphere in
irreducible induced-force-multipoles. This expansion is used in section 4 to
obtain a hierarchy of equations for these force multipoles. This hierarchy is
summarized in eqs. (5.2)-(5.5) of section 5: the force multipoles induced in the
spheres are connected to each other as well as to the velocities and angular
velocities of the spheres, via tensor objects called connectors, which are
defined as three dimensional integrals in section 4. The hierarchy of equations
is then used in section 5 to obtain expressions for the mobilities by elimina-
tion of all irreducible force multipoles except the total force and the total
torque exerted on each sphere. Various properties of the mobilities, which are
obtained in the form of a power series expansion in R™', are discussed. It is
shown that they satisfy the required Onsager symmetry relations and that
certain powers of R™' do not occur in the expansion. Moreover, it is
demonstrated that for e.g. the translational mobilities, the dominant con-
tributions from clusters of n spheres, n =2, are of order R™®"™, Finally, in
section 6, the various mobility tensors (translational and rotational) are
explicitly evaluated up to order R™". These expressions can be found in table
IT and eqgs. (6.19)-(6.38).

Our analysis indicates that specific hydrodynamic interactions of 3 spheres
may not a priori be neglected when evaluating the diffusion coefficient of a
suspension which is not dilute. Indeed, as we shall see, these interactions are
of order R™, i.e. of the same order as the short range part of the translational
mobility tensors arising from binary hydrodynamic interactions. These two-
sphere short range interactions have been shown to contribute considerably to
the diffusion coefficient®).

Finally, it should be stressed that our scheme leads to a straightforward
algorithm for calculating contributions of even higher order to the mobilities
(cf. in this connection the concluding remarks of section 7).
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2. Equations of motion

As in paper I, we consider N macroscopic spheres of masses m; and radii g;
(i=1,...,N)immersed in an otherwise unbounded incompressible fluid. The
centers of the spheres have positions R;(t) at time t. We shall summarize in
this section the basic equations of motion of the fluid and the spheres on
which our subsequent analysis of the hydrodynamic interactions is based.

The motion of the fluid obeys the quasistatic Stokes equation,

V.-P(r,t)=0, 2.1
for all |r — Ri(t)| > a;,
V-o(r,t)=0, 2.2)
with
av av
= — it SRR
Pup = pdos — 7 ( ot arﬁ)' (2.3)

Here v is the velocity field, P the pressure tensor, p the hydrostatic pressure
and 7 the viscosity of the fluid. Here and henceforth, the index i runs from 1
to N and labels the spheres (and so do the indices j, k and [, to be used later),
and Greek indices run from 1 to 3 and denote the Cartesian components. The
velocity u;(t) and the angular velocity w;(t) of the ith sphere obey the
equations of motion

i dlgft) = - f dSP(r, t) - A; + K*(t) = Ki(t) + K(1), 2.4)
St
1= - [ astr=R@1AP i+ T =T,0)+ TO). @.5)

St

Here K;, T, K and T{" are, respectively, the force and torque exerted
by the fluid on sphere i, and the external force and torque on this sphere. S;(t)
is the surface of sphere i at time t*, #; a unit vector normal to this surface and
pointing in the outward direction, and I, =2m;a}/5 its moment of inertia
(where a homogeneous mass distribution has been assumed). The set of
equations (2.1)-(2.5) must be supplemented by boundary conditions at the
surfaces of the spheres. We assume stick conditions, i.e.

o(r, t) = w;() + &;(t) A [r — Ri(t)], for |r—Ri(t)| = a. (2.6)
Within the context of the method of induced forces (see paper I and ref. 10)

*The surface S; is considered as the surface of a sphere centred at R; with radius a; + € in the
limit € | 0.
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the above set of equations is replaced by an equivalent one in which the fluid
equations are extended inside the spheres and are written in the form

N
V.P(r,t)=2 Frt), 2.7
i=1 for all r,

V.o(r,t)=0, 2.8)

with Fi(r, t)=0, for |r — R;(t)| > a;. The extension of the fluid velocity field is
chosen in such a way that

o(r, t) = ui(t) + @i(t) A [r — Ri(2)], for |[r—R(t)| < a. (2.9
For the hydrostatic pressure we impose the condition
p(r,t)=0, for|r—Ri(t)|<a. (2.10)

Clearly the problem posed by the set of equations including induced forces is
completely equivalent with the original boundary value problem. Moreover,
since according to eqs. (2.9) and (2.10) the pressure tensor in the induced
force method is constant (zero) within the spheres and has discontinuities at
their surface, it follows from eq. (2.7) that the induced force density must be
of the form

Fi(r, t) = a*fi(A, 1)8(r — Ri(t)| — a;). 2.11

The factor a;? is introduced here for convenience.

If we make use of eq. (2.7), we can express the force K; and the torque T;
which the fluid exerts on the ith sphere in terms of the induced force density.
One has indeed

K,.(t)=—fdsp(r,t)~ﬁ,.=— f drV-P(r,t)=—fdrF,-(r,t),
S;(t) Jr—Ri(O]=<q;

(2.12)

T:(t)=— ] dS[r—Ri(t)] A P(r,t)- ;= — j drir—R()] A F(t). (2.13)
MO

In order to solve formally the equation of motion of the fluid we introduce
Fourier transforms of e.g. the velocity field,

vk)= f dre™* "o(r). (2.19)
We have omitted here, and will do so henceforth, for all quantities and fields,

the time argument of v. We also define the Fourier transform of the induced
force density Fi(t) in a reference frame in which sphere i is at rest at the
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origin,
F.(k) = f dr e CRE(p). .15)

The equations of motion (2.7) and (2.8), together with (2.3) then become in
wavevector representation

N
nk*v(k) = —ikp(k) + 21 e ™ RiF;(k), (2.16)
=

with
k-v(k)=0. .17

If one applies the operator 1 — kk/k? to both sides of eq. (2.16), one obtains
with equation (2.17)

nk’o(k) = 3, e Ni(1 - QQ) - Fi(k), (2.18)

where = k/k is the unit vector in the direction of k and 1 the unit tensor.
This equation has the formal solution

N
vk)=0(k)+ >, n 'k e Ri(1 - QD) - Fi(k), (2.19)
j=1

where v%(k) is the solution of eq. (2.16) in the absence of induced forces and is
therefore the velocity field unperturbed by the presence of the N spheres. It
is the above equation which will be the starting point for the calculation of
the forces and the torques exerted by the fluid on the spheres. The spheres
will be allowed to move with arbitrary velocity through the fluid, which may
itself, in principle, be in arbitrary stationary non-uniform unperturbed flow. In
our subsequent analysis we shall however assume that the unperturbed fluid is
at rest,

v°%(r)=0, (2.20)

and study the hydrodynamic interactions which are set up between the
spheres when they move (see, however, in this connection section 7).

3. Induced force multipoles

In the linear regime considered here the velocities and angular velocities of
the spheres are related to the forces and torques exerted on them by the fluid,
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by a set of coupled linear equations of the form
w=-2u K-Xun"-T, G.1)
} ]

o= -3 ul K- S Wi T, (.2

Here p]' is the translational mobility tensor, muf® the rotational mobility
tensor, and the matrices wi® and w)' couple translational and rotational
motion. The various mobility tensors must obey the following (Onsager)

symmetry relations’)

TS TATH AR TS Al 0 (3.3)
where fi; is the transposed of ;.

It is the aim of the present analysis to calculate these mobility tensors,
using eq. (2.19), up to a given order of approximation in a series expansion in
powers of inverse distances between the spheres. In paper I this program
was carried out for the translational mobility tensor alone up to an
order of approximation in which only hydrodynamic interactions between two
spheres contribute. Here we intend to carry the analysis for all mobility
tensors to higher order, in which case also interactions between three and
four spheres must be taken into account. In the next section we shall derive
for this purpose a hierarchy of equations for the force multipoles induced in
the spheres. These force multipoles are the coefficients in an expansion of the
induced force density F;(k) in powers of the wave-vector k:

©

F(k) = X (—iak)’2* O MP™, (3.9

p=0
where

M = (ila)P(p )™ [5%:—,, Fi(k)]

k=0

= a7’ [ arr~RYE() = (o) [ dRALS(AY). (3.5)
In the last member, use has been made of the property (2.11) of the induced
forces. The notation b” denotes a p-fold ordered product of a vector b (e.g.

b® = bbb), while the dot © in eq. (3.4) denotes a full p-fold contraction
between the tensor £2° and MP*Y, e.g.

(ROMP), = ga 2:,0,0M% .. 3.6)
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We note that the pth force multipole M¥*" is a tensor of rank p + 1, which
is symmetric in its first p indices and which has the dimension of a force.
Since A; - A; = 1, each multipole M{*" reduces to a multipole M¥~" by taking
its trace with respect to any pair of its first p indices. In this way multipoles
of higher rank contain contributions of multipoles of lower rank. It is
therefore convenient to introduce irreducible multipoles F®*" which are
traceless in any pair of their first p indices. These multipoles are defined as

Fro=)" [ andfhon = Garey’ [2 0] e=0. 6D

=0

Here 'b” is the irreducible tensor of rank p, i.e. the tensor traceless and
symmetric in any pair of its indices, constructed with the vector b. For
p = 1,2,3, one has* (see e.g. ref. 14)

ba'=ba, 'bubs = bubs — i8,5b%
bobsb, = bobab,, — 3(8,6b, + 8.ybs + 85,0, )b (3.8)
For the first three multipoles, one has the relations

FO=M?, FP=M?,
(3.9

Fﬁ:ﬂy = 530)1(37 - %5543 ; Mfsﬁ) &y — M?o{ﬁ‘y 6501[3F(1)
Note that according to eqgs. (2.11), (2.12) and (3.7), one has
K =-F{. (3.10)

Similarly, it follows from eqs. (2.11), (2.13) and (3.7) that the hydrodynamic
torque T; is related to the antisymmetric part F® of F? according to

T, = a;e: F®, 3.11)
where € is the Levi-Civita tensor. The inverse of eq. (3.11) is

F®=—-Qa)'e T, (3.12)
which may be checked using the identity

€e=—21. (3.13)

The induced force F;(k) can alternatively be expanded in terms of the
irreducible muitipoles F¥*". Using properties of the Legendre polynomials,

*The normalisation of the irreducible part of the tensor of rank p has been chosen such that the
coefficient of the term b,.b,, . . . b, in the expression for b, b,, . .. b,, is equal to 1.
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we show in appendix A that one has

F.(k2) = 2 @p + D!G/a)’ ( akp,, S“,:a'“‘ )o Fo+), (.14)

where Qp+D!"'=1-3-5---Q2p—~1)-2p+1). In appendix A we also show
that

TR b
@p + Dla;” (33197 > ;‘“) = (~1°2%a’k? (1 - a?kl(dp + 6) + O(ak)").

(3.15)
From this equation it is clear that the expansion (3.14) is essentially still an
expansion in powers of k; however, each irreducible multipole F¥*" is now
multiplied by k” times a power series in k.
We finally list a number of identities for the mulitipoles. From eq. (2.11) and
the fact that the function f; in this equation is bounded, it follows that for
complex values of k

|Fi(k2)| < M e/, (3.16)

where k" is the imaginary part of k. One can then show by complex
integration that the following integral relation holds*

e

Fo=1 [ a sinak g ). G.17)

Analogously, one has

sm ak 3F;(k2)

LEO =

Q- F j I (3.18)
B0 EO — sin a;k 1.

Na:FO= —’_2a,-w f di SEAE (—ﬂk +3a,) F.(kQ2). (3.19)

These relations, which can be generalized to higher order, and which can also
be derived with the aid of the expansion (3.14), will be helpful in establishing
the hierarchy of equations for the force multipoles.

4. Evaluation of velocity surface moments

In order to derive for the force multipoles induced in the spheres the
desired hierarchy of equations we shall determine so-called surface moments

*To derive this relation one has to replace g; in eq. (3.17) by a; + € and take the limit € | 0; cf. the
footnote in section 2.
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of the fluid velocity field. These moments are appropriate averages over the
surfaces of the spheres. If one uses in the evaluation of these averages eq.
(2.19) as well as the boundary condition (2.9) and the multipole expansion
(3.11) one obtains for each force multipole F{™ an equation which relates this
multipole to all the multipoles induced in the other spheres. From the lowest
(zeroth) order moment one obtains an equation which relates the total force
acting on a sphere not only to the force multipoles induced in the other
spheres but also to the velocity of that particular sphere. Similarly the next
(first) surface moment yields an analogous equation which involves also the
angular velocity of a sphere. Higher moments lead to equations which couple
solely force multipole moments.

To illustrate the scheme we shall derive here the first three equations of the
hierarchy. Using the identities

S;
() = ﬁaj ar f drr —RYo(r)8(r - R} - a)

(—ila;)” a7 sin ka;\ _ix.g,
(2) Id (ak" ka; )e o(k) “.D

and

——ﬂ—+ (1 QQ0)- 4.2)

aﬂ’

we find for the first three surface moments for the ith sphere of the fluid
velocity field

ix - &, Sin ka;

E(T)SL@%, [ dkotire T, 4.3)
3N (r) = %Idknv(k)ei*'“ (& 512:“), 4.4)
Stigio(r) =3 '((2 ‘/)“') fdk(a2 s"‘fi“‘) o(k) e* &

= .(2 I kDo (k) e ® [(aikﬁl )S‘i ‘:a | s

The numerical factors 3!! and 5!! in eqs. (4.4) and (4.5) have been introduced
for convenience. In the last number of eq. (4.5), use was made of the identity

3 9 sinka, 3=/ 9’ 1 ,\sinka;
ok ka 200 a0 (52 + 5 01) “ka; 4.6)
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which follows from eq. (4.2) and the fact that

_1{ 0 sin kai> 1 ( 9’ ) sin ka;
k (ak ke, )= "2\t %) Tka, @7
We shall now consider these first three moments in succession.

(i) Substituting in eq. (4.3) the formal solution (2.19) and using the boun-
dary condition (2.9) one obtains the following set of N equations

w = (6mma) ™ 2 fdn f dk(1 - nn)s‘“’“"m(m)

+o0

+(6mma)™ 3 7 34, f d0 J' dk(1—ﬂﬂ)sm k“‘
]#l

e Rl hig (kD). (4.8)

Here R; =|R; — R;| is the distance between the centres of sphere i and j and
#; = (R; - R))/R; is a unit vector pointing from sphere i to sphere j. Use has
also been made of the fact that the integrands in eq. (4.8) are invariant under
the transformation k - —k, £2 - —£*. If we now use the identity (3.17) in the
first integral at the right hand side of eq. (4.8) as well as the multipole
expansion (3.14) in the other integrals, we obtain a set of equations of the
form

= (6mna)”'Fi"+ (6mma)™ X 3 Aj™ O Fi™. (4.9)
i#i m=

The dimensionless quantities A,‘-}""’, j# i, which will be called connectors since
they connect force multipoles F{" to force multipoles F\™, are tensors of rank
m + 1. The dot © denotes here an m-fold contraction between the last m
indices of A"™ and the m indices of F'™ with the convention that the last
index of A™™ is contracted with the first of F™, etc. Cf. in this connection
also eq. (3.6). The general expression for the connector A"™ is**

—
am _ 3ai@2m — DI i ‘] j ( 8™" sin ka;
A = 202 ( an | k(1 - 00) (G )

sin ka,' e_ikR.,’,n . 'ij.

X ka.-

(4.10)

*It should be mentioned that in paper I, an erroneous argument was used regarding the
properties of eq. (4.8) under inversion. This erroneous argument does, however, not invalidate the
analysis up to the order considered in that paper, but would have affected an analysis to higher
order.

** By convention all connectors are zero for j = i. All expressions given for connectors are only
valid for j# i.
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Properties of these connectors will be discussed in more detail in section 5.

It should be noted that if there is only one sphere, the second term in the right
hand side of eq. (4.9) is absent; in view of eq. (3.10), the resulting equation then
reduces to Stokes’ law for a single sphere.

(i) Consider now eq. (4.4). We again use the boundary condition (2.9) at the
left hand side; the resulting surface average is easily evaluated. After sub-
stitution of the formal solution (2.19) in the right-hand side, we obtain the set of
equations

+0oo

aie- o = —(6mma) ' 2y 3i3!] fdﬂ f dk2(1 - Q) F(kﬂ)(a sin ka:)

dk ka;

—(6mma) 23‘3 fdnfdma QQ) - F (k)

—ikR ;2 - 7y 4 sin ka,~>
e (ak ka, )" @.11)

In this case, the identity (3.18) applies to the first term on the right hand side of eq.
(4.11). Substituting again the force multipole expansion (3.14) into the other
integrals, one now obtains equations of the form

a;€- w;=—(6mma;) 'B*?: FP + (6ma)' > }_‘, AP0 F™. 4.12)

j=i m=1

The explicit expressions for B*? and the connectors A“™ are

. 3N
8= -3 [ana(-ana, 4.13)
oy _ 30312m ~ DI (—i\ (1™ ‘j J'
Aj *———87,2——(01)( ) dQ | dke1 - 00)
3™ T sin ka)\( 8 sinka;\ -urg-s,
(e, ) G ) e @1

Note that B®? as well as all connectors A%™ are traceless in their first two
indices. This property is related to the fact that in view of eq. (2.8)

S;
i o(r) =Z7:—a? drV - o(r) =0, (4.15)

Ir—Rjl<q;

irrespective of the boundary conditions.
From eq. (4.13), we obtain for B®? the explicit expression (see appendix B
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for useful formulae in connection with the evaluation of this and similar
integrals)

B ffé?a = "‘736(450155&7 ~ BuyBps — BupBys). (4.16)

The evaluation of the expressions for the first three connectors AJ™ will be
deferred to sections 5 and 6.
It is convenient to write

B(2,2) = B(25,25)+ B(Za,Za), (4.17)
with

BEZD = — 5538058y + 2847085 — 30a8045) = ~ 08 apys (4.18)

BEBR = — 32180585, — 384y05)- (4.19)

B s (traceless) symmetric and B®® is antisymmetric in both the first and
the last pair of indices, respectively. The tensor A is the tensor which projects
out the irreducible part of a tensor of rank 2. We shall also split the
connectors A®™ into terms which are traceless symmetric and antisymmetric
in the first two indices, A®™ = A®™ + A®™_We also split the multiples F?
according to* F?=F® + F® 4+ 11 Tr F®, where F® and F® are the trace-
less symmetric and antisymmetric part of F® respectively.

Eq. (4.12) is essentially an equation for a tensor of rank 2. Writing the
equations for the symmetric and antisymmetric part separately, we obtain for
the symmetric part

B®, FO = _SF = E 2 AP™Q F?M)‘ (4.20)

J#Fi m=1

If on the other hand we contract eq. (4.12) with the Levi-Civita tensor € and
use the fact that

B®® . FP = _3F® (4.21)
we obtain
—2a; = (4mma) 'e: FP + (6mma)' D, T €: AP™O F™, 4.22)
j#I m=1

Using eq. (3.11), this relation becomes

w =—@mnad) ' T, - (12mma) ' 3, T e: APF"OF™. (4.23)

j#i m=1

*It should be noted that F® itself is not traceless. However, its trace does not play a role in the
analysis, since it is related only to the pressure and does not contribute to the mobility.
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For a single sphere, this equation reduces to the well-known result for the
rotational friction.

(iii) Finally one obtains in a similar way from eq. (4.5) and (2.19)

+a0

—. . 2
0 = (6mna)™ 9—’%!6(?‘@ j a0 f dkBA(1 — 0Q) - F,(kQ)

3% 1 ,\ sinka;
X(s:?+3“f) ka;

L9 SUiJa) [ o [ aure
+;(6’""ﬂai) ‘——16(—1}9—)[“2 j dk2(1 - ON) - F(kQ)

2) sin ka; (4.24)

xe‘“‘Rii“'fii(az+la. SRS
5_’(—2 37! ka,' )

With the aid of the identity (3.17) and the multipole expansion (3.14), we then
get the set of equations

BCYO F® = 2 2 AE,?"")O Fm, (4.25)

j#i m=1
where B®? and the connectors A®™ are given by
- 5! I~y =
Bo = -2 f 4008831 - 00)0q, (4.26)

+oo

A 90:511Qm — D1t (‘_i)z(aij)m_‘ [0 j dkDA(1 - 0Q)

167 ai
an—,,,-qm 32 1 ,\sin kai] ~ikRyl2 - 7,
R ™

The above scheme may be continued by considering irreducible surface
moments of higher order, which are all zero,

—_—;

A ——~—Si
@n— DAT(r) = @n — DIAT(w + aw; A A) =0, n=3, (4.28)

The fact that all these surface moments vanish follows from the general
property (see eq. (A.8))

~

__._S‘.
ATAT =0, for n#m. (4.29)

If, on the other hand, the surface moments are evaluated with the aid of the
formal solution (2.19), one obtains along similar lines as above, equations of
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the form

B"WOF" =3 > Af™OF™, n=4. (4.30)

m=1 j#i

The fact that on the left hand side of this equation only the nth multipole
appears (just as in the previous case, eq. (4.25)) is shown in appendix C. The
general expressions for B™™ and the connectors A{"™ are

B — ((2n—1)”) 3a,J’dﬂ [ dk

X(a" ! smka,-)u_ﬂﬂ)(ra_"_'—’sinkai) 4.31)
k" ka; k" ka; /)’ )
o n—1 » o m~1 o
A = 321 = D0 - DI G (@) f i I i o R0
™ a; a;
3" " sinka 3™V sin ka;
i [
x (ak"'1 ka; )(1 ﬂﬂ)( k™ ka; ) (4.32)

These equations are in fact valid for all n and m. One can verify using also eq.
(4.6) that eq. (4.31) reduces to eqs. (4.13) and (4.26) for n =2 and 3, respec-
tively, and that B""" = —~ 1. Furthermore, all previously derived connectors are
contained in formula (4.32). Note that the B™" are tensors of rank 2n, and the
connectors A™™ tensors of rank n + m.

It is clear from expression (4.31) that the tensor B™" satisfies the symmetry
relation

Br™ = ginm, (4.33)

where € is a generalized transposed of a tensor C of arbitrary rank p defined
by

(Casay...apsa, = (Cayay_, . aray: (4.34)

On the other hand, using the fact that 7; = —F;, one verifies that the con-
nectors satisfy the symmetry relation

N
aAl™ = g, A", (4.35)

The numerical factor (2n — 1)!! was introduced in eq. (4.28) so as to ensure
that the connectors satisfy symmetry relations of the form (4.35) (see also
eqs. (4.3)=(4.5)). It will turn out that the symmetry (3.3) of the mobilities is
within the present scheme a direct consequence of the symmetries (4.33) and
(4.35).
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5. General properties of connectors and mobilities

In order to summarize the set of equations derived in the previous section
for the induced force multipoles, we decompose connectors A" into terms
which are traceless symmetric and antisymmetric in the last two indices, A"
and A™™ respectively. In addition we had defined in the previous section a
similar decomposition for A®™. We therefore have

AEJZ m) _ A(ZS m)+A(Za m)’ AfJnZ) A(nZs)+A(n2a) (5])
With the help of egs. (3.10), (3.12) and (5.1), eqgs. (4.9), (4.20), (4.23), (4.25) and

(4.30) can then be written in the form

6mmau; =—K— > A K — > (2a) (A} €) - T;

j#EL j=i
+3 S AO (5.2)
j%i m=2

8mnaiw =%a; Y e: APV - K, — T, + = & z (aj'e:AP™:€) - T;

j=i jAi

20,3 3 e AP OF™, (5.3)

j#i m=2

B(ZS,ZS): F(i2s) — _ 2 AE}ZS 1) K 2 ((2 J)—IA(ZS Za) )) T

J#i j#i
+3 3 APOFM, (5.4)
j=i m=2

B(n,n)@ F(i") — 2 A(n RV K,' _ 2 ((zaj)—lA(ijn,za): G) . Tj

j£i j#i
+3 3 AFPOF™, n=3. (5.5)
j#i m=2

In these equations, =4_, denotes a summation over all integer values m =2,
with the proviso that for m =2 only the connectors A" and multipoles F®¥
are included in the summation, e.g.

S AGTOF =AM FO+ 3 AFTOF. (5.6)
The above equations summarize the hierarchy of equations we set out to
derive. This hierarchy of equations will enable us to obtain expressions for
the mobilities in terms of the interparticle distance.

We shall first study the behaviour of the connectors Aj"™ as a function of
the interparticle distance R; in greater detail. Substituting the expansion (3.15)

(n,m)
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into eq. (4.32) we have

AP = i—‘: (a)" (~ia)™! f dee™ (1 - 00)0™"

i n+m-2 _< a% a; 2 4] —ikeR;;
xzwfdkk [1 4n+2+—1——4m+2)k + Ok | e ki, (5.7)

&= 0 (5.8

is the cosine of the angle between the unit vectors f; and £2. In a reference
frame in which the z-axis is parallel to the unit vector f;, we may write
d€) = —d¢; dey;, where ¢ is the other polar angle. We now make use of the
identity

+1 +ox +

1
. q
% f dxx® j dyy? e™ = 9 j dxx® S 5(x) = 8,4p Uiy, (5.9)
-1 — -1

It then follows that the terms of order k* and higher between square brackets
in the integrand at the right-hand side of eq. (5.7) give vanishing contributions
upon integration, since any element of the tensor 2 (1-20)0 will
after integration over ¢; be a polynomial in & of which the term of highest
order is proportional to £;*™. We therefore have the exact result

Ag;n,m) = GE}"M)RE("+M_I)+ HE?'M)RE("+M+1), (510)

where
3 n+m-2

Gi™= (—1)"‘14—3; a,-"a;"“fdnn"“u - nn)nm“w (&),  (5.11)

1

2 2
HEjn,m)=(_1)n—l 3 n m—l( a; + a[ )

4r 4 G2t am 2
n+m
x f d0e" (1 - )™ aag_m 8(&y). ¢.12)
ij

As discussed in appendix D, the tensor H™™ can be evaluated in a simple
manner. One finds

2 2
(nm) _ (_ qym3 _ Ty gn—l( a; as )l,.5|.+m
Hi —1D"52n +2m D!ala; 4——n+2+4_1—m+2 i, (5.13)

so that H™™ is irreducible. It is clear from this result that the tensors H @™
and H™* vanish. We have not been able to find as general a formula for the
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tensor G™™. In section 6 we will give the explicit expressions of these tensors
forn,m=s3, n+ms=S5.

In view of eq. (5.10) and the fact that B™" is independent of the inter-
particle distance R;, we note that egs. (5.4) and (5.5) are essentially expan-
sions for F™ and F{™ (n =3) in terms of Rj', of which the dominant terms
are of order R;’ and Rj", respectively. We shall rewrite these equations in
the form

F(i25) = — 2 B(ZS,ZS)*1 . AEJ?'S'I) K Z ((20 )~IB(25 25) 1 A(ZS 2a) ) T

i=i j#i
+ 2 2 B(zs ,28)71 A(ZS m)@ FEm), (5.19)
j#Ei m=2

F"=-3B"™ ' OAf" K~ 3 (2a)"'B"""' O Af™:€) - T;

j#*i ji
+3 3 B OAFMOF™, n=3, (5.15)
JEi m=2

where B™"' is the generalized inverse of B™" when acting on tensors of
rank n which are irreducible in their first n — 1 indices*. By iteration of these
equations, we may now eliminate the multipoles F{™ and F™ in the right-hand
sides of these equations in favour of K; and T. The sums of products of
connectors, appearing in these equations, constitute series expansions in the
inverse particle distance. When the resulting equations are the substituted into
eqs. (5.2) and (5.3), one gets equations of the form (3.1), (3.2) with the
mobilities expressed in terms of connectors according to

P = (6qrna,»)_l [18ii + A(i]'u)

cB(Z3 - 2mE 3 e oA

Jz*.h #

@ @AJS sl]l s) @ B(m mg)~ IQA(M l))] (5.16)
":}R = (8177](1?)71 [16,‘j - 3‘1—' €: Agjza’za)fi
. i . AEZa ml)O B(ml,m|)‘l
JS¢J'
O A0 -« AT O B O A e |, G-

*According to eq. (4.18) B®® is proportional to the projection operator A (defined in eq.
(4.18)) and B®™ ' = —(10/9)A. The existence of B®¥"' is explicitly demonstrated in section 6.
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i:’z... 5

p§T= —(12771102;'01')_1 [a,-e: Agjza.v.;. a; 521 (22' ..
= m;=

2 j#i o
m 1=t ’sjs;zjl
X €: ARm) ) BT AMm™o .0 A('"‘s—_l,'":)
€Ay, itk Is—1ds
- (mg,1)
o B™mems) '@ Ajij ):,, (5.18)
® © =
wI® = (127rmala)™ [a,-AEj"z“‘):e+a,~2( DRI
s=1 \m;=2 m=2 ji#i Js#is_1
iy 2
(1,m,) ~1 , (mg_;,my) m-1 1
X Aijl 1 @ B(ml,ml) OA}:?,; mz)Q .. 'GA]':_:]'Z s O B(ms my @Ag;‘s .

(5.19)

Here, in an expression of the form A™™ ® B™™™" the dot denotes, as follows
from our previous convention, a full contraction over the last m indices of the
first tensor and the first m indices of the second.

We shall now list a number of general properties of these expressions for
the mobilities.

(i) As may easily be verified, they satisfy the Onsager symmetry relation
(3.3) as a consequence of the symmetries (4.33) (which also holds for B™") and
(4.35) obeyed by the connectors. Use must be made here of the fact that

T TT—— ——— ~~
A QBT = B ) AP, (5.20)

which follows from definition (4.34), and also of the fact that &€ = —e.

(i) Each term in the expressions (5.16)—(5.19) which is essentially a product
of s +1 connectors has as a function of a typical interparticle distance R a
given behaviour which is determined by the upper indices of the connectors
and their number. Thus, according to eq. (5.10) a term in eq. (5.16) with s + 1
connectors A with upper indices my=1 and m =2 (i=1,...,s), yields
contributions proportional to R ™ where M1 can assume the values

1,3, fors=0,

Tr ZZm,-+2+j, sBl,m,->2,j=—s—l,—s+1,...,s+1. ( )
i=1

This implies that the translational mobility can not contain terms proportional
to R7> and R, since no sequences of connectors occur which give such
contributions. This result is already implicit in the work of Kynch®). The
absence of the terms proportional to R~ in addition to those proportional to
R™? was also noticed for the case of two spheres by Batchelor®) and Felder-
hof”). All other inverse powers of R exist according to €q. (5.21). In table I we
have listed all sequences contributing to n™ up to order R~7.
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TABLE 1
Products of connectors contributing in each order to the mobility tensors up to order R, taking
into account the form (5.10) of each connector. Use has been made of the fact that B&* ' =

—10/9A
6mmaip’ Ranaagpit
ROZ 55,*1 ROZ—
R7": ALY R
R~2:_ R—Z:A(i]_lla):e
R ApY pe
4 —10 X . -
R4 =10 ag: e R
RS R‘S.:I_OA("I(‘Zs).A%s\Za).e
g Aw: :
6. =10 p129, psD). AllD) . @GIT . 4G -
R :TAE,{ )1A}<]");Agk'):B(') :qu") R~
—10y? -10
R <_§_> AL A AZSD R_7:-—9—A(,1';25)2A%S'2“):€; AU BOY: AR e
12mmaip’ 8mnaipi®
R%:- R%: 5,1
R":- R':-
R —e: AP R
R _ R—szi% :Aglza,Za)_e
]

R™:- R*:_
R—5 1_(_) € A(_Zals) . A(2§,l) R*S .

‘g € s A -
R™:- R"":% 3‘1—‘; € AP AR e

]

.10 - -
R0 e A APY, —e: AR B0 AR R

Similarly one finds for p*%, eq. (5.17), contributions proportional to R Mrr
where Mggr can now assume the values

3, fors=0,

Mg = (5.22)

>2mi+4+j, s=lm=2,j=-s—1,-s+1,...,5s-3.
i=1

The fact that the values of j now range from —s — 1 to s —3 is a consequence
of the fact that the connector A®™ is of order R™™*" only, as follows from
the symmetry of the tensor H in eq. (5.10) (cf. eq. (5.13)). Eq. (5.22) implies
that p®® does not contain contributions proportional to R™*, R"%2, R™, R~ and
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R77. Again we have listed in table I all connector sequences giving con-
tributions to p** up to and including order R~
Finally, for p*" and u™® one has contributions proportional to R ™™, where

2, fors=0,

Mg (5.23)

- ZZmi+3+j, szl,m=2,j=-s—-1,-s+1,...,5s—1.
i=1

Consequently, contributions proportional to R™', R, R™ and R™® are
excluded. The existing terms up to order R~ are given in table L

(iii) Each term in the expressions for the mobilities containing a sequence
of s connectors involves the hydrodynamic interaction between at most s + 1
spheres. This implies in view of the results discussed above that for p'" the
dominant n-sphere contributions are of order R™"** and are due to sequences
AL AT ASD e to dipole—dipole interactions. Thus, e.g. the lowest
order S-sphere contribution to p™" is of order R™™.

It is clear from the above discussion that if one wishes to evaluate the
mobilities up to and including terms of order R™’, only those connectors
appearing in table I have to be evaluated. This corresponds to truncating the
hierarchy eq. (5.2)-(5.5) after the quadrupole F*® of the induced force density.
In the next section we shall explicitly calculate the connectors needed to this
order of approximation.

6. Evaluation of‘the mobilities

In view of table I and eq. (5.10), the explicit expressions for the mobilities
up to order R~ are those given below (table II). Since the tensors H™™ are
known for all n and m (cf. eq. (5.13)), it is sufficient to evaluate the tensors
G™™ occurring in this table. We shall first calculate G""",

2m +1

6=z a [ doy [ des(1- 003, ©1)

0
This tensor must be of the form
G{" =g, 1+ g.ff; 6.2)
From these two equations we obtain
Pifi G =g+ g =3a, (6.3)
Tr G{" = 3g,+ g, =3a, (6.4)
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so that
GEJI D= 4(1,(1 + ﬁ]ﬁ]) (65)

The tensor G{* which is irreducible (symmetric and traceless) in its last two
indices must be of the form

G| = g,#f P (6.6)
It follows therefore using eq. (5.11) that
2w +1
fijf',-jf'ij : G(ijl’ZS) = %g = aa] I d¢u I dgu(gu gu) ag a(gly)
= —ja,-aj. (67)
Hence
G = ~Saaf 7, ©.8)

Next we consider the tensor G"*. The only tensor of rank 3 which is
antisymmetric in its last two indices and which can be constructed with the
vector 7y is the tensor with components

(G (iil’za))aay = gulFjabuy ~ TijyOup)- 6.9)
From eqgs. (5.11) and (6.9), we obtain
27 +1
A d
711 G{™ = —2g,= %aiaj J do; J’ dé§; 3E; 8(&) = '—%aiajv (6.10)
ij
0 —_
and therefore
(G"™)agy = 3i0;(Figuy — TirBap)- (6.11)
In a similar way, cf. appendix E, one obtains for the tensors of higher rank
G =iaai(248 + 3(1 + ##)Pfy + 601, 6.12)
G(i;s,Zs) = _%a%ai[3% ri?,]f—”]*‘ Dij], (613)

2a,2a 3.2 3
(G( afyd = —Za'iaj[sa'yaﬂﬁ - 60186&)' + Z(rijarij88ﬁ'y

~ Figlijsday = TiialiiyOgs T TiigliiyOas )]s (6.14)

9
(G apvs = —3Q16;[FiaTsBsy + TipTipBay — TiiaTinBps — TiigTinas); 6.15)
(G(283 apyde — 4 a ia [aﬁ‘yruarl)ﬁrl)s Sayialijstiie - (6.16)

The tensor A appearing here was defined in eq. (4.18); the tensor D is
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traceless and symmetric in its first and last two indices, and defined by
(Dij)aBy6 = 2rijar iigViivlijis — %(" iialijy0ps T Tiialijs0py
+ r,-jBriﬁSay + r;jBr,-ijaa). (6. 17)

In order to calculate the mobility tensors, we also need B>, It is shown in
appendix F that one has

B(3,3)‘1 GS‘”) = —Tléa::[ZA + 3%(1 + Sfiifij) + IOD‘,] . (618)

We can now list the various products of tensors G and H occurring in the
expressions for the mobilities given in table II.

I. For the translational mobilities pj" one has the successive terms*
GV =jai(1+ #fy), (6.19)
TaBLE 1I

Expansions of the mobility tensors to order R™". Together with egs. (6.19)~(6.29), (6.33) and (6.34)
these yield the corresponding explicit expressions

6mnapy

=81+ R;'Gi"+RPH{+ 3 R;}R;,?( 10) Gi™: G

k#i,j

+ E{RafRL-‘ (_Tw> G HE"+ RY'Rif ( O)H“ PGP+ RR GV BV G ”}

k#1,j
;R RZ|3R ( ) G G, G(Zsl)
k#xl
127naind’
=—R§26:G(;,-2a‘”+2 .kJRkZIO

K#*Lf

€: G(ZaZs) G(Zs 1)

+ 3 { PR 10€ GE®:HEY — R*Ri'e: G : BOY: Gﬁ‘”}

k#1,j
3 _RR
8mmain;

a; 3p-3 10 a;
=51 R,,33 i :G}jza,za):e_*_kﬂjRiszk]s 550 G GB.GEW . ¢

*Since by convention G{"™ =H{"™ =0, egs. (6.19) and (6.20) are only valid for j# i, eqgs.
(6.20)~(6.24) only if both k# i and k# j, etc.



44 P. MAZUR AND W. VAN SAARLOOS

Hi = —iaiat+ ad)(#yf; —31), (6.20)
—9GYY: G = —Faai(l — 3(Fu + F)DFufi (6.21)
~ 9G4 HEY =1aai(5a+3ad)

X [(1 = 5(Fu * FFucbi + 2(Pc * i) Pkl (6.22)
~9HE?: G = jaai(5at+3a))

X (1= 5(Puc - Pg))Pubig + 2P - PPy, (6.23)

G B GEY = daal(49 — 1177y - )1
— (93 = 315(Fu * )Y Fafi + Fifig) + S4(Fa + i) g

+(729 = 1575(Fy. + ) ) (Fuc * Py Pucfigl, (6.24)
(=G GF: G = Baaiall(1 - 3(Fu - F))(1 = 3Py + 7))
+ 6(?.'1( ‘ f'kl)z(fkf * f'lj)z_ 6(fik ° f‘kl)(f‘kl * flj)(flj ° f’ik)]fikf'li- (6-25)

Formulae (6.19) and (6.20), which give the coefficients of the terms propor-
tional to R;' and Rj’ respectively, are the well-known®) expressions for
two-sphere interactions to that order. Formulae (6.21)-(6.23) are expressions
for the three-sphere contributions to the mobilities u?{r for j#i due to an
induced force dipole on sphere k. They represent two-sphere contributions to
the mobilities p}’ to order R™ and R™® The term (6.24) also represents
three-sphere contributions to mj' for j#i, but is due to an induced force
quadrupole on sphere k (for j =i, it represents a two-sphere interaction of
order R™). Finally for j# i, the term (6.25) accounts for contributions due to
two-(for | =i, k =), three-(for | =i, k#j or 1# i, k =)) and four-(I1# i, k# j)
sphere interactions; for j =i this term represents a three-sphere interaction
only. All these contributions from the term (6.25) are due to induced dipoles.

It should be noted that these expressions agree with those previously given
by Kynch® on the basis of a different method*.

The above expressions may also be applied to a system of two spheres
only. In that case, we obtain the translational mobilities uﬁr, p.g and p.}'}r =
fiar calculated by Batchelor®) and Felderhof’) in their analyses of the two-
sphere problem in the case of free rotation (T, = T, = 0) to the order R;; and
R} respectively. In turn, their expressions are consistent with the results
given by Happel and Brenner') for the two-sphere friction tensors to order
R3. It is clear from the above expressions (6.19)-(6.25) that up to the order
considered pL" contains only contributions of order Ri; and R7; for the case
of two spheres; for more than two spheres, however, pi" also contains terms

*As is clear from Kynch's eqs. (5.6) and (5.7), there is an obvious misprint in Kynch’s formula
(5.5): one should multiply the first line by 1/(8R’S* and the second line by 1/(8R*S?.
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of order R™". Similarly, in the two-sphere problem ul?;r for j# i contains only
terms of order Ry}, R;; and R;;, whereas for more than two spheres, terms of
order R™* and R also occur.

II. We now consider the mobility tensor u?}T. The successive terms appear-
ing in the expression for this mobility tensor are, according to table II, to
order R™’

~e:G{*" = ~jale- (6.26)
45 A A A a a
Ye: GE»: G = Zalai(Fu - Fy)(Fuc A Py P, (6.27)
Ye: G :HP =~3a%ai(3al+5a))
X [5(Fy - f'kj)(?ik A f'kj)f'kj = (P A f'kj)f‘ik + (Py - f‘kj)i « Pyl (6.28)

. -1, 9 A A A A A
~e: G : BCY : GUV=gnalail25(1 = 7(Fy - AV )(Fa A )P

+ 50(#y - f‘kj)(f'ik A fkj)f'ik — 16(Fy - f'ki)i : f'kj =3(1—5(Fy - fk;)z)i - fil. (6.29)

Since there is in this case no term of order unity (no coupling between
translation and rotation for a single sphere), formula (6.26) represents the
dominant contribution to pj', which only exists if j# i. It is of order R;? and
is due to two-sphere interactions only. Expression (6.27) represents the
contributions of order R™ to p.,!}T, j# i, due to three-sphere interactions; this
expression vanishes however for j =i, since 74 A #; =0, so that uX" does not
contain contributions of order R™°. Formulae (6.28) and (6.29) account for
three-sphere contributions of order R to w§" for j# i and for two sphere
contributions of order R™7 to uX". For a system of two spheres, the expres-

sions for uf" reduce to

pil = (32mn)'Ri7a3B3a3+ 10ade - 7, + O(RD), (6.30)
pi = —mi = ~@mn) 'Rije - Fp+ O(RY). (6.31)

The tensor p3 can be found by interchanging the indices 1 and 2 in eq. (6.30).
Note that e.g. €:7,K,=—F;A K,, which means that in the case of free
rotation (T; = T, = 0) and under the influence of forces K, and K,, e.g. sphere
1 will have an angular velocity

@ =—@8mn) 'R}t A K+ (327m) 'Rija3(3a+ 10ad)#n A K. (6.32)

The results (6.30) and (6.31) are consistent with the expressions given by
Happel and Brenner'), which relate for the case of free rotation the angular
velocities of two spheres to their velocities up to order R3;.

III. The successive terms in the expressions of table II for the rotational
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mobilities pui" are

- A A
3—a-l€:G§jza‘2a):€=ga?(r,'jri"—%1), (633)
1
lg_ﬂg_ CGRW. G . e = B33 p A g 2
€G>V G e = Faiail(Fu A Fg)(Fu A Py)
9 30.]'
a A \A A a A 22
+ (P + Fig) Pl — (P + Fig)"T). (6.34)

Formula (6.33) represents a contribution to the rotational mobility pi~ for j# i
of order R’ due to two-sphere interactions. Expression (6.34) is a contribution
of order R™® which is due to three-sphere interactions for j# i and to two-sphere
interactions for j = i. For a two-sphere system, one finds from eqgs. (6.33), (6.34)
and table 11

piS = Bmmad) (1 - TalalRF(1 - Fuf)l + O(R™®), (i=1,2) (6.35)
= p5t = 3(16mm) 'R (Fufi~31) + O(R™). (6.36)

Expression (6.36) is consistent with the results derived to order R™® for
hindered rotation of two spheres by Happel and Brenner')*. Note that if the
spheres experience no force (K, = K, = 0), and if the applied torque T, acting
on sphere 1 is parallel to #, while T,=0, ®,= —(8mna}) 'T,+ O(R™®*) while
0, =—(8mRYL)'T, + O(R™®). If, on the other hand, 7, T, =0, then

o, =-@Bmna}) (1 -5aladRNT, + OR™), (6.37)
®, = (16mR})'T, + O(R™). (6.38)

We see that in the second case, the sphere 2 will rotate under the influence of
the first one in the opposite direction, as it should. Expressions for ™ and u*®
for the case of two spheres have also been derived by Reuland et. al’®). Our
results agree with theirs, with the exception of a difference in sign in eq. (6.30).

7. Concluding remarks

We have developed in the preceding sections a consistent scheme to
evaluate the mobility tensors for an arbitrary number of spheres in an
unbounded fluid, as a power series in their reciprocal distances, and derived
explicit expressions up to order R”7. To conclude, we wish to make several
remarks:

(i) Within the present scheme, higher order contributions to the mobilities
can be calculated in a straightforward manner. Thus, after evaluation of the

*The terms of order R™® in eq. (6.35) can not be compared with Happel and Brenner’s
expressions as it contributes in higher order only to their results.
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integral expressions for the connector A and the tensor B“*, one has all
the ingredients to calculate p.,-T,-T to order R™® by forming the necessary
products of connectors.

(ii) The friction tensors £}, £€5' and £" can be found by inversion of the
mobility tensor matrix. This has been done for £’ to order R~ in paper L It
turns out that already to this order &' contains three- and four-sphere
contributions, whereas the mobility tensor pj' contains to order R™ only
two-sphere contributions. The structure of the mobility tensors is also simpler
than the one of the friction tensors for another reason: as we have seen in
section 5, certain inverse powers of R do not occur in the expressions for u}',
ui® and pi®. Moreover, as noted also by Felderhof’) for the case of two
spheres, the series expansion for the mobility tensor converges much more
rapidly than the one for the friction tensor.

(iii) In our treatment we have assumed that the unperturbed fluid is at rest
(cf. eq. (2.20)). The present formalism may however by extended to the case
that v, 1s an arbitrary non-vanishing solution of the quasi-static Stokes equations.
In that case, one obtains instead of eqgs. (4.9), (4.12), (4.25) and (4.30)

_.-Si .
u; = 0"+ (6mna) 'FP+ (6mma)™' D X APV O F™, 7.1

m=1 j*i

—S; w©
g€ o =3~ (6mna) 'B*?:FP + (6mma)™ X 3 AFPOF™, (1.2)

m=1 j#i

S =
B OF” =6mmai(2p — DA 0"+ 3 3 APVOF™, (p=3). (7.3)
m=1 j=i
By elimination of the higher order induced force multipoles, one finds e.g. for
the case of free rotation (T; = 0)

S.

—S =, 1 —
u=—>pu; Ki+0°+ Y > ((@m~DMAFTOB™ 4+ )OAT .
=i m=2 j#i
(7.4)

Here, p;" is the same translational mobility tensor as calculated before for the
case v” = 0; the restricted sum =’ has been defined after eq. (5.5). In the term
between brackets in eq. (7.4), contributions containing products of connectors
have not been written out explicitly.

By inverting these equations, one obtains a generalization of Faxén’s
theorem'® for the case of an arbitrary number of spheres (cf. also paper I,
where such a generalization of Faxén’s theorem was given up to order R,
and where the last term in eq. (7.4) was neglected). The applicability of such
generalizations will depend on the problem under consideration. If e.g. the
gradient of the fluid velocity field v° is approximately constant over the linear
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dimension of the spheres, it follows from eq. (4.29) that the terms with m =3
in the restricted summation in eq. (7.4) may be neglected.

Finally it should be noted that the above mentioned generalization of
Faxén’s theorem can serve as a starting point for the discussion of the
Brownian motion of interacting spherical particles (cf. paper 1 and also refs.
15-17, 7 and 13 for other approaches to this problem).

Appendix A

Expansion of F;(k) in irreducible multipoles

We first derive the expansion (3.14). From the fact that the Legendre
polynomials P;(x) form a complete orthogonal set of functions on the interval
[—1, 11, it follows that 8(# — #') can be expanded as

8(F — ) = 2 2ELp . (A1)

(See e.g. Jackson'™), eqs. (3.62) and (3.117)). According to eq. (4.21) of Hess and
Kohler'), one also has

Q-
It

Combination of egs. (A.1) and (A.2) yields

Pi(f-#)= oY (A2)

=~ 21+ 1N T

8(F—F) =1 417’ > S PO (A3)

One thus obtains from egs. (2.15), (2.11) and (A.3)

Fi(k) = Idf' e‘*“i*'ffi(f)=fdffdf’&(f—f')e*i“i*'f’fi(f),
(2l+1)" 1 J’dnl lak rul@jdf,flfi(i\,),

PN X e iager (+1
21+ DNG/a) (W%_fdr e )@F, )

l=0

1l

1 .
= 3 @1+ DGla (G sinkan) o pgeo, (A4)

Here, use was made of the definition (3.7). Eq. (A.4) constitutes the desired
expansion.
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Next, we derive the result (3.15). One has (cf. the derivation of eq. (A.4))

QL+ DG a) 5"?———3‘“ :“' =@+ Dl f A ek 7,

m

=@+ ntg- [0S EA imo ke (A.5)
m=0 .

The tensor 7, can be expressed in the irreducible tensors 7 of rank ps=m.
This expansion must be of the form

a A f;———7 ~ Py P Py A !
PayooiFy =Fyo. By + b pa%s SM o Py Fay v oo Fa Py oo o)
if
+terms of order m —4. (A.6)

Here, the summation runs over all distinct pairs ij; “terms of order m —4”
stand for terms involving components of irreducible tensors of rank sm —4,
The coefficient b, can be determined as follows. If we contract this equation
over a; and a,, the left hand side becomes a component of the tensor #™ >
The first term in the right-hand side vanishes, by definition. All terms in the
sum on the right-hand side with i# 1,2 and j# 1, 2 also vanish; the term with
i=1, j=2 gives a factor 3b,f,,... %, , and each of the 2(m —2) terms with
i =1,2j =3 contribute a factor buts, . . . Fa,- Thus, after contraction over a, and
a4, we obtain from eq. (A.6)

fog o Fo, =(@2m —1)bpt,, ... 7, +terms of order m —4. (A7)
In view of the normalisation explained in the first footnote of section 3, this
equation implies that b,, = 1/(2m — 1). To proceed, we also note that according
to eq. (5.4) of Hess and Kohler'), one has

—r— !
i [ 7= CESRAE A9

Here A" is a tensor of rank 2l which projects out the irreducible part of a

tensor of rank I (Note that A®? is just the tensor A defined in eq. (4.18)).
Hence

AYOK =k (A.9)

If the expansion (A.6) is substituted into eq. (A.5), eq. (A.8) shows that the
terms with m <l all vanish. For m =1 only the first term in the expansion
(A.6) contributes, while the other terms again vanish. For m =1+2, all
31+ 1) +2) distinct pairs arising from the second term in the expansion
(A.6), give non-vanishing contributions. One thus obtains from eq. (A.5) with
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the aid of eq. (A.9) and the result b, = 1/2m — 1)

PPN F sin ka;
Q1+ DG/ a; W ka

@i 1A+ DU+ v
_(——1ai)( - fd ) (1 —————-———2(1+2)!(21+3)a2ik2+0“(a,k))

= (—ia)' K (1— a’k*/(4l + 6) + O(ak)"), (A.10)

which is the desired result.

Appendix B

Integrals over the unit sphere

In this appendix we evaluate integrals of the form
—l—fdﬂ(la Q. B.1)
477 ! m

This integral must be equal to a component of the tensor of rank m which can
be constructed from the isotropic tensor §,; and which is symmetric in any
pair of its indices. Obviously, for m odd, the expression (B.1) always
vanishes. For m even, the only tensor of this form is

= J 400, oy = 0 D BBy - Doy e (m even). (B.2)

m—

Here ¥, stands for a sum over all permutations of indices which yield distinct
pairs of indices. The coefficient c,, can most easily be determined by putting
a,=a,="--+=a, The integral on the left-hand side is then equal to 1/(m +
1); since there are (m — 1)!! terms in the summation on the right-hand side,
one obtains in that case ¢, = 1/(m + D!, so that

1 1
4—7—TJ deQ, ... 0, = mg e jadaay - - - Oap_yans (M even).  (B.3)
Hence, for m =2 and 4

= [ 400.0, =15, (B.4)
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Z%J’ dﬂﬂanﬁﬂyﬂa = 1—‘5(8u3875 + 6[,7535 + 8,,5637). (B.S)

From egs. (B.4) and (B.5), eq. (4.16) is easily derived.

Appendix C

Justification of eq. (4.30)

In this appendix, we show that if we consider the nth surface moment (4.28)
on sphere i, only the multipole F{” of sphere i appears on the left-hand side
of eq. (4.30). This is in fact the case provided that B™™ = ( for n+ m, where
B™™ is defined by

oo

B = — (_—i)ﬁ (i)m—) @2n — )!2m - D! -8—fr7fdn f dk

a; a;

(C.D

-1
( " sm ka;

™" sin ka,»)
ok ! ’

) (1-09) (5';‘—"7—7 ka;

Note that for n = m, this equation reduces to eq. (4.31). Obviously, B™™ = 0 if n
is even and m odd or the other way around, since in that case the integrand is an
odd function of k. If both m and n are even or odd, we may without loss of
generality assume that m is larger than n, so that m = n + 2. We then obtain after
n — 1 partial integrations

-] "
g — rom 2= DM — 1)..§%zfdﬂjdk

a;
sinka; [ ™" ™ " sin ka;
xS [ (1 - a0) S S .2

It follows from the expansion (3.15) that the term between square brackets is
a tensor of rank m + n constructed from 2 multiplied by a polynomial in k’
of which the lowest order term is of order k™™, with m — n = 2. All terms in
the expansion therefore give k-integrals of the form

+o0

[ akkmtsin gk, m-n-121. (C.3)

—c

These integrals are all zero. Hence B™™ =0 for m# n.
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Appendix D

The tensor H™™

According to eq. (5.12), the tensor H{"™ is given by

nm n— 3 n m— al 2
HiP™ = (D" - alaj 1(4r1+2+217r1£-L+_2)
* [ 401071 - 00)0™ I 5660 (D.1)

Consider the tensor between brackets. If we write out the irreducible tensors
in this expression, and use the normalization condition explained in the first
footnote of section 3, we obtain

27 (1 - 202" "= - 0" + lower order terms. (D.2)

Here, “lower order terms’ stands for tensors constructed from at least one
isotropic tensor 1 and at most n + m — 2 vectors £2. However, all these “lower
order terms” give vanishing contributions in eq. (D.1) since any of its
components yields, after integration over ¢y, a polynomial in &; of which the
highest order term is of order £;™™" 2 (cf. the discussion after eq. (5.9)). We
thus find that H{*™ may be written as

an+m

(nm) __ ¢ 13" 3 aom- l< a; I n+m
Hi™ =D g aia) 4n+2+4m+2) A" S 8(5y)- (D-3)

This is an irreducible tensor: it is symmetric in any pair of its indices, and also
traceless, since by taking a trace over any pair, we again obtain after the ¢;
integration a polynomial in £; of which the highest order term is of order
&5 % Thus H"™ must be of the form

HE™ = ppptm! (D.4)
The Legendre polynomials P;(x) have the property that P/(1) =1 for all L. It
therefore follows from eq. (A.2) that

O = el - (D.5)
Hence, we obtain from eqgs. (D.3)—(D.5)

(n+m)h m3 "a m-—1 a% azl !
=Gntim-nu- "Dh"aiaj (4n+2+4m+2)("+"')
(D.6)

An+m @ H(n m)

Eqgs. (D.4) and (D.6) yield eq. (5.13).
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Appendix E

Derivation of eqs. (6.12)—(6.16)

(a) First, we consider the tensor G*. This tensor is symmetric in its first
and last pair of indices, and traceless in its last pair as well. In general, one
can only construct 10 different tensors of rank 4 with the isotropic tensor 1
and the vector F;. The requirement that these tensors be symmetric in their
first and last two indices reduces the number of different tensors to 6, and one
finds that there are only 4 of these which are also traceless in the last two
indices. Thus we may write quite generally

G = aiallgsA + g 17y + gFfyf ity + gsDy]. (E.1)

The tensors A and D; were defined in eqs. (4.18) and (6.17). Using the
summation convention for repeated indices, we obtain from eqs. (5.11) and
(E.D

(4,87 " 15.a15.846(G ) vpe = 286+ ig.=6, (E2)
(a:a)) "1yl gilis(GH ) sype = lgs+3gst+3g =4, (E.3)
(0,07 8pstisaliy (G oype = 385+ 386 +387— 85 = 1, (E.4)
(i03) " 83582y (G sypa = 585 +387— 285 =0. (E.5)

The solution of these equations is gs =3, gs=3, g1=3 &= 5. Substitution of
these values into eq. (E.1) yields the result (6.12).

(b) Next, consider G®™. This tensor is of a similar structure as G, apart
from the fact that it is also traceless in its first two indices. Comparison with
eq. (E.1) shows that it must therefore be of the form

G = ala;[goA + gioFyFy Pty + 81Dyl (E.6)

We now obtain from eq. (5.11)

(a30;) 'y is (G ™) sypa = 385+ 5810 = =3, (E.7)
(a%aj)—lsﬁﬁnj.arii,y(G21'25,25))87801 = %gsa +580—8&n=—1 (E.8)
(a30)) " 856Buy (G510 = 585+ 3210~ 2811 = 0, (E.9)
with the solution g, =0, g, = ~Z and g1 = —5. Substitution of these values

into eq. (E.6) yields eq. (6.13).

(c) We now evaluate G“®*. The only tensor which is antisymmetric in the
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first and last two indices and which can be constructed from the isotropic
tensor and the vector #;, is the tensor with components

2a,2 — 2 2
(nga a))aByﬁ =a iajg12(8a76B8 - 5::58;3«,) +aiagn,
X (Fijatis08y + TijaliyOcs — TialiiyOss — T a%ii,600y)- (E.10)

Eq. (5.11) yields

(a%aj)ulaayrij,ﬁrii,b‘(a(ijza'ZS))aByé =2gn—2gs= +%, (E.1D)
(aziaj)_lsayaﬁa(G(ijza’za))uﬁys =6g,—48:3=0. (E.12)

From these equations, one finds that g, = —3 and g3 = —2: this result, together
with eq. (E.10), leads to eq. (6.14).

(d) It turns out that G®? can only be of the form
(G(ijzs'za))aﬁya = aziaigl4(rij,arij,88ﬁy + 1y pt5,600y — TiialiivO8s — ViipliivOas)- (E.13)
In this case, it follows from eq. (5.11) that
_ <22 -9
(aziaj) 15ay"ij,p"ij..s(G§j2 . ))aB‘yS =2gu= 24 (E.14)
By combining eqs. (E.13) and (E.14), one gets the result (6.15).
(e) According to eq. (5.11) the tensor G{” is given by
3
GIY= -2 gla2 [ 4001 - 20725 5(¢,). (E.15)
i 4 ! 23 '
We therefore obtain for the antisymmetric part
(G e = — = ala} [8 f 400002 5(¢,)
ij afiyde 8 ij By a € agij ij
3
- b, [ 400,08 5z 5 |- (E.16)
i
For similar reasons as discussed in appendix D, both integrals in this equation
represent components of irreducible tensors. Using the fact that (cf. appendix
D)
3
= [ 40000, 5 06 = - S (B.17)

one immediately obtains eq. (6.16) from eqs. (E.16) and (E.17).
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Appendix F

Determination of B®>™'

In this appendix we determine B®?™'© A{". We first define a tensor I of
rank 3 by

=3 S AP™OFm. (F.1)

j#i m=1

This tensor is traceless and symmetric in its first two indices. The tensor B®?,
given in eq. (4.26) is easily evaluated with the aid of the results derived in
appendix B. Eq. (4.25) then becomes explicitly (the index i which labels the
spheres, is suppressed)

_g(6F£13[)37 - F(sia - F(ySLiB - Sanggﬁ - BB'ngé + gSaBng)B) = IaBy' (F.Z)
Here, the summation convention for repeated indices has been employed.

Note that if one contracts a and v in this equation, and uses the fact that
F,g, = Fg,, and Fj, =0, one gets

_3F(53B)5 = 1535. (F.3)

To invert eq. (F.2), we first consider the case a# B, B# v, v# a; then, eq.
(F.2) reduces to

—36F %, —F3~F9) =Ls, (a#B,B#7y, y# a). (F.4)

In view of the fact that both F® and I are symmetric in their first two indices,

this equation yields three equations, for F@(=F%), F&(=F$) and

F(=F%y) in terms of Iy, Iy and Iy, which can readily be solved, so that
F, = —%GLg, + Iy + Lug), (a# B, B# v, y# a). (F.5)

The inverse of eq. (F.2) should reduce to eq. (F.5) in this special case. This is
only possible if the inverse of eq. (F.2) is of the form

F$, = —3%GLgy + Iy + Log + a8,l5,5 + b8,y Isgs + bg Iss). (F.6)

Here, use has been made of the fact that the right-hand side of eq. (F.6) must
be symmetric in a and B, and also of the fact that the only non-zero
contracted form that can be constructed from [ is I;(= Ls;). If we contract «
and B in eq. (F.6), we get, since F§3, =0

0=2+3a+2b. (F.7)
Contraction of eq. (F.6) over a and y yields with the aid of eq. (F.3)
Fils = —5%(6+a+4b)yps = 156+ a + 4b)F 5. (F.8)
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The solution of eqs. (F.7) and (F.8) is a =—2, b = 2. With these values, eq.
(F.6) is eq. (5.15) written out explicitly for the case n =3. In particular, it
follows from eq. (F.6) that

3.3~ ‘ 3,0 [EX)) (X)) Gl 3.1
(B QG Napys = 36[560 wivs + G g Byas + G5, 734;5 —28,5G s

+ 28ayG 513,‘51[355 + 2837 {)35258] (F'9)

For reasons discussed in connection with G, cf. appendix E sub a, we must
have

BOY' O GEY = allcA+ digfy1 + e fffy + FD;]. (F.10)

From egs. (F.9), (F.10), (6.12) and the symmetry relation
P
G{"=a/a,G{?,

one gets (cf. also eqs. (E.1)-(E.5))

a7 1ol 8y (B O G )upys = 2d +3e =1, (F.11)
a7 P ghinlis(B®Y O G pys =3¢ +3d +3e = 2, (F.12)
a7 8stialin (B © G§V)ogys = 3¢ +3d +3e — f = =3, (F.13)

a;7°8,,85(B®" O G§")opys = Sc +3e—2f = 0. (F.14)

The solution of these equations is ¢ = —3, d = —7%, e =—1: and f = —3. After
substitution of these values into eq. (F.10), one arrives at eq. (6.18).
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